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Preface

To the best of our knowledge, this is the first book focusing on Bayesian analysis of
stochastic process models at large. We believe that recent developments in the field
and the growing interest in this topic deserve a book-length treatment.

The advent of cheap computing power and the developments in Markov chain
Monte Carlo simulation produced a revolution within the field of Bayesian statistics
around the beginning of the 1990s, allowing a true ‘model liberation’ that permitted
treating models that previously we could only dream of dealing with. This has
challenged analysts in trying to deal with more complex problems. Given this great
advance in computing power, it is no surprise that several researchers have attempted
to deal with stochastic processes in a Bayesian fashion, moving away from the usual
assumptions of independent and identically distributed (IID) data. In 1998, this led
us to organize the first Workshop on Bayesian Analysis of Stochastic Processes
in Madrid. The seventh edition of this conference was held in 2011, which is an
illustration of the great current interest in this subject area. Given the numerous
papers written, we felt, therefore, that the time was right to provide a systematic
account of developments in Bayesian analysis of stochastic processes. In doing this,
it is interesting to note that most books in stochastic processes have referred mainly to
probabilistic aspects and there are many fewer texts that treat them from a (classical)
statistical perspective.

In this monograph, we have emphasized five salient aspects:

1. The use of Bayesian methods as a unifying scientific paradigm.
2. Forecasting and decision-making problems, going beyond the usual focus on

inference.
3. Computational tools that facilitate dealing with complex stochastic process based

models.
4. The applicability of results. We include at least one real case study per chap-

ter. These examples come from engineering, business, geosciences and biology
contexts, showing the broad spectrum of possible applications.

5. Ample references and bibliographic discussions are provided at the end of each
chapter, so that readers may pursue a more in-depth study of the corresponding
topics and identify challenging areas for new research.

Our monograph is structured in three parts:

1. Part One refers to basic concepts and tools both in stochastic processes and
Bayesian analysis. We review key probabilistic results and tools to deal with
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xii PREFACE

stochastic processes, the definitions of the key processes that we shall face and
we set up the basic inference, prediction, and decision-making problems in rela-
tion with stochastic processes. We then review key results in Bayesian analysis
that we shall use later on, with emphasis on computations and decision-analytic
issues.

2. Part Two illustrates Bayesian analysis of some of the key stochastic process mod-
els. This section consists of four chapters. The first two are devoted to Markov
chains and extensions in discrete time and continuous time, respectively. The third
chapter contains a detailed analysis of Poisson processes, with particular empha-
sis on nonhomogeneous ones. Finally, the fourth chapter deals with continuous
time/continuous space processes, in particular Gaussian processes and diffusions.

3. Part Three also contains four chapters. These refer to application areas in which
there are several interrelated processes that make the situations analyzed more
complex. The first chapter refers to queueing models that include arrival and
service processes. The second chapter refers to reliability problems that include
failure and repair processes. The third provides a framework for Bayesian analysis
of extremely complex models that can only be described through discrete event
simulation models. Finally, we provide an approach to some problems in Bayesian
risk analysis.

We are grateful to the many institutions that have supported at various points our
research in this field. In particular, D.R.I. wants to acknowledge the Spanish Ministry
of Science and Education (eColabora and Riesgos), the Spanish Ministry of Industry,
the Government of Madrid through the Riesgos-CM program, the European Science
Foundation through the ALGODEC program, the SECONOMICS project, the Sta-
tistical and Applied Mathematical Sciences Institute, Apara Software and MTP. F.R.
wants to acknowledge the Statistical and Applied Mathematical Sciences Institute.
M.P.W. wishes to acknowledge support from projects of the Spanish Ministry of
Science and Education and the Government of Madrid.

We have also benefited of our collaboration in these areas over various years with
many colleagues and former students. Specifically, D.R.I. would like to thank Javier
Cano, Jesus Rı́os, Miguel Herrero, Javier Girón, Concha Bielza, Peter Müller, Javier
Moguerza, Dipak Dey, Mircea Grigoriu, Jim Berger, Armi Moreno, Simon French,
Jacinto Martin, David Banks, Raquel Montes, and Miguel Virto. He specially misses
many hours of discussion and collaboration with Sixto Rı́os, Sixto Rı́os Insua, and
Jorge Muruzábal. F.R. would like to thank Sara Pasquali, Antonio Pievatolo, Re-
nata Rotondi, Bruno Betrò, Refik Soyer, Siva Sivaganesan, Gianni Gilioli, Fernanda
D’Ippoliti, Cristina Mazzali, Loretta Masini, Emanuela Saccuman, Davide Cavallo,
Franco Caron, Enrico Cagno, and Mauro Mancini. Finally, M.P.W. has been much
helped by Andrés Alonso, Conchi Ausı́n, Carmen Broto, José Antonio Carnicero, Pe-
dro Galeano, Cristina Garcı́a, Ana Paula Palacios, Pepa Rodrı́guez-Cobo, and Nuria
Torrado.

The patience and competence of the personnel at Wiley, and in particular of
Richard Davies and Heather Kay, is heartily appreciated, as well as the support from
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Kathryn Sharples and Ilaria Meliconi who played a fundamental role in the start of
this project.

Last, but not least, our families (Susana, Isa, and Ota; Anna, Giacomo, and
Lorenzo; Imogen, Pike†, and Bo) have provided us with immense support and the
required warmth to complete this long-lasting project.

Valdoviño, Milano, and Getafe
November 2011
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1

Stochastic processes

1.1 Introduction

The theme of this book is Bayesian Analysis of Stochastic Process Models. In this
first chapter, we shall provide the basic concepts needed in defining and analyzing
stochastic processes. In particular, we shall review what stochastic processes are,
their most important characteristics, the important classes of processes that shall be
analyzed in later chapters, and the main inference and decision-making tasks that we
shall be facing. We also set up the basic notation that will be followed in the rest
of the book. This treatment is necessarily brief, as we cover material which is well
known from, for example, the texts that we provide in our final discussion.

1.2 Key concepts in stochastic processes

Stochastic processes model systems that evolve randomly in time, space or space-
time. This evolution will be described through an index t ∈ T . Consider a random
experiment with sample space �, endowed with a σ -algebra F and a base probability
measure P . Associating numerical values with the elements of that space, we may
define a family of random variables {Xt , t ∈ T }, which will be a stochastic process.
This idea is formalized in our first definition that covers our object of interest in
this book.

Definition 1.1: A stochastic process {Xt , t ∈ T } is a collection of random variables
Xt, indexed by a set T, taking values in a common measurable space S endowed with
an appropriate σ -algebra.

T could be a set of times, when we have a temporal stochastic process; a set of
spatial coordinates, when we have a spatial process; or a set of both time and spatial
coordinates, when we deal with a spatio-temporal process. In this book, in general,

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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4 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

we shall focus on stochastic processes indexed by time, and will call T the space
of times. When T is discrete, we shall say that the process is in discrete time and
will denote time through n and represent the process through {Xn, n = 0, 1, 2, . . .} .

When T is continuous, we shall say that the process is in continuous time. We shall
usually assume that T = [0,∞) in this case. The values adopted by the process will
be called the states of the process and will belong to the state space S. Again, S may
be either discrete or continuous.

At least two visions of a stochastic process can be given. First, for each ω ∈ �,
we may rewrite Xt (ω) = gω(t) and we have a function of t which is a realization or
a sample function of the stochastic process and describes a possible evolution of the
process through time. Second, for any given t, Xt is a random variable. To completely
describe the stochastic process, we need a joint description of the family of random
variables {Xt , t ∈ T }, not just the individual random variables. To do this, we may
provide a description based on the joint distribution of the random variables at any
discrete subset of times, that is, for any {t1, . . . , tn} with t1 < · · · < tn , and for any
{x1, . . . , xn}, we provide

P
(
Xt1 ≤ x1, . . . , Xtn ≤ xn

)
.

Appropriate consistency conditions over these finite-dimensional families of dis-
tributions will ensure the definition of the stochastic process, via the Kolmogorov
extension theorem, as in, for example, Øksendal (2003).

Theorem 1.1: Let T ⊆ [0,∞). Suppose that, for any {t1, . . . , tn} with t1 < · · · < tn,
the random variables Xt1 , . . . , Xtn satisfy the following consistency conditions:

1. For all permutations π of 1, . . . , n and x1, . . . , xn we have that P(Xt1 ≤
x1, . . . , Xtn ≤ xn) = P(Xtπ(1) ≤ xπ(1), . . . , Xtπ(n) ≤ xπ(n)).

2. For all x1, . . . , xn and tn+1, . . . , tn+m, we have P(Xt1 ≤ x1, . . . , Xtn ≤ xn) =
P(Xt1 ≤ x1, . . . , Xtn ≤ xn, Xtn+1 < ∞, . . . , Xtn+m < ∞).

Then, there exists a probability space (�,F, P) and a stochastic process Xt : T ×
� → R

n having the families Xt1 , . . . , Xtn as finite-dimensional distributions.

Clearly, the simplest case will hold when these random variables are inde-
pendent, but this is the territory of standard inference and decision analysis.
Stochastic processes adopt their special characteristics when these variables are
dependent.

Much as with moments for standard distributions, we shall use some tools to
summarize a stochastic process. The most relevant are, assuming all the involved
moments exist:

Definition 1.2: For a given stochastic process {Xt , t ∈ T } the mean function is

μX (t) = E[Xt ].
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The autocorrelation function of the process is the function

RX (t1, t2) = E[Xt1 Xt2 ].

Finally, the autocovariance function of the process is

CX (t1, t2) = E[(Xt1 − μX (t1))(Xt2 − μX (t2))].

It should be noted that these moments are merely summaries of the stochastic process
and do not characterize it, in general.

An important concept is that of a stationary process, that is a process whose
characterization is independent of the time at which the observation of the process is
initiated.

Definition 1.3: We say that the stochastic process {Xt , t ∈ T } is strictly station-
ary if for any n, t1, t2, . . . , tn and τ , (Xt1 , . . . , Xtn ) has the same distribution as
(Xt1+τ , . . . , Xtn+τ ).

A process which does not satisfy the conditions of Definition 1.3 will be called
nonstationary. Stationarity is a typical feature of a system which has been running
for a long time and has stabilized its behavior.

The required condition of equal joint distributions in Definition 1.3 has important
parameterization implications when n = 1, 2. In the first case, we have that all Xt

variables have the same common distribution, independent of time. In the second
case, we have that the joint distribution depends on the time differences between the
chosen times, but not on the particular times chosen, that is,

FXt1 ,Xt2
(x1, x2) = FX0,Xt2−t1

(x1, x2).

Therefore, we easily see the following.

Proposition 1.1: For a strictly stationary stochastic process {Xt , t ∈ T }, the mean
function is constant, that is,

μX (t) = μX ,∀t. (1.1)

Also, the autocorrelation function of the process is a function of the time differences,
that is,

RX (t1, t2) = R(t2 − t1). (1.2)

Finally, the autocovariance function is given by

CX (t1, t2) = R(t2 − t1) − μ2
X ,
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6 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

assuming all relevant moments exist.

A process that fulfills conditions (1.1) and (1.2) is commonly known as a weakly
stationary process. Such a process is not necessarily strictly stationary, whereas a
strictly stationary process will be weakly stationary if first and second moments
exist.

Example 1.1: A first-order autoregressive, or AR(1), process is defined through

Xn = φ0 + φ1 Xn−1 + εn,

where εn is a sequence of independent and identically distributed (IID) normal random
variables with zero mean and variance σ 2. This process is weakly, but not strictly,
stationary if |φ1| < 1. Then, we have μX = φ0 + φ1μX , which implies that μX =

φ0

1−φ1
. If |φ1| ≥ 1, the process is not stationary. 	

When dealing with a stochastic process, we shall sometimes be interested in
its transition behavior, that is, given some observations of the process, we aim at
forecasting some of its properties a certain time t ahead in the future. To do this, it
is important to provide the so called transition functions. These are the conditional
probability distributions based on the available information about the process, relative
to a specific value of the parameter t0.

Definition 1.4: Let t0, t1 ∈ T be such that t0 ≤ t1. The conditional transition distri-
bution function is defined by

F (x0, x1; t0, t1) = P
(
Xt1 ≤ x1 | Xt0 ≤ x0

)
.

When the process is discrete in time and space, we shall use the transition probabilities
defined, for m ≤ n, through

P (m,n)
ij = P (Xn = j | Xm = i) .

When the process is stationary, the transition distribution function will depend only
on the time differences t = t1 − t0,

F (x0, x ; t0, t0 + t) = F (x0, x ; 0, t) , ∀t0 ∈ T .

For convenience, the previous expression will sometimes be written as F (x0, x ; t) .

Analogously, for the discrete process {Xn}n we shall use the expression P (n)
ij .

Letting t → ∞, we may consider the long-term limiting behavior of the process,
typically associated with the stationary distribution. When this distribution exists,
computations are usually much simpler than doing short-term predictions based on
the use of the transition functions. These limit distributions reflect a parallelism with
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the laws of large numbers, for the case of IID observations, in that

1

n

n∑

i=1

Xti → E[X∞]

when tn → ∞, for some limiting random variable X∞. This is the terrain of ergodic
theorems and ergodic processes, see, e.g., Walters (2000).

In particular, for a given stochastic process, we may be interested in studying the
so-called time averages. For example, we may define the mean time average, which
is the random variable defined by

μX (T ) = 1

T

∫ T

0
Xt dt.

If the process is stationary, interchanging expectation with integration, we have

E[μX (T )] = 1

T
E

[∫ T

0
Xt dt

]
= 1

T

∫ T

0
E[Xt ]dt = 1

T

∫ T

0
μX = μX .

This motivates the following definition.

Definition 1.5: The process Xt is said to be mean ergodic if:

1. μX (T ) → μX , for some μX , and
2. var (μX (T )) → 0.

An autocovariance ergodic process can be defined in a similar way. Clearly, for a
stochastic process to be ergodic, it has to be stationary. The converse is not true.

1.3 Main classes of stochastic processes

Here, we define the main types of stochastic processes that we shall study in this
book. We start with Markov chains and Markov processes, which will serve as a
model for many of the other processes analyzed in later chapters and are studied in
detail in Chapters 3 and 4.

1.3.1 Markovian processes

Except for the case of independence, the simplest dependence form among the random
variables in a stochastic process is the Markovian one.

Definition 1.6: Consider a set of time instants {t0, t1, . . . , tn, t} with t0 < t1 < · · · <

tn < t and t, ti ∈ T . A stochastic process {Xt , t ∈ T } is Markovian if the distribution
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of Xt conditional on the values of Xt1 , . . . , Xtn depends only on Xtn , that is, the most
recent known value of the process

P
(
Xt ≤ x | Xtn ≤ xn, Xtn−1 ≤ xn−1, . . . , Xt0 ≤ x0

)

= P
(
Xt ≤ x | Xtn ≤ xn

) = F (xn, x ; tn, t) .
(1.3)

As a consequence of the previous relation, we have

F (x0, x ; t0, t0 + t) =
∫

y∈S
F (y, x ; τ, t) dF (x0, y; t0, τ ) (1.4)

with t0 < τ < t .
If the stochastic process is discrete in both time and space, then (1.3) and (1.4)

adopt the following form: For n > n1 > · · · > nk , we have

P
(
Xn = j | Xn1 = i1, Xn2 = i2, . . . , Xnk = ink

) =
P

(
Xn = j | Xn1 = i1

) = p(n1,n)
i1 j .

Using this property and taking r such that m < r < n, we have

p(m,n)
ij = P (Xn = j | Xm = i) (1.5)

=
∑

k∈S

P (Xn = j | Xr = k) P (Xr = k | Xm = i) .

Equations (1.4) and (1.5) are called the Chapman–Kolmogorov equations for the
continuous and discrete cases, respectively. In this book we shall refer to discrete
state space Markov processes as Markov chains and will use the term Markov process
to refer to processes with continuous state spaces and the Markovian property.

Discrete time Markov chains

Markov chains with discrete time space are an important class of stochastic processes
whose analysis serves as a guide to the study of other more complex processes. The
main features of such chains are outlined in the following text. Their full analysis is
provided in Chapter 3.

Consider a discrete state space Markov chain, {Xn}. Let p(m,n)
ij be defined as in

(1.5), being the probability that the process is at time n in j, when it was in i at time
m. If n = m + 1, we have

p(m,m+1)
ij = P (Xm+1 = j | Xm = i) ,

which is known as the one-step transition probability. When p(m,m+1)
ij is independent

of m, the process is stationary and the chain is called time homogeneous. Otherwise,
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the process is called time inhomogeneous. Using the notation

pij = P (Xm+1 = j | Xm = i)
pn

ij = P (Xn+m = j | Xm = i)

for every m, the Chapman–Kolmogorov equations are now

pn+m
ij =

∑

k∈S

pn
ik pm

kj (1.6)

for every n, m ≥ 0 and i, j. The n-step transition probability matrix is defined as
P(n), with elements pn

ij. Equation (1.6) is written P(n+m) = P(n) · P(m). These matrices
fully characterize the transition behavior of an homogeneous Markov chain. When
n = 1, we shall usually write P instead of P(1) and shall refer to the transition matrix
instead of the one-step transition matrix.

Example 1.2: A famous problem in stochastic processes is the gambler’s ruin prob-
lem. A gambler with an initial stake, x0 ∈ N, plays a coin tossing game where at
each turn, if the coin comes up heads, she wins a unit and if the coin comes up tails,
she loses a unit. The gambler continues to play until she either is bankrupted or her
current holdings reach some fixed amount m. Let Xn represent the amount of money
held by the gambler after n steps. Assume that the coin tosses are IID with probabil-
ity of heads p at each turn. Then, {Xn} is a time homogeneous Markov chain with
p00 = pmm = 1, pii+1 = p and pii−1 = 1 − p, for i = 1, . . . , m − 1 and pij = 0 for
i ∈ {0, . . . , m} and j 
= i . 	

The analysis of the stationary behavior of an homogeneous Markov chain requires
studying the relations among states as follows.

Definition 1.7: A state j is reachable from a state i if pn
ij > 0, for some n. We say

that two states that are mutually reachable, communicate, and belong to the same
communication class.

If all states in a chain communicate among themselves, so that there is just one
communication class, we shall say that the Markov chain is irreducible. In the case
of the gambler’s ruin problem of Example 1.2, we can see that there are three
communication classes: {0}, {1, . . . , m − 1}, and {m}.

Definition 1.8: Given a state i, let pi be the probability that, starting from state i, the
process returns to such state. We say that state i is recurrent if pi = 1 and transitory
if pi < 1.

We may easily see that if state i is recurrent and communicates with another state
j, then j is recurrent. In the case of gambler’s ruin, only the states {0} and {m} are
recurrent.
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Definition 1.9: A state i has period k if pn
ii = 0 whenever n is not divisible by k and

k is the biggest integer with this property. A state with period one is aperiodic.

We may also see easily that if i has period k and states i and j communicate, then
state j has period k. In the gambler’s ruin problem, states {0, m} are aperiodic and the
remaining states have period two.

Definition 1.10: A state i is positive recurrent if, starting at i, the expected time until
return to i is finite.

Positive recurrence is also a class property in the sense that, if i is positively recurrent
and states i and j communicate, then state j is also positively recurrent. We may also
prove that in a Markov chain with a finite number of states all recurrent states are
positive recurrent. The final key definition is the following.

Definition 1.11: A positive recurrent, aperiodic state is called ergodic.

We then have the following important limiting result for a Markov chain, whose proof
may be seen in, for example, Ross (1995).

Theorem 1.2: For an ergodic and irreducible Markov chain, then π j = lim
n→∞ pn

ij,

which is independent of i π j is the unique nonnegative solution of π j = ∑
i πi pij,

j ≥ 0, with
∑∞

i=0 πi = 1.

Continuous time Markov chains

Here, we describe only the homogeneous case. Continuous time Markov chains are
stochastic processes with discrete-state space and continuous space time such that
whenever a system enters in state i, it remains there for an exponentially distributed
time with mean 1/λi , and when it abandons this state, it goes to state j 
= i with
probability pij, where

∑
j 
=i pij = 1.

The required transition and limited behavior of these processes and some gener-
alizations are presented in Chapter 4.

1.3.2 Poisson process

Poisson processes are continuous time, discrete space processes that we shall ana-
lyze in detail in Chapter 5. Here, we shall distinguish between homogeneous and
nonhomogeneous Poisson processes.

Definition 1.12: Suppose that the stochastic process {Xt }t∈T describes the number
of events of a certain type produced until time t and has the following properties:
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1. The number of events in nonoverlapping intervals are independent.
2. There is a constant λ such that the probabilities of occurrence of events over

‘small’ intervals of duration 	t are:
• P(number of events in (t, t + 	t] = 1) = λ	t + o(	t).
• P(number of events in (t, t + 	t] > 1) = o(	t), where o(	t) is such that

o(	t)/	t → 0 when 	t → 0.

Then, we say that {Xt } is an homogeneous Poisson process with parameter λ, char-
acterized by the fact that Xt ∼ Po(λt).

For such a process, it can be proved that the times between successive events are IID
random variables with distribution Ex(λ).

The Poisson process is a particular case of many important generic types of
processes. Among others, it is an example of a renewal process, that is, a process
describing the number of events of a phenomenon of interest occurring until a certain
time such that the times between events are IID random variables (exponential in the
case of the Poisson process). Poisson processes are also a special case of continuous
time Markov chains, with transition probabilities pi,i+1 = 1,∀i and λi = λ.

Nonhomogeneous Poisson processes

Nonhomogeneous Poisson processes are characterized by the intensity function λ(t)
or the mean function m(t) = ∫ t

0 λ(s)ds; we consider, in general, a time-dependent
intensity function but it could be space and space-time dependent as well. Note that,
when λ(t) = λ, we have an homogeneous Poisson process. For a nonhomogeneous
Poisson process, the number of events occurring in the interval (t, t + s] will have a
Po(m(t + s) − m(t)) distribution.

1.3.3 Gaussian processes

The Gaussian process is continuous in both time and state spaces. Let {Xt } be a
stochastic process such that for any n times {t1, t2, . . . , tn} the joint distribution of
Xti , i = 1, 2, .., n, is n-variate normal. Then, the process is Gaussian. Moreover, if
for any finite set of time instants {ti }, i = 1, 2, . . . the random variables are mutually
independent and Xt is normally distributed for every t, we call it a purely random
Gaussian process.

Because of the specific properties of the normal distribution, we may easily
specify many properties of a Gaussian process. For example, if a Gaussian process is
weakly stationary, then it is strictly stationary.

1.3.4 Brownian motion

This continuous time and state-space process has the following properties:

1. The process {Xt , t ≥ 0} has independent, stationary increments: for t1, t2 ∈ T and
t1 < t2, the distribution of Xt2 − Xt1 is the same of Xt2+h − Xt1+h for every h > 0
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and, for nonoverlapping intervals (t1, t2) and (t3, t4) , with t1 < t2 < t3 < t4, the
random variables Xt2 − Xt1 and Xt4 − Xt3 are independent.

2. For any time interval (t1, t2), the random variable Xt2 − Xt1 has distribution
N(0, σ 2(t2 − t1)).

1.3.5 Diffusion processes

Diffusion processes are Markov processes with certain continuous path properties
which emerge as solution of stochastic differential equations. Specifically,

Definition 1.13: A continuous time and state process is a diffusion process if it is
a Markov process {Xt } with transition density p(s, t ; x, y) such that there are two
functions μ(t, x) and β2(t, x), known as the drift and the diffusion coefficients, such
that

∫

|x−y|≤ε

p(t, t + �t ; x, y)dy = o(�t),

∫

|x−y|≤ε

(y − x)p(t, t + �t ; x, y)dy = μ(t, x) + o(�t),

∫

|x−y|≤ε

(y − x)2 p(t, t + �t ; x, y)dy = β2(t, x) + o(�t).

The previous three types of processes are dealt with in Chapter 6.

1.4 Inference, prediction, and decision-making

Given the key definitions and results concerning stochastic processes, we can now
informally set up the statistical and decision-making problems that we shall deal with
in the following chapters.

Clearly, stochastic processes will be characterized by their initial value and the
values of their parameters, which may be finite or infinite dimensional.

Example 1.3: In the case of the gambler’s ruin problem of Example 1.2 the process
is parameterized by p, the probability of heads. More generally, for a stationary finite
Markov chain model with states 1, 2, . . . , k, the parameters will be the transition
probabilities (p11, . . . ., pk,k), where pij satisfy that pij ≥ 0 and

∑
j pij = 1.

The AR(1) process of Example 1.1 is parameterized through the parameters φ0

and φ1.
A nonhomogeneous Poisson process with intensity function λ(t) = Mβtβ−1, cor-

responding to a Power Law model, is a finite parametric model with parameters
(M, β).
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A normal dynamic linear model (DLM) with univariate observations Xn, is
described by

θ0|D0 ∼ N (m0, C0)

θn|θn−1 ∼ N (Gnθn−1, Wn)

Xn|θn ∼ N (F ′
nθn, Vn)

where, for each n, Fn is a known vector of dimension m × 1, Gn is a known m × m
matrix, Vn is a known variance, and Wn is a known m × m variance matrix. The
parameters are now {θ0, θ1, . . .}. 	

Inference problems for stochastic processes are stated as follows. Assume we
have observations of the stochastic process, which will typically be observations
Xt1 , . . . , Xtn at time points t1, . . . , tn . Sometimes we could have continuous obser-
vations in terms of one, or more, trajectories within a given interval. Our aim in
inference is then to summarize the available information about these parameters so
as to provide point or set estimates or test hypotheses about them. It is important to
emphasize that this available information comes from both the observed data and any
available prior information.

More important in the context of stochastic processes is the task of forecasting
the future behavior of the process, in both the transitory and limiting cases, that is, at
a fixed future time and in the long term, respectively.

We shall also be interested in several decision-making problems in relation with
stochastic processes. Typically, they will imply making a decision from a set of
available ones, once we have taken the process observations. A reward will be obtained
depending on the decision made and the future behavior of the process. We aim at
obtaining the optimal solution in some sense.

This book explores how the problems of inference, forecasting, and decision-
making with underlying stochastic processes may be dealt with using Bayesian
techniques. In the following chapter, we review the most important features of the
Bayesian approach, concentrating on the standard IID paradigm while in the later
chapters, we concentrate on the analysis of some of the specific stochastic processes
outlined earlier in Section 1.3.

1.5 Discussion

In this chapter, we have provided the key results and definitions for stochastic pro-
cesses that will be needed in the rest of this book. Most of these results are of a
probabilistic nature, as is usual in the majority of books in this field. Many texts
provide very complete outlines of the probabilistic aspects of stochastic processes.
For examples, see Karlin and Taylor (1975, 1981), Ross (1995), and Lawler (2006),
to name a few.
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There are also texts focusing on some of the specific processes that we have
mentioned. For example, Norris (1998) or Ching and Ng (2010) are full-length books
on Markov chains; Stroock (2005) deals with Markov processes; Poisson processes
are studied in Kingman (1993); Rasmussen and Williams (2005) study Gaussian
processes, whereas diffusions are studied by Rogers and Williams (2000a, 2000b).

As we have observed previously, there is less literature dedicated to inference for
stochastic processes. A quick introduction may be seen in Lehoczky (1990) and both
Bosq and Nguyen (1996), and Bhat and Miller (2002) provide applied approaches
very much in the spirit of this book, although from a frequentist point of view. Prabhu
and Basawa (1991), Prakasa Rao (1996), and Rao (2000) are much more theoretical.

Finally, we noted earlier that the index T of a stochastic process need not always
be a set of times. Rue and Held (2005) illustrate the case of spatial processes, when
T is a spatial set.
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2

Bayesian analysis

2.1 Introduction

In this chapter, we briefly address the first part of this book’s title, that is, Bayesian
Analysis, providing a summary of the key results, methods and tools that are used
throughout the rest of the book. Most of the ideas are illustrated through several
worked examples showcasing the relevant models. The chapter also sets up the basic
notation that we shall follow later on.

In the last few years numerous books dealing with various aspects of Bayesian
analysis have been published. Some of the most relevant literature is referenced in
the discussion at the end of this chapter. However, in contrast to the majority of these
books, and given the emphasis of our later treatment of stochastic processes, we
shall here stress two issues that are central to our book, that is, decision-making and
computational issues.

The chapter is organized as follows. First, in Section 2.2 we outline the basics of
the Bayesian approach to inference, estimation, hypothesis testing, and prediction.
We also consider briefly problems of sensitivity to the prior distribution and the use
of noninformative prior distributions. In Section 2.3, we outline Bayesian decision
analysis. Then, in Section 2.4, we briefly review Bayesian computational methods.
We finish with a discussion in Section 2.5.

2.2 Bayesian statistics

The Bayesian framework for inference and prediction is easily described. Indeed, at
a conceptual level, one of the major advantages of the Bayesian approach is the ease
with which the basic ideas are put into place.

In particular, one of the typical goals in statistics is to learn about one (or more)
parameters, say θ , which describe a stochastic phenomenon of interest. To learn about
θ , we will observe the phenomenon, collect a sample of data, say x = (x1, x2, . . . , xn)

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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and calculate the conditional density or probability function of the data given θ , which
we denote as f (x|θ). This joint density, when thought of as a function of θ , is usually
referred to as the likelihood function and will be, in general, denoted as l(θ |x),
or l(θ |data) when notation gets cumbersome. Although this will not always be the
case in this book, due to the inherent dependence in data generated from stochastic
processes, in order to illustrate the main ideas of Bayesian statistics, in this chapter
we shall generally assume X = (X1, . . . , Xn) to be (conditionally) independent and
identically distributed (CIID) given θ .

As well as the likelihood function, the Bayesian approach takes into account an-
other source of information about the parameters θ . Often, an analyst will have access
to external sources of information such as expert information, possibly based on past
experience or previous related studies. This external information is incorporated into
a Bayesian analysis as the prior distribution, f (θ ).

The prior and the likelihood can be combined via Bayes’ theorem which provides
the posterior distribution f (θ |x), that is the distribution of the parameter θ given the
observed data x,

f (θ |x) = f (θ ) f (x|θ)
∫

f (θ ) f (x|θ)dθ
∝ f (θ) f (x|θ ). (2.1)

The posterior distribution summarizes all the information available about the param-
eters and can be used to solve all standard statistical problems, like point and interval
estimation, hypothesis testing or prediction. Throughout this chapter, we shall use
the following two examples to illustrate these problems.

Example 2.1: Following Rı́os Insua et al. (1997), we are interested in modeling the
logarithm, Xi, of inflows to a reservoir in a given month. Suppose that X1, . . . , Xn

are CIID N(θ, σ 2), given θ, σ 2, where σ 2 is assumed known. In the absence of prior
information, we might use an improper, uniform prior for θ , that is f (θ ) ∝ 1. Simple
computations show that the posterior distribution is

f (θ | x)∝ exp

(
−n

2

(
θ2

σ 2
− 2

θ x̄

σ 2

))

and, therefore,

θ | x ∼ N

(
x̄,

σ 2

n

)
, (2.2)

where x̄ = ∑
xi/n. Assume now that prior information was available and could be

modeled as θ ∼ N(μ0, σ
2
0 ). Then, it can be easily shown that

f (θ | x)∝ exp

(
−1

2
θ2

(
n

σ 2
+ 1

σ 2
0

)
− 2θ

(∑
xi

σ 2
+ μ0

σ 2
0

))
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and, consequently,

θ | x ∼ N

(
nx̄/σ 2 + μ0/σ

2
0

n/σ 2 + 1/σ 2
0

,

(
n

σ 2
+ 1

σ 2
0

)−1
)

.

Note that when we let the prior variance σ 2
0 approach infinity, then the prior distribu-

tion approaches a uniform distribution and the posterior distribution then approaches
distribution that of (2.2). �

Example 2.2: Consider the gambler in Example 1.2. Suppose that she does not
know the probability, (θ =)p, that the coin comes up heads. Although she believes
that the coin is probably unbiased, she has some uncertainty about this. She represents
such uncertainty by setting a symmetric, beta prior distribution, centered at 0.5, for
example p ∼ Be(5, 5). Assume also that before she plays the game seriously, she
is offered the chance to observe 12 tosses of the coin without cost. Suppose that in
these 12 tosses, the gambler observes nine heads and three tails. Then, her posterior
distribution is

f (p|x) ∝ f (x|p) f (p) from (2.1)

∝
(

12
9

)
p9(1 − p)3 1

B(5, 5)
p5−1(1 − p)5−1

∝ p14−1(1 − p)8−1.

Therefore,

p|x ∼ Be(14, 8).

Figure 2.1 illustrates the relative influence of the prior distribution and the like-
lihood function on the gambler’s posterior density. In particular, it shows the prior
density, the likelihood function scaled to integrate to 1, that is,

l(p|x)
∫ 1

0 l(p|x) dp
= 1

B(10, 4)
p10−1(1 − p)4−1,

which is a Be(10, 4) density function, and the posterior density. It can be observed
that the posterior distribution is a combination of the prior and the likelihood. �

2.2.1 Parameter estimation

As an example of usage of the posterior distribution, we may be interested in point
estimation. This is typically addressed by summarizing the distribution through, either
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Figure 2.1 Prior (dashed line), scaled likelihood (dotted line), and posterior distribution
(solid line) for the gambler’s ruin problem.

the posterior mean, that is,

E[θ |x] =
∫

θ f (θ |x)dθ ,

or, in the univariate case, through a posterior median, that is,

θmed ∈ {y : P(θ ≤ y|x) = 1/2; P(θ ≥ y|x) = 1/2}

or through a posterior mode, that is

θmode = arg max f (θ |x).

Example 2.3: In the normal–normal Example 2.1, the posterior is normal and, hence,
symmetric and unimodal so the mean, median, and mode are all equal. In particular,
in the case when a uniform prior was used, these point estimates are all equal to x̄,

which is the maximum likelihood estimate (MLE). When the informative prior is
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applied, they are all equal to

nx̄/σ 2 + μ0/σ
2
0

n/σ 2 + 1/σ 2
0

,

which is a weighted average of the MLE and the prior mean with weights proportional
to the precision of the MLE and the prior precision, respectively.

In the case of Example 2.2, the posterior distribution is asymmetric and so the
mean, median, and mode are different. In particular, the gambler’s posterior mean
estimate of p is 0.6364, the posterior median is (approximately) 0.6406, and the
posterior mode is (approximately) 0.65. �

Set estimation, that is, summarizing the posterior distribution through a set that
includes θ with high posterior probability, is also straightforward. When θ is univari-
ate, one of the standard solutions is to fix the probability content of the set to 1 − α,
where typically used values of α, as in classical statistics, are 0.01, 0.05, or 0.1.
An interval with this probability content is called a 100(1 − α)% credible interval.
Usually, there are (infinitely) many such credible intervals. One particular case that
is often applied in practice is to use a central posterior interval. To calculate such
an interval, the α/2 and 1 − α/2 posterior quantiles, say q α

2
and q1− α

2
, are computed

so that P(θ ∈ [q1, q2]|x) ≥ 1 − α, and [q α
2
, q(1− α

2 )] is the central interval. Another
possibility is to use the shortest possible interval of probability 1 − α, that is the
highest posterior density (HPD) interval.

Example 2.4: In Example 2.1, if μ1 and σ1, respectively, designate the poste-
rior mean and standard deviation, a posterior 95% central credible interval will be
[μ1 − 1.96σ1, μ1 + 1.96σ1], where 1.96 designates the 0.975 quantile of the standard
normal distribution. Given the symmetry and unimodality of the normal distribution,
this interval is also a HPD interval.

In Example 2.2, a posterior, 95% central credible interval can be shown numeri-
cally to be (0.4303, 0.8189). However, this interval is not an HPD interval. �

2.2.2 Hypothesis testing

In principle, hypothesis testing problems are straightforward. Consider the case in
which we have to decide between two hypotheses with positive probability content,
that is, H0 : θ ∈ �0 and H1 : θ ∈ �1. Then, theoretically, the choice of which hy-
pothesis to accept can be treated as a simple decision problem (see Section 2.3). If
we accept H0 (H1) when it is true, then we lose nothing. Otherwise, if we accept
H0, when H1 is true, we lose a quantity l01 and if we accept H1, when H0 is true,
we lose a quantity l10. Then, given the posterior probabilities, P(H0|x) and P(H1|x),
the expected loss if we accept H0 is given by P(H1|x)l01 and the expected loss if
we accept H1 is P(H0|x)l10. The supported hypothesis is that which minimizes the
expected loss. In particular, if l01 = l10 we should simply select the hypothesis which
is most likely a posteriori.
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In many cases, such as model selection problems or multiple hypothesis testing
problems, the specification of the prior probabilities in favor of each model or hy-
pothesis may be very complicated and an alternative procedure that is not dependent
on these prior probabilities may be preferred. The standard tool for such contexts is
the Bayes factor.

Definition 2.1: Suppose that H0 and H1 are two hypotheses with prior probabilities
P(H0) and P(H1) and posterior probabilities P(H0|x) and P(H1|x), respectively.
Then, the Bayes factor in favor of H0 is

B0
1 = P(H1)P(H0|x)

P(H0)P(H1|x)
.

It is easily shown that the Bayes factor reduces to the marginal likelihood ratio,
that is,

B0
1 = f (x|H0)

f (x|H1)
,

which is independent of the values of P(H0) and P(H1) and is, therefore, a measure
of the evidence in favor of H0 provided by the data. Note, however, that, in general,
it is not totally independent of prior information as

f (x|H0) =
∫

�0

f (x|H0, θ0) f (θ0|H0)dθ0,

which depends on the prior density under H0, and similarly for f (x|H1). Kass and
Raftery (1995) presented the following Table 2.1, which indicates the strength of
evidence in favor of H0 provided by the Bayes factor.

Table 2.1 Strength of evidence in favor of H0 provided by the Bayes factor.

B0
1 2 log10 B0

1 Evidence against H1

1–3 0–2 Hardly worth commenting
3–20 2–6 Positive
20–150 6–10 Strong
>150 > 10 Very strong

Example 2.5: Continuing with the gambler’s ruin example, suppose that the gambler
wishes to test whether or not the coin was biased in favor of heads, that is H0 : p > 0.5
as against the alternative H1 : p ≤ 0.5. Given that the gambler’s prior distribution
was symmetric, we have P(H0) = P(H1) = 0.5 and, for example,

f (p|H0) = 2

B(5, 5)
p5−1(1 − p)5−1 for 0.5 < p < 1,
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whereas the density f (p|H1) has the same expression, but for 0 ≤ p ≤ 0.5. Then,
the gambler’s posterior probability that H0 is true is P(p > 0.5|x) = 0.9054 and the
Bayes factor in favor of H0 is B0

1 = 9.5682. Therefore, there is positive evidence in
favor of the hypothesis H0 that the probability of heads is greater than 0.5. �

In computationally complex problems, the Bayes factor may often be difficult to
evaluate and, in such cases, a simpler alternative is to use a model selection criterion.
The most popular criterion in the Bayesian context, particularly in the situation of
having to select between nested models, is the deviance information criterion, or DIC,
developed in Spiegelhalter et al. (2002), which we define in the following text.

Definition 2.2: Suppose that a modelM is parameterized by θ . Then, given a sample
of data, x, the DIC for M is given by

DICM = −4E
[
log f (x|θ)|x] + 2 log f (x|E[θ |x]).

Lower values of the DIC indicate more plausible models.

2.2.3 Prediction

In many applications, rather than being interested in the parameters, we shall be
more concerned with the prediction of future observations of the variable of interest.
This is especially true in the case of stochastic processes, when we will typically be
interested in predicting both the short- and long-term behavior of the process.

For prediction of future values, say Y, of the phenomenon, we use the predictive
distribution. To do this, given the current data x, if we knew the value of θ , we
would use the conditional predictive distribution f (y|x, θ ). However, since there
is uncertainty about θ , modeled through the posterior distribution, f (θ |x), we can
integrate this out to calculate the predictive density

f (y|x) =
∫

f (y|θ, x) f (θ |x)dθ . (2.3)

Note that in the case that the sampled values of the phenomenon are conditionally
IID, the formula (2.3) simplifies to

f (y|x) =
∫

f (y|θ ) f (θ |x)dθ ,

although, in general, to predict the future values of stochastic processes, this simpli-
fication will not be available. The predictive density may be used to provide point or
set forecasts and test hypotheses about future observations, much as we did earlier.

Example 2.6: In the normal-normal example, to predict the next observation
Y = Xn+1, we have that in the case when a uniform prior was applied, then
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Xn+1 | x ∼ N (x̄, n+1
n σ 2). Then a predictive 100(1 − α)% probability interval is[

x̄ − zα/2σ
√

(n + 1)/n, x̄ + zα/2σ
√

(n + 1)/n
]
. �

Example 2.7: In the gambler’s ruin example, suppose that the gambler formally
starts to play the game with an initial stake x0 = 2 and that she wins the game if
she reaches a total of m = 10 euros. Then, the gambler might be interested in the
probability that she is ruined in the next few turns. Let xt be her stake after t more
tosses of the coin. Then, clearly, P(x1 = 0|x) = 0 and

P(x2 = 0|x) =
∫ 1

0
(1 − p)2 f (p|x) dp = B(14, 10)

B(14, 8)
= 0.1423.

In a similar way, we can see that P(x3 = 0|x) = 0.1423 and

P(x4 = 0|x) =
∫ 1

0
(1 − p)2 [1 + 2p(1 − p)] f (p|x) dx = 0.2087.

Usually, however, the gambler will be more interested in predicting the probability
that either she eventually wins the game, or the probability that she is eventually
ruined, rather than the earnings she will have after a given number of plays.

Assume that the gambler has an initial stake x0 and that she wins the game if she
increases her stake to m ≥ x0, where x0, m ∈ N. Then, it is well known that, for a
given p, the probability that she wins the game is

P(wins|p) =
1 −

(
q
p

)m−x0

1 −
(

q
p

)m ,

where q = 1 − p and we assume that q 	= p. Otherwise, the winning probability can
be shown to be equal to x0/m.

Therefore, her predictive probability of winning, given her current posterior
for p, is

P(wins|x) =
∫ 1

0
P(wins|p) f (p|x) dp

=
∫ 1

0

1

B(14, 8)
p14−1(1 − p)8−1

1 −
(

1−p
p

)2

1 −
(

1−p
p

)10 dp 
 0.622.

Her predictive probability of eventually being ruined is 0.378. �



P1: TIX/XYZ P2: ABC
JWST172-c02 JWST172-Ruggeri March 2, 2012 8:45

24 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

2.2.4 Sensitivity analysis and objective Bayesian methods

As mentioned earlier, prior information may often be elicited from one or more ex-
perts. In such cases, the postulated prior distribution will often be an approximation
to the expert’s beliefs. In case that different experts disagree, there may be consid-
erable uncertainty about the appropriate prior distribution to apply. In such cases, it
is important to assess the sensitivity of any posterior results to changes in the prior
distribution. This is typically done by considering appropriate classes of prior distri-
butions, close to the postulated expert prior distribution, and then assessing how the
posterior results vary over such classes.

Example 2.8: Assume that the gambler in the gambler’s ruin problem is not certain
about her Be(5, 5) prior and wishes to consider the sensitivity of the posterior pre-
dictive ruin probability over a reasonable class of alternatives. One possible class of
priors that generalizes the gambler’s original prior is

G = { f : f ∼ Be(c, c), c > 0},

the class of symmetric beta priors. Then, over this class of priors, it can be shown
that the gambler’s posterior predictive ruin probability varies between 0.231, when
c → 0 and 0.8, when c → ∞. This shows that there is a large degree of variation of
this predictive probability over this class of priors. �

When little prior information is available, or in order to promote a more objective
analysis, we may try to apply a prior distribution that provides little information and
‘lets the data speak for themselves’. In such cases, we may use a noninformative
prior. When � is discrete, a sensible noninformative prior is a uniform distribution.
However, when � is continuous, a uniform distribution is not necessarily the best
choice. In the univariate case, the most common approach is to use the Jeffreys prior.

Definition 2.3: Suppose that X |θ ∼ f (·|θ ). The Jeffreys prior for θ is given by

f (θ ) ∝
√

I (θ ),

where I (θ ) = −EX

[
d2

dθ2 log f (X |θ )
]

is the expected Fisher information.

Example 2.9: Consider the case of Example 2.1. We have

log f (X |θ ) = −1

2
log πσ 2 − 1

2σ 2
(X − θ )2

d

dθ
log f (X |θ ) = X − θ

σ 2

d2

dθ2
log f (X |θ ) = − 1

σ 2
,
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which is constant. Therefore, the Jeffreys prior is a uniform distribution, f (θ ) ∝ 1,
the distribution that was previously applied. Note that given this prior, the posterior
mean and 100(1 − α)% central credible interval coincide with the classical MLE and
confidence interval, respectively.

In the gambler’s ruin problem, however, given that we assume that we are going
to observe the number of heads in 12 tosses of the coin, the Jeffreys prior is easily
shown to be p ∼ Be(1/2, 1/2). When this prior is used, the gambler’s posterior mean
is E[p|x] = 0.76 that is close, but not equal, to the MLE, p̂ = 0.75. �

The Jeffreys prior is not always appropriate when � is multivariate. In this
context, the most popular approach is the use of the so-called reference priors, as
developed in Bernardo (1979).

2.3 Bayesian decision analysis

Often, the ultimate aim of statistical research will be to support decision-making. As
an example, the gambler might have to decide whether or not to play the game and
what initial stake to put. An important strength of the Bayesian approach is its natural
inclusion into a coherent framework for decision-making, which, in practical terms,
leads to Bayesian decision analysis.

If the consequences of the decisions, or actions of a decision maker (DM), depend
upon the future values of observations, the general description of a decision problem
is as follows. For each feasible action a ∈ A, with A the action space, and each future
result y, we associate a consequence c(a, y). For example, in the case of the gambler’s
ruin problem, if the gambler stakes a quantity x0 (the action a) and wins the game
after a sequence y of results, the consequence is that she wins a quantity m − x0.
This consequence will be evaluated through its utility u(c(a, y)), which encodes the
DM’s preferences and risk attitudes. The DM should choose the action maximizing
her predictive expected utility

max
a∈A

∫
u(c(a, y)) f (y|x)dy,

where f (y|x) represents the DM’s predictive density for y given her current knowl-
edge and data, x, described in (2.3).

In other instances, the consequences will actually depend on the parameter θ ,
rather than on the observable y. In these cases, we shall be interested in maximizing
the posterior expected utility

max
a∈A

∫
u(c(a, θ )) f (θ |x)dθ . (2.4)

In most statistical contexts, we normally talk about losses, rather than utilities,
and we aim at minimizing the posterior (or predictive) expected loss. We just need to
consider that utility is the negative of the loss. Note also that all the standard statistical
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Table 2.2 Winning probabilities and expected utility gains for dif-
ferent initial stakes.

x0 P(wins|x, x0) E[u(x0)|x]

0 0.0000 0.0000
1 0.4237 0.3896
2 0.6218 0.9746
3 0.7260 0.8083
4 0.7863 0.2904
5 0.8239 −0.4087

approaches mentioned earlier may be justified within this framework. As an example,
if we are interested in point estimation through the posterior mean, we may easily see
that this estimate is optimal, in terms of minimizing posterior expected loss, when we
use the quadratic loss function (see, e.g., French and Rı́os Insua, 2000). We would
like to stress, however, that we should not always appeal to such canonical utility/loss
functions, but rather try to model whatever relevant consequential aspects we may
deem appropriate in the problem at hand.

Example 2.10: Assume that the bank always starts with 8 euros and that the gambler
has to pay a 2 euro fee plus her initial stake to play the game. Thus, if she starts with
an initial stake x0, then, if she plays and loses, she loses x0 + 2 euro, whereas if she
plays and wins, she gains 8 − x0 euro. The gambler has to select the optimal initial
stake to play with.

Assume that the gambler has a linear utility function for money, thus, being risk
neutral. Clearly, it is illogical for the gambler to play the game with an initial stake of
more than or equal to 6 euros in this case. Table 2.2 gives the gambler’s probability
of winning and expected utility values for stakes between 0, when she does not
play, and 5.

The optimal strategy for the gambler is to play the game with an initial stake of
2 euros, when her expected monetary gain is equal to 0.9746 euros. �

2.4 Bayesian computation

Even if Bayesian analysis is conceptually simple, leaving aside modeling complex-
ities affecting real applications, very frequently we shall have to face considerable
computational complexities not amenable to standard analytic solutions. Therefore,
we now provide a brief review of some of the most important computational proce-
dures that facilitate the implementation of Bayesian analysis, with special emphasis
on simulation methods.

2.4.1 Computational Bayesian statistics

The key operation in the practical implementation of Bayesian methods is integration.
In the examples we have seen so far in this chapter, most integrations are standard
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and may be done analytically. This is a typical consequence of the use of conjugate
prior distributions: a class of priors is conjugate to a given model, if the resulting
posterior belongs to the same class of distributions. When the properties of the conju-
gate family of distributions are known, the use of conjugate prior distributions greatly
simplifies Bayesian analysis procedures since, given observed data, the calculation
of the posterior distribution reduces to simply modifying the parameters of the prior
distribution. However, it is important to note that conjugate prior distributions are as-
sociated with (generalized) exponential family sampling distributions, and, therefore,
that conjugate prior distributions do not always exist. For example, if we consider
data generated from a Cauchy distribution, then it is well known that no conjugate
prior exists.

However, more complex, nonconjugate models will generally not allow for such
neat computations. Various techniques for approximating Bayesian integrals can be
considered.

When the sample size is sufficiently large, central limit type theorems can some-
times be applied so that the posterior distribution is approximated by a normal distri-
bution, when integrals may often be estimated in a straightforward way. Otherwise,
in low-dimensional problems such as in Example 2.7, we can often apply numeri-
cal integration techniques like Gaussian quadrature. However, in higher dimensional
problems, the number of function evaluations necessary to accurately evaluate the
relevant integrals increases rapidly and such methods become inaccurate. There-
fore, approaches based on simulation are typically preferred. Given their increasing
importance in Bayesian statistical computation, we outline such methods.

The key idea is that of Monte Carlo integration, which substitutes an integral by
a sample mean of a sufficiently large number, say N, of values simulated from the
relevant posterior distribution. If θ1, . . . , θ N is a sample from f (θ |x), then we have
that for some function, g(θ), with finite posterior mean and variance, then

1

N

N∑

i=1

g(θ (i)) ∼= E[g(θ) | x].

This result follows from the strong law of large numbers, which provides almost sure
convergence of the Monte Carlo approximation to the integral. The variance of the
Monte Carlo approximation provides guidance on the precision of the estimate.

Example 2.11: In the gambler’s ruin problem, a simple way of estimating the predic-
tive mean ruin probability is to generate a sample from the posterior beta distribution,
calculate the ruin probability for each sampled value, and then use the mean of the
ruin probabilities to estimate the predictive ruin probability. Table 2.3 shows the
predictive ruin probabilities estimated from samples of various different sizes.

For a sample of size 10 000, the estimated probability has converged to the same
value calculated previously in Example 2.7 via numerical integration. �

In many problems, the posterior distribution will typically only be known up to a
constant, and sampling directly from this distribution is not straightforward. In some
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Table 2.3 Predictive ruin probabilities
estimated from Monte Carlo samples of
size N .

N P(ruin|x)

10 0.397
100 0.384

1000 0.380
10000 0.378

cases, generalizations of the basic Monte Carlo method may be used. One possibility
that can sometimes be applied is to use approaches such as independence samplers
or rejection samplers that sample from distributions that are similar to the posterior
distribution and then weigh the sampled elements appropriately.

However, the most intensely used techniques in modern Bayesian inference are
Markov chain Monte Carlo (MCMC) methods. These methods are based on the
assumption that we can find a Markov chain θ (n) with states θ and stationary distri-
bution equal to the (posterior) distribution of interest. The strategy is then to start
from arbitrary values of θ , let the Markov chain run until practical convergence is
judged, and then use the next N observed values from the chain to approximate a
Monte Carlo sample from the distribution of interest. Given that successive values
generated from a Markov chain are correlated, to make the sampled values approxi-
mately independent, some of the sampled values are often omitted in order to mitigate
serial correlation.

The key issue in MCMC methods is how to construct Markov chains with the
desired stationary distribution. Several generic strategies for designing such chains are
available. Since these methods are generic, in what follows, we shall drop dependence
from the data in their description, and we shall assume throughout that the objective
is to sample from a density f (θ ).

The most well-known MCMC approach is the Gibbs sampler. Suppose that θ =
(θ1, . . . , θ k). Suppose that the conditional distributions,

f (θ i |θ−i ), where θ−i = (θ1, . . . , θ i−1, θ i+1, . . . , θ k)

for i = 1, . . . , k can all be easily sampled from. Then, starting from arbitrary values,
the Gibbs sampler simply iterates through these conditionals until convergence:

1. Choose initial values
(
θ0

2, . . . , θ
0
k

)
. i = 1.

2. Until convergence is detected, iterate through
Generate θ i

1 ∼ θ1|θ i−1
2 , . . . , θ i−1

k
Generate θ i

2 ∼ θ2|θ i
1, θ

i−1
3 , · · · , θ i−1

k
...
Generate θ i

k ∼ θ k |θ i
1, . . . , θ

i
k−1.

i = i + 1
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Under sufficiently general conditions (see, e.g., Tierney, 1994), the sampler defines
a Markov chain with the desired posterior as its stationary distribution. The Gibbs
sampler is particularly attractive in many scenarios, such as the analysis of hierarchical
models, because the conditional posterior density of one parameter given the others is
often relatively simple, perhaps after the introduction of some auxiliary variables. A
simple example from Berger and Rı́os Insua (1998) is provided in the following text.

Example 2.12: Suppose θ = (θ1, θ2) and that the posterior density is

f (θ1, θ2 | x) = 1

π
exp

(−θ1(1 + θ2
2 )

)
.

defined over the set θ1 > 0 and −∞ < θ2 < ∞. Many posterior expectations asso-
ciated with this distribution cannot be computed analytically. As an alternative, it

is straightforward to see that θ2|θ1 ∼ N
(

0, 1
2θ1

)
and that, θ1|θ2 ∼ Ex

(
1 + θ2

2

)
and

therefore, a Gibbs sampler can be applied. �

A general approach to designing a Markov chain with a desired stationary dis-
tribution is the Metropolis–Hastings (MH) algorithm. To implement MH, we only
need to be able to evaluate the target distribution pointwise, up to a constant, and
generate observations from a probing distribution q(·|·) under certain technical condi-
tions. At each step, the generated state is accepted according to certain accept–reject
probabilities. Specifically, we proceed as follows:

1. Choose initial values θ (0). i = 0
2. Until convergence is detected, iterate through

Generate a candidate θ* ∼ q
(
θ |θ (i)).

If p
(
θ (i))q

(
θ (i) | θ*

)
> 0, α

(
θ (i), θ*

)= min

(
p
(
θ*

)
q
(
θ* | θ (i))

p
(
θ (i))q

(
θ (i) | θ*

) , 1

)
;

else, α
(
θ (i), θ*

) = 1.
Do

θ (i+1) =
{

θ* with prob α
(
θ (i), θ*

)
,

θ (i) with prob 1 − α
(
θ (i), θ*

)

i = i + 1.

When the probing distribution is symmetric in its arguments, the acceptance probabil-
ity, α, simplifies to min

(
p

(
θ*

)
/p

(
θ (i)) , 1

)
, corresponding to the variant introduced

by Metropolis et al. (1953). Also, when the probing distribution q(·|θ) is independent
of θ , the sampler is known as an independence sampler. Finally, note that the Gibbs
sampler is a particular case of a MH sampler in blocks, where the probing distribution
is equal to the conditional distribution, f (θ i |θ−i ) and the acceptance probability is
equal to 1.
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Complex problems will typically require a mixture of various MCMC algorithms
or, as they are known, hybrid methods. As an example, Müller (1991) suggests
using Gibbs sampler steps when conditionals are available for efficient sampling
and Metropolis steps, otherwise. We illustrate these ideas with a software reliability
example based on a nonhomogeneous Poisson process.

Example 2.13: Consider a nonhomogeneous Poisson process, with rate function
λ(t) = m ′(t) = ae−bt , which corresponds to Schneidewind’s software reliability
growth model (see, e.g., Singpurwalla and Wilson, 1999). Now θ = (a, b). Assume
we test until we observe n failures, and we observe t = (t1, t2, · · · , tn) as times be-
tween failures, that is, the first failure occurs at time s1 = t1; the second one occurs
at time s2 = t1 + t2, and so on, until sn = t1 + t2 + . . . + tn . Assume gamma prior
distributions for a and b

a ∼ Ga(α1, β1), b ∼ Ga(α2, β2).

After some computations, we find

f (a, b|t) ∝ aα1+n−1e−β1a bα2−1e−b(β2+
∑n

i=1 si )e− a
b (1−e−bsn ),

from which we obtain

f (a|b, t) ∝ aα1+n−1e−a[β1+ 1
b (1−e−bsn )],

which is a gamma distribution with parameters α1 + n and β1 + 1
b

(
1 − e−bsn

)
, and

f (b|a, t) ∝ bα2−1e−b(β2+
∑n

i=1 si )e− a
b (1−e−bsn ),

which is a nonstandard distribution. However, the distribution can be sampled using
the following Metropolis step:

1. Sample b̃ ∼ N(b(i), σ 2).

2. Set b(i+1) = b̃ with probability α = min
(

1,
f (b̃|ai ,t)
f (bi |ai ,t)

)
. Otherwise,

set b(i+1) = b(i).

Here, the standard deviation σ can be chosen to approximately optimize the accep-
tance rate of the Metropolis step to be between 20% and 50%; see, for example,
Gamerman and Lopes (2006) for details. After some calculations, we obtain that:

f (bcand| ai , data)

f
(
bi | ai , data

)

=
(

bcand

bi

)(α2−1)

e−(bcand−bi )(β2+
∑n

i=1 si ) e
− a

bcand
(1−e−bcandsn )+ a

bi

(
1−e−bi sn

)
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Then, we easily set up a Markov chain with Gibbs gamma steps when sampling
from the conditional posterior of a and Metropolis steps when sampling from the
conditional posterior of b. �

In the context of stochastic process models, sequential MCMC or particle filtering
methods are particularly relevant. We briefly describe a specific case of particle filter.
As a contrast between analytic and simulation methods, we first illustrate inference
and forecasting with dynamic linear models, which can be performed analytically.

Consider the general, normal, dynamic linear model (DLM) with univariate ob-
servations Xn, which is characterized by the quadruple {Fn, Gn, Vn, W n}, where, for
each n, Fn is a known vector of dimension m × 1, Gn is a known m × m matrix, Vn

is a known variance, and W n is a known m × m variance matrix. The model is then
succinctly written as

θ0|D0 ∼ N(m0, C0)

θn|θn−1 ∼ N(Gnθn−1, W n) (2.5)

Xn|θn ∼ N(F′
nθn, Vn).

The information, Dn, is defined recursively as Dn = Dn−1 ∪ {xn}. Note that we may
also write

θn = Gnθn−1 + wn, wn ∼ N(0, W n)

Xn = Fnθn + vn, vn ∼ N(0, Vn).

The following result (see, e.g., West and Harrison, 1997) summarizes the basic
features of DLMs for forecasting and inference.

Theorem 2.1: For the general univariate DLM, the posterior and one-step ahead
predictive distributions are, for each n:

� Posterior at n − 1,

θn−1|Dn−1 ∼ N (mn−1, Cn−1).

� Prior at n,

θn|Dn−1 ∼ N (an, Rn).

� One-step ahead forecast,

Xn|Dn−1 ∼ N ( fn, Qn).
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Where

an = Gnmn−1,

Rn = GnCn−1G′
n + W n,

fn = F′
nan,

Qn = F′
n Rn Fn + Vn,

An = Rn Fn Q−1
n ,

Cn = Rn − An A′
n Qn,

mn = an + An (xn − fn)

Consider now the following generalization of (2.5):

θ0|D0 ∼ f0

θn = gn−1(θn−1, W n)

Xn = fn(θn, Vn),

where Wn and Vn are error terms with given distributions, jointly independent at every
instant time. As earlier, we are interested in computing the posterior distributions of
the parameter θn|Dn and, more importantly, the one-step ahead forecast distributions
Xn+1|Dn . We may not do this now analytically and we shall propose an approximation
based on simulation.

For that, we shall use a particle filter which, at time n, consists of a set of random
values {θ (i)

n }N
i=1 with associated weights m(i)

n , such that

N∑

i=1

h(θ (i)
n )m(i)

n 

∫

h(θn) f (θn)dθn,

for typical functions h on the state space, the convergence being in probability as N
grows. To evolve the particle filter and make the forecasts, we shall use the following
recursions:

f (θn|Dn−1) =
∫

f (θn|θn−1) f (θn−1|Dn−1)dθn−1,

f (θn|Dn) = f (xn|θn) f (θn|Dn−1)

f (xn|Dn−1)
,

f (xn|Dn−1) =
∫

f (xn|θn) f (θn|Dn−1)dθn

The particle filter we describe is based on the sampling importance resampling
algorithm of Gordon et al. (1993) and is described as follows:
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1. Generate θ
(i)
0 ∼ f (θ0|D0), i = 1, . . . , N, with m(i)

1 = 1/N, n = 1.
2. While n ≤ M :

Approximate f (θn|Dn), up to a normalizing constant K,
with the mixture

K
N∑

i=1

f (θn|θ (i)
n−1) f (xn|θn).

To do so, generate ¯θ (i)
n ∼ fn−1(θ (i)

n−1, W (i)
n−1), i = 1, . . . , N with

importance weights mi
n = f (xn| ¯θ (i)

n )(
∑

j p(xn| ¯θ (i)
n ))

Sample N times independently with replacement from
{ ¯θ (i)

n , m(i)
n } to produce the random measure {θ (i)

n , 1/N }.
n = n + 1.

Carpenter et al. (1999), Pitt and Shepard (1999), and Del Moral et al. (2006) provide
additional information and improvements over the above basic filter.

We end up with a discussion of a method that may be very useful in relation with
predictive computations with stochastic process models. We consider the predictive
computation of an event A dependent on θ . The posterior predictive probability
would be

P(A|x) =
∫

P(A|θ ) f (θ |x)dθ .

On the basis of a large sample {θi }N
i=1 from the posterior distribution, we could

approximate it by Monte Carlo through

PMC(A|x) = 1

N

N∑

i=1

P(A|θ i ).

This approach may be infeasible when finding each P(A|θ i ) is computationally
demanding, as happens with stochastic process based models, which we shall illustrate
in later chapters. This problem entails that we are unable to use large enough samples
so that standard MC approximations can be applied.

Assume instead that we are able to approximate the relevant posterior distribution
f (θ |x) by a simple probability distribution �̃ with m support points {θ i }m

i=1 each
with probability pi, i = 1, . . . , m, where m is small enough so that m predictive
computations P(A|θ i ) are actually amenable. Then, we could aim at approximating
the quantity of interest through

P̃(A) =
m∑

i=1

P(A|θ i )pi ,
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satisfactorily under appropriate conditions. We first determine the order m ≥ 1 of
this reduced order model (ROM), based on purely computational reasons: our com-
putational budget allows only for m P(A|θ ) computations. Then, we determine the
range {θ1, . . . , θm} of �̃ for the selected m. Finally, we calculate the probabilities
{p1, . . . , pm} of {θ1, . . . , θm}, and use the ROM approximation. Grigoriu (2009)
describes procedures for such an approximation.

2.4.2 Computational Bayesian decision analysis

We now briefly address computational issues in relation with Bayesian decision
analysis problems. In principle, this involves two operations: (1) integration to obtain
expected utilities of alternatives and (2) optimization to determine the alternative
with maximum expected utility. To fix ideas, we shall assume that we aim at solving
problem (2.4), that is finding the alternative of maximum posterior expected utility.
If the posterior distribution is independent of the action chosen, then we may drop
the denominator

∫
f (x|θ ) f (θ)dθ , solving the possibly simpler problem

max
a

∫
u(a, θ ) f (x|θ ) f (θ)dθ .

Also recall that for standard statistical decision theoretical problems, the solution of
the optimization problem is well known. For example, in an estimation problem with
absolute value loss, the optimal estimate will be the posterior median. We shall refer
here to problems with general utility functions. We first describe two simulation-
based methods and then present a key optimization principle in sequential problems,
Bellman’s dynamic programming principle, which will be relevant when dealing with
stochastic processes.

The first approach we describe is called sample path optimization in the simulation
literature and was introduced in statistical decision theory in Shao (1989). To be most
effective, it requires that the posterior does not depend on the action chosen. In such
cases, we may use the following strategy:

1. Select a sample θ1, . . . , θ N ∼ p(θ |x).
2. Solve the optimization problem

max
a∈A

1

N

N∑

i=1

u(a, θ i )

yielding a∗
N.

If the maximum expected utility alternative a∗ is unique, we may prove that a∗
N → a∗,

almost surely. Note that the auxiliary problem used to find a∗
N is a standard mathe-

matical programming problem, see Nemhauser et al. (1990) for ample information.
Suppose now that the posterior actually depends on the chosen action. Assume

that the posterior is f (θ |x, a) > 0, for each pair (a, θ ). If the utility function is
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positive and integrable, we may define an artificial distribution on the augmented
product space A × � with density h (a, θ ) proportional to the product of the utility
function and the posterior probability density

h(a, θ ) ∝ u(a, θ ) × p(θ | x, a).

If we compute the marginal distribution on a, we have

h(a) =
∫

h(a, θ ) dθ ∝
∫

u(a, θ )p(θ | x, a) dθ .

Hence, the marginal of the artificial distribution is proportional to the posterior ex-
pected utility. Therefore, the maximum expected utility alternative coincides with
the mode of the marginal of the artificial distribution h (a, θ ) in the space of alterna-
tives. This suggests that we may solve our problem approximately with the following
simulation-based procedure:

1. Generate a sample
(
(θ1, a1), . . . , (θm, am)

)
from the density

h(a, θ ).
2. Convert this to a sample (a1, . . . , am) from the marginal

density h(a).
3. Find the sample mode of the marginal sample.

For Step 3 of the above algorithm, we can use tools from exploratory data analysis
(see, e.g., Scott, 1992). To implement Step 1, we can appeal to MCMC methods, as
illustrated in Bielza et al. (1999).

Decisions are seldom taken singly, but are more often nested within a series
of related decisions, especially when stochastic processes are involved. This is the
field of sequential decision analysis. Clearly, we cannot review this field in totality
in a single section, and therefore, here we only provide the key ideas, including
Bellman’s principle of optimality, with a relevant statistical problem referring to
sequential sampling. Other ideas are illustrated in some of the later chapters.

Assume that a DM faces a decision problem with state space �. The problem
is structured into a number of stages, say n = 1, 2, . . . , N . At each stage, the DM
may choose to make an observation Xn or stop sampling and take an action from a
set A. We shall assume that the Xi are conditionally IID. If she makes an observation
at stage n she incurs a cost γ . If she stops sampling and takes an action a ∈ A,
she incurs a consequence c (a, θ ) if θ ∈ � is the current state. Therefore, if the
DM samples to stage n and then takes action a, she will receive a timestream of
outcomes: (−γ,−γ, . . . ,−γ, c (a, θ )). We assume that her utility function over these
timestreams is additive:

u (γ, γ, . . . , γ, c (a, θ )) = −(n − 1)γ + u (a, θ ) ,
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where u (·, ·) is her terminal utility resulting from taking action a given θ , and we
assume that γ and the terminal utility are measured on the same scale. A decision in
this problem will consist of two components: (1) a sampling plan, which determines
whether she should keep sampling having seen a series of observations, X1 = x1,
X2 = x2, . . . , Xn = xn; and (2) a sequence of decision rules, which specify, in the
light of the observations, which action she should take when she stops sampling.

Bellman (1957) presented a principle of optimality that simplifies the formulation
and also points to a characterization of the solution in the above problem. Notice first
that the utility function used is monotonic and separable: if the first few terms are
fixed, then maximizing the whole sum is equivalent to maximizing the remaining
terms, and this property will hold when expectations are taken. This observation
leads to Bellman’s principle of optimality:

The optimal sequential decision policy for the problem that begins with
P (·) as the DM’s prior for θ and has R stages to run must have the
property that if, at any stage n < N the observations X1 = x1, X2 =
x2, . . . , Xn = xn have been made, then the continuation of the optimal
policy must be the optimal sequential policy for the problem beginning
with P (· | x1, x2, . . . , xn) as her prior and having (N − n) stages to run.

Let

f = P (·)

and, generally, for n = 1, 2, . . . , N

f (x1, x2, . . . , xn) = P (· | x1, x2, . . . , xn) .

We shall also use f (X1, X2, . . . , Xn) in expectations over future observations as
indicating her expected future state of knowledge given the yet unknown observations.
We then let rn ( f ) be the expected utility of the optimal policy with at most n stages
left to run when she begins with knowledge f . We can now write down some simple
recursions.

First, in circumstances when she has no option to take an observation and she
must choose an action a ∈ A,

r0 ( f ) = max
a∈A

E [u (a, θ )] ,

where the expectation over θ is taken with respect to f . Next imagine that she has the
opportunity to take at most one observation and that currently her knowledge of θ is
given by f . Then:

� either she takes an action a ∈ A immediately with expected utility of r0 ( f ), since
she would be using the optimal action;



P1: TIX/XYZ P2: ABC
JWST172-c02 JWST172-Ruggeri March 2, 2012 8:45

BAYESIAN ANALYSIS 37

� or she makes a single observation X at a cost γ and then chooses an action a ∈ A in
the light of her current knowledge f (X ) at an expected utility of EX [r0 ( f (X ))],
since she would be using the optimal action.

Note that Bellman’s principle of optimality is used in the assumption that, after the
observation, she takes the optimal action for the state of knowledge in which she then
finds herself. It follows that she will choose whichever of these leads to the bigger
expected utility. So,

r1 ( f ) = max {r0 ( f ) ,−γ + EX [r0 ( f (X ))]} .

A similar argument shows that if she has the opportunity to take at most n further
observations and her current state of knowledge is f ,

rn ( f ) = max {r0 ( f ) ,−γ + EX [rn−1 ( f (X ))]}
for n = 1, 2, . . . , N . The recursion together with the initial condition defines an
iteration known as backward induction or (backward) dynamic programming, as it
first determines what the DM should do at stage N, when no further observations may
be made, then at stage (N − 1), and so on back to stage 1.

In principle at least, dynamic programming both allows the calculation of rn ( f )
and also defines the optimal policy. In practice, however, the computational com-
plexity of the calculations may make the scheme intractable. Dynamic programming
algorithms suffer from the ‘curse of dimensionality’: the optimization involved re-
quires rn−1 ( f (X )) for all conceivable posterior distributions f (X ) for θ . This can
be an enormous computational demand, except in particular cases in which either the
dimensionality of 	 is heavily restricted and/or in which rn−1 (·) can be expressed
analytically. Fortunately, the characterization of the expected utility is sometimes
sufficient to enable iterative schemes, such as value iteration and policy iteration,
which allow an optimal – or approximately optimal – policy to be identified.

2.5 Discussion

This has been a brief introduction to Bayesian concepts and methods that we shall be
using in dealing with stochastic process models. We have placed emphasis in com-
putational and decision analytic aspects that are key in applied settings for stochastic
processes and focus our book.

There is now quite a large literature on Bayesian analysis that details the material
presented here. One of the early works on conjugate Bayesian inference is Box and
Tiao (1973). More modern approaches emphasizing the inferential aspects of the
Bayesian approach are, for example, Gelman et al. (2003), Lee (2004), or Carlin and
Louis (2008). Statistical decision theory is well described in, for example, Berger
(1985), Robert (1994), Bernardo and Smith (1994), and French and Rı́os Insua (2000)
and decision analytic aspects are covered in, for example, Clemen and Reilly (2004).
We have only considered the case of single experiments. When observations are taken
from related variables, the Bayesian way of connecting these variables and borrowing
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strength is via the use of hierarchical or empirical Bayes models. Good sources to the
literature on such models are, for example, Gelman et al. (2003), Congdon (2010),
and Efron (2010).

An important problem in subjective Bayesian analysis that we have not com-
mented about in this chapter is how to elicit probabilities or utilities from experts.
The problems of prior elicitation will sometimes be considered in later chapters and
a good source to the elicitation literature is, for example, O’Hagan et al. (2006).
Also, we have only briefly commented on robustness and sensitivity issues here. A
much fuller review on the Bayesian robustness literature is given in, for example,
Rı́os Insua and Ruggeri (2000) and the many references therein. As we have noted,
when little information is available, the alternative to the use of expert priors is the
use of noninformative priors. Good reviews of the various objective priors available
and the advantages of the objective Bayesian philosophy are given in, for example,
Berger (1985, 2006). In contrast, the subjective Bayesian approach is championed
in Goldstein (2006) and good comparisons of the subjective and objective Bayesian
approaches are given in, for example, Press (2002) and the discussion of Goldstein
(2006). Utility elicitation is described in Farquhar (1984).

We have mentioned point estimation, interval estimation, hypothesis testing, and
prediction as the key relevant inferential problems. Related problems such as model
selection or experimental design are also important and, in particular, model se-
lection can be thought of as a generalization of hypothesis testing. Jeffreys (1961)
is a seminal work on both topics and Kass and Raftery (1996) provide a com-
prehensive survey on the use of Bayes factors as a key tool for model selection;
see also Bernardo and Smith (1994). The related problem of experimental design
is also covered in, for example, Chaloner and Verdinelli (1995). Good reviews of
Bayesian predictive inference are given by Aitchison and Dunsmore (1975) and
Geisser (1993).

The literature on modern integration methods is vast. Some reviews of Bayesian
Monte Carlo or MCMC methods are given in, for example, Gamerman and Lopes
(2006) or Casella and Robert (2010). Sequential Monte Carlo methods are also cov-
ered in great detail by, for example, Liu (2001) or Doucet et al. (2010). Variable
dimension MCMC methods are also very important, including reversible jump sam-
plers, as in Green (1995) or Richardson and Green (1997). Also, the class of dynamic
models, briefly mentioned here, see, for example, West and Harrison (1996) and
Petris et al. (2009), provide powerful tools for forecasting large classes of time series
models. ROMs are presented in Grigoriu (2009).

In low-dimensional parameter problems, methods like quadrature (Naylor and
Smith, 1982) or asymptotic approximations (Lindley 1980, Tierney and Kadane
1986) provide good results. This last class of methods are based on asymptotic
properties such as large sample normality of the posterior distribution under certain
technical conditions (see, e.g., Le Cam, 1953).

General ideas on simulation may be seen in, for example, Ripley (1987). Their
application in statistical contexts is well outlined in French and Rı́os Insua (2000).
The augmented simulation method described in Section 2.4.2 is based on Bielza et al.
(1999) and Müller (1999), where several applications are illustrated.



P1: TIX/XYZ P2: ABC
JWST172-c02 JWST172-Ruggeri March 2, 2012 8:45

BAYESIAN ANALYSIS 39

A key reference on sequential statistical decision theory is DeGroot (1970);
see, also, Berger (1985). Bellman (1957) is still essential reading on dynamic
programming and an early Bayesian view of dynamic programming is given in
Lindley (1961). Dynamic programming pervades many decision analytic algorithms
including the evaluation of decision trees and influence diagrams (see Clemen and
Reilly, 2004).

All the problems we have mentioned are parametric. By now, there is a plethora
of Bayesian nonparametric and semiparametric methods. They may be seen as para-
metric problems in which the parameter space is infinite dimensional, with key roles
for tools such as Dirichlet processes and their mixtures, and Polya tress. Some useful
references are Dey et al. (1998) and, more recently, Ghosh and Ramamoorthi (2010)
and Hjort et al. (2010).

Finally, we should note that the gambler’s ruin problem has been used to introduce
Bayesian analysis of stochastic processes in this chapter. A good introduction to the
probabilistic theory of this problem is Edwards (1983). The Bayesian statistical
approach to this problem and Bayesian robustness is analyzed in Tsay and Tsao
(2003) and Bayesian asymptotics are studied in, for example, Ganesh and O’Connell
(1999, 2000).
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3

Discrete time Markov chains
and extensions

3.1 Introduction

As we mentioned in Chapter 1, Markov chains are one of the simplest stochastic
processes to study and are characterized by a lack of memory property, so that future
observations depend only on the current state and not on the whole of the past
history of the process. Despite their simplicity, Markov chains can be and have been
applied to many real problems in areas as diverse as web-browsing behavior, language
modeling, and persistence of surnames over generations. Furthermore, as illustrated
in Chapter 2, with the development of Markov chain Monte Carlo (MCMC) methods,
Markov chains have become a basic tool for Bayesian analysis.

In this chapter, we shall study the Bayesian analysis of discrete time Markov
chains, focusing on homogeneous chains with a finite state space. We shall also
analyze many important subclasses and extensions of this basic model such as
reversible chains, branching processes, higher order Markov chains, and discrete
time Markov processes with continuous state spaces. The properties of the basic
Markov chain model and these variants are outlined from a probabilistic viewpoint in
Section 3.2.

In Section 3.3, inference for time homogeneous, discrete state space, first-order
chains is considered. Then, Section 3.4 provides inference for various extensions
and particular classes of chains. A case study on the analysis of wind directions is
presented in Section 3.5 and Markov decision processes are studied in Section 3.6.
The chapter concludes with a brief discussion.

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.

45



P1: TIX/XYZ P2: ABC
JWST172-c03 JWST172-Ruggeri March 3, 2012 15:54

46 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

3.2 Important Markov chain models

This chapter analyzes Bayesian inference and prediction for data generated from
discrete time Markov chains. In Chapter 1, we defined these as discrete time discrete
space stochastic processes {Xn}, which possess the Markov property. In this chapter,
we shall focus on finite, time homogeneous Markov chains in detail. For such a chain,
with states {1, . . . , K }, we shall write the transition matrix as P = (pij), where pij =
P(Xn = j |Xn−1 = i), for i, j ∈ {1, . . . , K }. Should it exist, the stationary distribution
π is the unique solution of π = πP, πi ≥ 0,

∑
πi = 1. There are many extensions

of this basic model that are analyzed in the following text.

3.2.1 Reversible chains

Most Markov chains considered in the context of MCMC have the property of
reversibility.

Definition 3.1: A Markov chain with transition probabilities pij for i, j = 1, . . . , K
is reversible if there exists a probability distribution π that satisfies the detailed
balance equation for any i, j

pijπ( j) = pjiπ(i).

For a reversible Markov chain, it can be immediately demonstrated that π is
its stationary distribution. Inference for reversible Markov chains is examined in
Section 3.4.1.

3.2.2 Higher order chains and mixtures

Generalizing from Definition 1.6, a discrete time stochastic process, {Xn} is a Markov
chain of order r if P(Xn = xn|X0 = x0, . . . , Xn−1 = xn−1) = P(Xn = xn|Xn−r =
xn−r , . . . , Xn−1 = xn−1) so that the state of the chain is determined by the previous r
states. It is possible to represent such a chain as first-order chain by simply combining
states.

Example 3.1: Consider a second-order, homogeneous Markov chain {Xn} with two
possible states (1 and 2) and write pijl = P(Xn = l|Xn−1 = j, Xn−2 = i) for i, j,
l = 1, 2. Then the first-order transition matrix is

(1, 1)
(1, 2)
(2, 1)
(2, 2)

(1, 1) (1, 2) (2, 1) (2, 2)⎛

⎜
⎜
⎝

p111 p112 0 0
0 0 p121 p122

p211 p212 0 0
0 0 p221 p222

⎞

⎟
⎟
⎠

�



P1: TIX/XYZ P2: ABC
JWST172-c03 JWST172-Ruggeri March 3, 2012 15:54

DISCRETE TIME MARKOV CHAINS AND EXTENSIONS 47

The disadvantage of modeling higher order Markov chain models in such a way
is that the number of states necessary to reduce such models to a first-order Markov
chain is large. For example, if Xn can take values in {1, . . . , K }, then Kr states are
needed to define an rth order chain. Therefore, various alternative approaches to
modeling rth order dependence have been suggested. One of the most popular ones
is the mixture transition distribution (MTD) model of Raftery (1985). In this case, it
is assumed that

P(Xn = xn|Xn−1 = xn−1, . . . , Xn−r = xn−r ) =
r∑

i=1

wi pxn−i xn , (3.1)

where
∑r

i=1 wi = 1 and P = (pij) is a transition matrix. This approach leads to more
parsimonious modeling than through the full rth order chain. In particular, in Example
3.1, four free parameters are necessary to model the full second-order chain, whereas
using the MTD model only three free parameters are necessary. Inference for higher
order Markov chains and for the MTD model is examined in Section 3.4.2.

3.2.3 Discrete time Markov processes with
continuous state space

As noted in Chapter 1, Markov processes can be defined with both discrete and
continuous state spaces. We have seen that for a Markov chain with discrete state
space, the condition for the chain to have an equilibrium distribution is that the chain is
aperiodic and that all states are positive recurrent. Although the condition of positive
recurrence cannot be sensibly applied to chains with continuous state space, a similar
condition known as Harris recurrence applies to chains with continuous state space,
which essentially means that the chain can get close to any point in the future. It is
known that Harris recurrent, aperiodic chains also possess an equilibrium distribution,
so that if the conditional probability distribution of the chain is P(Xn|Xn−1), then the
equilibrium density π satisfies

π(x) =
∫

P(x |y)π(y) dy.

As with Markov chains with discrete state space, a sufficient condition for a process
to possess an equilibrium distribution is to be reversible.

Example 3.2: Simple examples of continuous space Markov chain models are the
autoregressive (AR) models. The first-order AR process was outlined in Example 1.1.
Higher order dependence can also be incorporated. An AR(k) model is defined by

Xn = φ0 +
k∑

i=1

φi Xn−i + εn.
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The condition for this process to be (weakly) stationary is the well-known unit roots
condition that all roots of the polynomial

φ0zk −
k∑

i=1

φi z
k−i

must lie within the unit circle, that is, each root zi must satisfy |zi | < 1. �

Inference for AR processes and other continuous state space processes is briefly
reviewed in Section 3.4.3.

3.2.4 Branching processes

The Bienaymé–Galton–Watson branching process was originally introduced as a
model for the survival of family surnames over generations and has later been applied
in areas such as survival of genes. The process is defined as follows. Assume that at
time 0, a population consists of a single individual who lives for a single time unit
and then dies and is replaced by his offspring. These offspring all survive for a further
single time unit and are then replaced by their offspring, and so on.

Formally, define Zn to be the population after time n. Then, Z0 = 1. Also let Xij

be the number of offspring born to the jth individual in generation i. Assume that
the Xij are all independent and identically distributed variables, Xij ∼ X , with some
distribution P(X = x) = px for x = 0, 1, 2, . . . where we assume that p0 > 0. Then,

Zn+1 =
Zn∑

j=1

Xnj.

Interest is usually focused on the probability γ of extinction,

γ = P(Zn = 0, for some n = 1, 2, . . .). (3.2)

It is well known that extinction is certain if θ = E[X ] ≤ 1. Otherwise, γ is the
smallest root of the equation G(s) = s, where G(s) is the probability generating
function of X (see Appendix B). Obviously, if the initial population is of size k > 1,
then the probability of eventual extinction is γ k .

Inference for branching processes is provided in Section 3.4.4.

3.2.5 Hidden Markov models

Hidden Markov models (HMMs) have been widely applied to the analysis of weakly
dependent data in diverse areas such as econometrics, ecology, and signal processing.
A hidden Markov model is defined as follows. Observations Yn for n = 0, 1, 2, . . . are
generated from a conditional distribution f (yn|Xn) with parameters that depend on
an unobserved or hidden state, Xn ∈ {1, 2, . . . K }. The hidden states follow a Markov
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chain with transition matrix P and an initial distribution, usually assumed to be the
equilibrium distribution, π(·|P), of the underlying Markov chain.

The architecture of this process can be represented by an influence diagram as in
Figure 3.1, with arrows denoting conditional dependencies.

... X n− 1

Yn− 1

X n

Yn Yn+1

X n+1 ...

Figure 3.1 Influence diagram representing the dependence structure of a HMM.

In the preceding text, we are assuming that the hidden state space of the HMM
is discrete. However, it is straightforward to extend the definition to HMMs with a
continuous state space. A simple example is the dynamic linear model described in
Section 2.4.1. Inference for HMMs is overviewed in Section 3.4.5.

3.3 Inference for first-order, time homogeneous,
Markov chains

In this section, we study inference for a first-order, time homogeneous, Markov chain,
{Xn}, with state space {1, 2, . . . , K } and (unknown) transition matrix P.

Initially, we consider the simple experiment of observing m successive transitions
of the Markov chain, say X1 = x1, . . . , Xm = xm , given a known initial state X0 = x0.
In this case, the likelihood function is

l(P |x) =
K∏

i=1

K∏

j=1

p
nij

ij , (3.3)

where nij ≥ 0 is the number of observed transitions from state i to state j and∑K
i=1

∑K
j=1 nij = m.

Given the likelihood function (3.3), it is easy to show that the classical, maximum
likelihood estimate for P is P̂ with i, j th element equal to the proportion of transitions
from state i that go to state j, that is,

p̂ij = nij

ni ·
, where ni · =

K∑

j=1

nij.

However, especially in chains where the number K of states is large and, therefore, a
very large number K2 of transitions are possible, it will often be the case that there
are no observed transitions between various pairs, (i, j), of states and thus p̂ij = 0.
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3.3.1 Advantages of the Bayesian approach

Obviously, a Bayesian approach using a prior distribution for P with mass on irre-
ducible, aperiodic chains eliminates the possible problems associated with classical
inference. Another, more theoretical justification of the use of a Bayesian approach
to inference for Markov chains can be based on de Finetti type theorems.

The well-known de Finetti (1937) theorem states that for an infinitely exchange-
able sequence, X1, X2, . . . of zero-one random variables with probability measure P,
there exists a distribution function F such that the joint mass function is

p(x1, . . . xn) =
∫

θ
θ
∑n

i=1 xi (1 − θ )n−∑n
i=1 xi dF(θ ).

Obviously, observations from a Markov chain cannot generally be regarded as ex-
changeable and so the basic de Finetti theorem cannot be applied. However, an
appropriate definition of exchangeability is to say that a probability measure P de-
fined on recurrent Markov chains is partially exchangeable if it gives equal probability
to all sequences X1, . . . , Xn (assuming some fixed x0) with the same transition count
matrix. Given this definition of exchangeability, it can be shown that for a finite
sequence, say x = (x1, . . . , xn), there exists a distribution function F so that

p(x|x0) =
∫

P
p

nij

ij dF(P),

where nij are the transition counts. Similar to the standard de Finetti theorem, the
distribution F may be interpreted as a Bayesian prior distribution for P.

3.3.2 Conjugate prior distribution and modifications

Given the experiment of this Section, a natural conjugate prior for P is defined by
letting pi = (pi1, . . . , piK) have a Dirichlet distribution, say

pi ∼ Dir(αi ), where αi = (αi1, . . . , αiK) for i = 1, . . . , K .

This defines a matrix beta prior distribution. Given this prior distribution and the
likelihood function of (3.3), the posterior distribution is also of the same form,
so that

pi |x ∼ Dir
(
α′

i

)
where α′

ij = αij + nij for i, j = 1, . . . , K . (3.4)

When little prior information is available, a natural possibility is to use the
Jeffreys prior, which is a matrix beta prior with αij = 1/2 for all i, j = 1, . . . , K . An
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alternative, improper prior distribution along the lines of the Haldane (1948) prior
for binomial data is to set

f (pi ) ∝
K∏

j=1

1

pij
,

which can be thought of as the limit of a matrix beta prior, setting αij → 0 for all
i, j = 1, . . . , K . In this case, the posterior distribution is pi |x ∼ Dir(ni1, . . . , nik) so
that, for example, the posterior mean of the i j th element of the transition matrix is
E[pij|x] = nij/ni ·, equal to the maximum likelihood estimate. However, this approach
cannot be recommended, as if any nij = 0, which may often be the case for chains
with a relatively large number of states, then the posterior distribution is improper.

Example 3.3: Rainfall levels at the Sydney Botanic Gardens weather center in
Australia have been recorded for some time. The following data taken from
weatherzone.com.au illustrate the occurrence (2) or nonoccurrence (1) of rain
between February 1 and March 20, 2008. The data are to be read consecutively from
left to right. Thus, it rained on February 1st and did not rain on March 20th.

2 2 2 2 2 2 2 2 2 2
1 1 2 1 1 1 1 1 1 1
2 2 1 1 1 1 2 2 2 1
2 1 1 1 1 1 2 1 1 1
1 1 1 1 1 1 1 1 1

Assume that the daily occurrence of rainfall is modeled as a Markov chain with
transition matrix

P =
(

p11 1 − p11

1 − p22 p22

)
.

Given a Jeffreys prior, pii ∼ Be(1/2, 1/2), for i = 1, 2, then conditioning on the
occurrence of rainfall on February 1st, the posterior distribution is

p11|x ∼ Be(25.5, 5.5) p22|x ∼ Be(12.5, 6.5).

The expectation of the transition matrix is

E[P|x] =
(

0.823 0.177
0.342 0.658

)
.

�

In some cases, it may be known that certain transitions are impossible a pri-
ori. For example, it may be impossible to remain in a state, so that pii = 0 for
i = 1, . . . , K . Obviously, it is straightforward to include these types of constraints
by simply restricting the matrix beta prior to the space of transitions with positive
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probability and setting the remaining transition probabilities to zero, when inference
remains fully conjugate as above. In other cases, the elements of P may all depend
on some common probabilities as in Example 1.2. As we have seen in Example 2.2,
this case is also easily dealt with.

A more interesting problem that has been little studied in the literature is the
situation where, a priori, it is unknown which transitions are possible and which
are impossible so that the chain may be periodic or transient. In this situation, one
possibility is to define a hierarchical prior distribution by first setting the probabilities
that different transitions are impossible as follows:

P(pij = 0|q) ∝ q for i, j ∈ 1, . . . , K
q ∼ U(0, 1),

where this prior is restricted so that P(pi = 0|q) = 0 so that, for example, the prior
probability (conditional on q) that row i of the transition matrix contains exactly ri

zeros at locations j1, . . . , jri and K − ri ones at locations jri +1, . . . , jK is given by

qri (1 − q)K−ri

1 − q K
for r = 0, 1, . . . , K − 1.

Given the set of possible transitions from state i, to j1, . . . , jr say, a Dirichlet prior
can be defined for the vector of transition probabilities, for example,

(pi j1 , . . . , pi jr ) ∼ Dir

⎛

⎜
⎜
⎝

1

2
, . . . ,

1

2︸ ︷︷ ︸
r

⎞

⎟
⎟
⎠.

Now, let Z be a random, K × K matrix such that Zij = 0 if pij = 0, and, otherwise,
Zij = 1. Assume that z is a matrix where the ith row of z contains ri zeros in positions
j1, . . . , jr for i = 1, . . . , K . Then, the posterior probability that Z is equal to z can
be evaluated as

P(Z = z|x) ∝ f (x|z)P(z)

∝
∫

f (x|z, P) f (P|z) dP
∫ 1

0
P(Z = z|q) f (q) dq

∝ 1

�
(

1
2

)K 2−Kr̄

K∏

i=1

�
( K−ri

2

)

�
(

K−ri
2 +∑K

s=ri +1 ni js

) ×

K∏

s=ri +1

�

(
1

2
+ ni js

)∫ 1

0

q Kr̄ (1 − q)K (K−r̄ )

(1 − q K )K
dq,

where the probability is positive over the range ni j1 , . . . , ni jri
= 0 for i = 1, . . . , K .
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For relatively small dimensional transition matrices, this probability may be
evaluated directly, but for Markov chains with a large number of states and many val-
ues nij = 0, exact evaluation will be impossible. In such cases, it would be preferable
to employ a sampling algorithm over values of Z with high probability. The posterior
probability that the chain is periodic, or transient, could then be evaluated by simply
summing those P(Z = z|x), where z is equivalent to a periodic transition matrix.

3.3.3 Forecasting short-term behavior

Suppose that we wish to predict future values of the chain. For example, we can
predict the next value of the chain, at time n + 1 using

P(Xn+1 = j |x) =
∫

P(Xn+1 = j |x, P) f (P |x) dP

=
∫

pxn j f (P |x) dP = αxn j + nxn j

αxn · + nxn ·
,

where αi · = ∑K
j=1 αij.

Prediction of the state at t > 1 steps is slightly more complex. For small t, we
can use

P(Xn+t = j |x) =
∫ (

Pt
)

xn j
f (P|x) dP,

which gives a sum of Dirichlet expectation terms. However, as t increases, the eval-
uation of this expression becomes computationally infeasible. A simple alternative
is to use a Monte Carlo algorithm based on simulating future values of the chain as
follows:
For s = 1, . . . , S:

Generate P (s) from f (P |x).
Generate x (s)

n+1, . . . , x (s)
n+t from the Markov chain with P (s) and

initial state xn.

Then, P(Xn+t = j |x) ≈ 1
S

∑S
s=1 Ix (s)

n+t = j where I is an indicator function and

E[Xn+t |x] ≈ 1
S

∑S
s=1 x (s)

n+t .

Example 3.4: Assume that it is now wished to predict the Sydney weather on March
21 and 22. Given that it did not rain on March 20, then immediately, we have

P(no rain on March 21|x) = E[p11|x] = 0.823,

P(no rain on March 22|x) = E
[

p2
11 + p12 p21|x

] = 0.742,

P(no rain on both) = E[p2
11|x] = 0.681.

�
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3.3.4 Forecasting stationary behavior

Often interest lies in the stationary distribution of the chain. For a low-dimensional
chain where the exact formula for the equilibrium probability distribution can be
derived, this is straightforward.

Example 3.5: Suppose that K = 2 and P =
(

p11 1 − p11

1 − p22 p22

)
. Then the equi-

librium probability of being in state 1 can easily be shown to be

π1 = 1 − p22

2 − p11 − p22

and the predictive equilibrium distribution is

E[π1|x] =
∫ 1

0

∫ 1

0

1 − p22

2 − p11 − p22
f (p11, p22|x) dx

which can be evaluated by simple numerical integration techniques. �

Example 3.6: In the Sydney rainfall example, we have

E[π1|x] = E

[
1 − p22

2 − p11 − p22

∣
∣
∣
∣ x
]

= 0.655

so that we predict that it does not rain on approximately 65% of the days at this
weather center. �

For higher dimensional chains, it is simpler to use a Monte Carlo approach as earlier
so that given a Monte Carlo sample P (1), . . . , P (S) from the posterior distribution of
P , then the equilibrium distribution can be estimated as

E[π |x] ≈ 1

S

S∑

s=1

π (s),

where π (s) is the stationary distribution associated with the transition matrix P (s).

3.3.5 Model comparison

One may often wish to test whether the observed data are independent or generated
from a first (or higher) order Markov chain. The standard method of doing this is via
Bayes factors (see Section 2.2.2).

Example 3.7: Given the experiment proposed at the start of section 3.2, suppose that
we wish to compare the Markov chain model (M1) with the assumption that the data



P1: TIX/XYZ P2: ABC
JWST172-c03 JWST172-Ruggeri March 3, 2012 15:54

DISCRETE TIME MARKOV CHAINS AND EXTENSIONS 55

are independent and identically distributed with some distribution q = (q1, . . . , qK ),
(M2) where we shall assume a Dirichlet prior distribution,

q ∼ Dir(a1, . . . , aK ).

Then,

f (x|M1) =
∫

f (x|P) f (P |M1) dP

=
k∏

i=1

� (αi ·)
� (ni · + αi ·)

k∏

j=1

�(αij + nij),

�(αij)

where ni · = ∑k
j=1 nij and αi · = ∑K

j=1 αij. Also, under the independent model, we
have

f (x|M2) = �(a)

�(a + n)

K∏

i=1

�(ai + n·i )
�(ai )

,

where a = ∑K
i=1 ai and n·i is the number of times that event i occurs (discounting

the initial state X0). The Bayes factor can now be calculated as the ratio of the two
marginal likelihood functions, as illustrated. �

Example 3.8: For the Australian rainfall data, assuming that the initial state is known
and given the Jeffreys prior for the Markov chain model, the marginal likelihood is

f (x|M1) =
(

�(1)

�(1/2)2

)2
�(25.5)�(5.5)

�(31)

�(6.5)�(12.5)

�(19)

and, taking logs, we have log f (x|M1) ≈ −28.60.
For the independent model, M2, conditional on the initial state and assuming a

beta prior, q1 ∼ Be(1/2, 1/2), we have

f (x|M2) = �(1)

�(1/2)2

�(31.5)�(17.5)

�(49)

so that log f (x|M2) ≈ −33.37, which implies a strong preference for the Markovian
model over the independent model. �

3.3.6 Unknown initial state

When the initial state, X0, is not fixed in advance, to implement Bayesian inference, we
need to define a suitable prior distribution for X0. The standard approach is simply to
assume a multinomial prior distribution, P(X0 = x0|θ ) = θx0 where 0 < θk < 1 and
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∑K
k=1 θk = 1. Then, we can define a Dirichlet prior for the multinomial parameters,

say θ ∼ Dir(γ ) so that, a posteriori, θ |x ∼ Dir
(
γ ′), with γ ′

x0
= γx0 + 1 and, otherwise,

γ ′
i = γi for i �= x0. Inference for P then proceeds as before.

An alternative approach, which may be reasonable if it is assumed that the chain
has been running for some time before the start of the experiment, is to assume that
the initial state is generated from the equilibrium distribution, π , of the Markov chain.
Then, making the dependence of π on P obvious, the likelihood function becomes

l(P |x) = π (x0|P)
K∏

i=1

K∏

j=1

p
nij

ij .

In this case, simple conjugate inference is impossible but, given the same prior
distribution for P as above, it is straightforward to generate a Monte Carlo sample of
size S from the posterior distribution of P using, for example, a rejection sampling
algorithm as follows:
For s = 1, . . . , S:

For i = 1, . . . , K, generate p̃i ∼ Dir
(
α′) with α′ as in (3.4).

Set P̃ to be the transition probability matrix with
rows p̃1, . . . , p̃K.

Calculate the stationary probability function π̃ sat-
isfying π̃ = π̃ P̃.

Generate u ∼ U(0, 1). If u < π̃(x0), set P(s) = P̃. Otherwise
repeat from Step 1.

Example 3.9: Returning to the Sydney rainfall example, assume now that the weather
on February 1st was generated from the equilibrium distribution. Then, using a Monte
Carlo sample of size 10000, we have

E[P |x] ≈
(

0.806 0.194
0.321 0.679

)

and E[π1|x] ≈ 0.618, which are close to the results in Section 3.2.4. Also, recalcu-
lating the log likelihood for the Markovian model (M1) under this assumption, and
assuming that the probability of rain on February 1st is the same as the other days
under the independent model (M2), we now have that

log f (x|M1) ≈ −29.66 log f (x|M2) ≈ −34.40

so that the conclusions remain the same as in Example 3.8. �
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3.3.7 Partially observed data

Assume now that the Markov chain is only observed at a number of finite time
points. Suppose, for example, that x0 is a known initial state and that we observe
xo = (xn1 , . . . , xnm ), where n1 < . . . < nm ∈ N . In this case, the likelihood function
is

l(P |xo) =
m∏

i=1

p(ti −ti−1)
ni−1ni

where p(t)
ij represents the (i, j)th element of the t step transition matrix, defined in

Section 1.3.1. In many cases, the computation of this likelihood will be complex.
Therefore, it is often preferable to consider inference based on the reconstruction
of missing observations. Let xm represent the unobserved states at times 1, . . . ,

t1 − 1, t1 + 1, . . . , tn−1 − 1, tn−1 + 1, . . . , tn and let x represent the full data se-
quence. Then, given a matrix beta prior, we have that P|x is also matrix beta.
Furthermore, it is immediate that

P(xm |xo, P) = P(x|P)

P(xo|P)
∝ P(x|P), (3.5)

which is easy to compute for given P, xm . One possibility would be to set up a
Metropolis within Gibbs sampling algorithm to sample from the posterior distribution
of P.

Such an approach is reasonable if the amount of missing data is relatively small.
However, if there is much missing data, it will be very difficult to define an appropriate
algorithm to generate data from P(xm |xo, P) in (3.5). In such cases, one possibility
is to generate the elements of xm one by one, using individual Gibbs steps. Thus, if t
is a time point amongst the times associated with the missing observations, then we
can generate a state xt using

P(xt |x−t , P) ∝ pxt−1xt pxt xt+1

where x−t represents the complete sequence of states except for the state at time t.

Example 3.10: For the Sydney rainfall example, total rainfall was observed for
March 21 and 22. From these data, it can be assumed that it rained on at least one of
these two days. In this case, the likelihood function, including this data, becomes

l(P|x) = p25
11 p5

12 p6
21 p12

22(p11 p12 + p12 p21 + p12 p22) = p25
11 p6

12 p6
21 p12

22(p11 + 1)

so that p22|x ∼ Be(12.5, 6.5) as earlier and p11 has a mixture posterior distribution

p11|x ∼ 0.44 Be(26.5, 6.5) + 0.56 Be(25.5, 6.5).
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The posterior mean is

E[P|x] =
(

0.800 0.200
0.342 0.658

)
.

The predictive equilibrium probability is E[π1|x] = 0.627. �

One disadvantage of such approaches is that with large amounts of missing data, the
Gibbs algorithms are likely to converge slowly as they will depend on the reconstruc-
tion of large quantities of latent variables. Further ideas on data reconstruction for
Markov chains are indicated in Section 3.4.5.

3.4 Special topics

3.4.1 Reversible Markov chains

Assume that we have a reversible Markov chain with unknown transition matrix P
and equilibrium distribution π satisfying the conditions of Definition 3.1. Then, for
the standard experiment of observing a sequence of observations, x0, . . . , xn , from
the chain, where the initial state x0 is assumed known, a conjugate prior distribution
can be derived as follows.

First, the chain is represented as a graph, G, with vertices V and edges E, so
that two vertices i and j are connected by an edge, e = {i, j}, if and only if pij > 0
and the edges e ∈ E are weighted so that, for e = {i, j}, we ∝ π (i)pij = π( j)pji and∑

e∈E we = 1. Note that if pii > 0, then there is a corresponding edge, e = {i, i}
called a loop. The set of loops shall be denoted by Eloop.

A conjugate probability distribution of a reversible Markov chain can now be
defined as a distribution over the weights, w as follows. For an edge e ∈ E , let ē
represent the endpoints of e; for a vertex v ∈ V , set wv = ∑

e:v∈ē we. Also, define T
to be the set of spanning trees of G, that is, the set of maximal subgraphs that contains
all loops in G, but no cycles. For a spanning tree, T ∈ T , let E(T ) represent the edge
set of T . Then, a conjugate prior distribution for w is given by:

f (w|v0, a) ∝
∏

e∈E\Eloop
wae−1/2

e
∏

e∈Eloop
wae/2−1

e

w
av0 /2
v0

∏
v∈V \v0

w (av +1)/2
v

√√
√
√
∑

T ∈T

∏

e/∈E(T )

1

we
,

where v0 represents the node of the graph corresponding to the initial state, x0,
a = (ae)e∈E is a matrix of arbitrary, nonnegative constants and av = ∑

e:v∈ē ae.
The posterior distribution is f (w|x) = f (w|vn, a′), where a′ = (ae + ke(x))e∈E

and

ke(x) =
{ |{i ∈ {1, . . . , n} : {xi−1, xi } = e}|, for e ∈ E \ Eloop

2|{i ∈ {1, . . . , n} : {xi−1, xi } = e}|, for e ∈ Eloop,
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where | · | represents the cardinality of a set. Therefore, for an edge e which is not a
loop, ke(x) represents the number of traversals of e by the path x = (x0, x1, . . . , xn)
and for a loop, ke(x) is twice the number of traversals of e.

The integrating constant and moments of the distribution are known and it is
straightforward to simulate from the posterior distribution; for more details, see
Diaconis and Rolles (2006).

3.4.2 Higher order chains and mixtures of Markov chains

Bayesian inference for the full rth order Markov chain model can, in principle,
be carried out in exactly the same way as inference for the first-order model, by
expanding the number of states appropriately, as outlined in Section 3.2.2.

Example 3.11: In the Australian rainfall example, Markov chains of orders r = 2
and 3 were considered. In each case, Be(1/2, 1/2) priors were used for the first
nonzero element of each row of the transition matrix and it was assumed that the
initial r states were generated from the equilibrium distribution. Then, the predictive
equilibrium probabilities of the different states under each model are as follows

States
r 2 (1, 1) (1, 2) (2, 1) (2, 2)

π 0.5521 0.1198 0.1198 0.2084
r 3 (111) (112) (121) (122) (211) (212) (221) (222)

π 0.4567 0.0964 0.0731 0.0550 0.0964 0.0317 0.0550 0.1357

The log marginal likelihoods are −30.7876 for the second-order model and −32.1915
for the third-order model, respectively, which suggest that the simple Markov chain
model should be preferred. �

Bayesian inference for the MTD model of (3.1) is also straightforward. Assume
first that the order r of the Markov chain mixture is known. Then, defining an indicator
variable Zn such that P(Zn = z|w) = wz , observe that the mixture transition model
can be represented as

P(Xn = xn|Xn−1 = xn−1, . . . , Xn−r = xn−r , Zn = z, P) = pxn−z xn .

Then, a posteriori,

P(Zn = z|Xn = xn, . . . , Xn−r = xn−r , Zn = z, P) = wz pxn−z xn∑r
j=1 w j pxn− j xn

. (3.6)
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Now, define the usual matrix beta prior for P, a Dirichlet prior for w, say
w ∼ Dir(β1, . . . , βr ), and a probability model P(x0, . . . , xr−1) for the initial states of
the chain. Then given a sequence of data, x = (x0, . . . , xn), if the indicator variables
are z = (zr , . . . , zn) then

f (P|x, z, w) =
n∏

t=r

pxt−zt xt f (P)

f (w|z) =
n∏

t=r

wzt f (w), (3.7)

which are matrix beta and Dirichlet distributions, respectively. Therefore, a simple
Gibbs sampling algorithm can be set up to sample the posterior distribution of w, P
by successively sampling from (3.6), (3.7), and (3.7).

When the order of the chain is unknown, two approaches might be considered.
First, models of different orders could be fitted and then Bayes factors could be used
for model selection as in Section 3.3.5. Otherwise a prior distribution can be defined
over the different orders and then a variable dimension MCMC algorithm such as
reversible jump (Green, 1995, Richardson and Green 1997) could be used to evaluate
the posterior distribution, as in the following example.

Example 3.12: For the Australian rainfall data, consider mixture transition models
of orders up to five. In order to simplify calculations, assume that the first five data
are known throughout. Setting a discrete uniform, r ∼ DU[1, 5], prior distribution on

the order and Dirichlet prior distributions w|r ∼ Dir

⎛

⎜
⎜
⎝

1

2
, . . . ,

1

2︸ ︷︷ ︸
r

⎞

⎟
⎟
⎠, then the estimated

posterior distribution of r based on 200 000 reversible jump MCMC iterations is given
in Figure 3.2.

The most likely model is the simple Markov chain model, confirming the results
of Example 3.11. �

3.4.3 AR processes and other continuous state space processes

Assume that we wish to undertake inference for an AR(k) process as in Example 3.2.
Given a sample of n data, Xk+1 = xk+1, . . . , Xk+n = xk+n and known initial values,
say X1 = x1, . . . , Xk = xk , and assuming the following prior structure:

1

σ 2
∼ Ga

(
a
2 , b

2

)

β ∼ N (m, V).
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Figure 3.2 Posterior distribution of the number of terms in the mixture transition distribution
model.

it is straightforward to calculate the full conditional posterior distributions as follows

φ|σ 2, x ∼ N

((
V−1 + 1

σ 2
ZZT

)−1 (
V−1m + 1

σ 2
ZT x

)
,

(
V−1 + 1

σ 2
ZZT

)−1
)

1

σ 2

∣∣
∣
∣ x ∼ Ga

(
a+n

2 ,
b+(x−Zφ)T (x−Zφ)

2

)
,

where x = (xk+1, . . . , xk+n)T , Z = (z1, . . . , zn)T and zt = (1, xt+k−1, . . . , xt )T .
Therefore, given suitable starting values, a simple Gibbs sampler can be imple-
mented to iterate through these conditional distributions and approximate a sample
from the posterior parameter distribution as in Section 2.4.1.

Note that it is straightforward to extend this model to incorporate the assumption of
stationarity. Thus, if a Monte Carlo sample is generated from the posterior distribution
of β, σ 2, then by rejecting those sampled values with unit roots, then the sample can
be reduced to a sample from the posterior distribution based on a normal gamma prior
distribution truncated onto the region where the parameters satisfy the stationarity
condition.

Second, the problem of model selection can be assessed either by defining a prior
on k and using, for example, a reversible jump procedure (Green, 1995) to sample
the posterior distribution, or by using Bayes factors or an information criterion such
as DIC, as defined in Section 2.2.2, to select an appropriate value of k.
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Example 3.13: Quarterly data on seasonally adjusted gross national product of the
United States between 1947 and 1991 are analyzed in Tsay (2005). Using classical
statistical methods, Tsay fits these data using an AR(3) model. Here, we consider
AR models with 0 up to 4 lags and use the DIC to choose the appropriate model. We
assume that the first four data are known and set independent prior distributions 1

σ 2 ∼
Ga(0.001, 0.001) and βi ∼ N (0,0.0001) for i = 0, . . . , k. The package WinBUGS
(see, e.g., Lunn et al., 2000) was used to run the Gibbs sampler with 100 000 iterations
to burn in and 100 000 iterations in equilibrium in each case. Table 3.1 gives the values
of the DIC for each model.

Table 3.1 DIC values for
AR models with different lags.

Lags DIC

0 −1065.2
1 −1090.3
2 −1099.1
3 −1102.7
4 −1092.3

The model suggested by deviance information criterion (DIC) is the AR(3) model.
Furthermore, the model fitted in Tsay (2005) was

Xn = 0.0047 + 0.35Xn−1 + 0.18Xn−2 − 0.14Xn−3 + εn

where the standard deviation of the error term was estimated by σ̂ = 0.0098. In our
case, the posterior mean predictor was

0.0047 + 0.3516Xn−1 + 0.1798Xn−2 − 0.1445Xn−3,

and the posterior mean of σ was 0.0100. Finally, Figure 3.3 shows the fitted, in
sample mean estimates and 95% predictive intervals using the AR(3) model for the
series.

The AR(3) model appears to fit the series reasonably well. �

For more general models, inference may be somewhat more complicated and,
typically, numerically intensive approaches will have to be used. Thus, if we assume
that Xn is generated according to a Markov process, Xn |Xn−1, θ ∼ f (·|Xn−1, θ ), given
a sample of size n and a known initial value X0 for the chain, a likelihood function
can be constructed using the Markov property as l(θ |x) = ∏n

i=1 f (xi |xi−1, θ ) and the
posterior distribution must be estimated numerically.

A number of approaches are available. In some cases, MCMC methods may be
employed. Another possibility is to approximate by assuming that θ is time varying
so that θn = θn−1 + εn where εn has a suitably small variance and this new model
is a state space model which can be well fitted using filtering techniques as outlined



P1: TIX/XYZ P2: ABC
JWST172-c03 JWST172-Ruggeri March 3, 2012 15:54

DISCRETE TIME MARKOV CHAINS AND EXTENSIONS 63

1945 1950 1955 1960 1965 1970 1975 1980 1985 1990
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

t

X
t

Figure 3.3 Gross National Product time series (solid line) with predictive mean (dashed line)
and 95% interval (dot dash line).

in Section 2.4.1. Otherwise, Gaussian approximations or variational Bayes methods
might be used (see, e.g., Roberts and Penny, 2002).

3.4.4 Branching processes

In inference for branching processes, the parameters of interest will usually be the
mean of the offspring distribution, which determines whether or not extinction is
certain, and the probability of eventual extinction.

Typically, the number of offspring born to each individual will not be observed.
Instead, we will simply observe the size of the population at each generation. Suppose
that given a fixed, initial population z0, we observe the population sizes of n genera-
tions of a branching process, say Z1 = z1, . . . , Zn = zn . Then, for certain parametric
distributions of the number of offspring, Bayesian inference is straightforward.

Example 3.14: Assume that the number of offspring born to an individual has a
geometric distribution

P(X = x |p) = p(1 − p)x , for x = 0, 1, 2, . . .
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with E[X |p] = 
1−p

p . Now, for p ≥ 0.5, E[X |p] < 1 and extinction is certain.
Otherwise, from (3.2), the probability of extinction can be shown to be

π = p

1 − p
.

Given a beta prior distribution p ∼ Be(α, β) and the sample data, and recalling that the
sum of geometric distributed random variables has a negative binomial distribution,
it is easy to see that

p|z ∼ Be(α + z − zn, β + z − z0),

where z = ∑n
i=0 zi . Therefore, the predictive mean of the offspring distribution is

E[X |z] = E

[
1 − p

p

∣
∣∣
∣ z
]

= β + z − z0

α + z − zn − 1
.

The predictive probability that the population dies out in the next generation is

P(Zn+1 = 0|z) = E
[ 

pzn
∣
∣ z
] = B(α + z, β + z − z0)

B(α + z − zn, β + z − z0)

and the predictive probability of eventual extinction is

E[π |z] = P(p > 0.5|z) +
∫ 0.5

0

(
p

1 − p

)zn

f (p|z) dz

= IB(0.5, β + z − z0, α + z − zn) +
B(α + z, β + z − z0 − zn)

B(α, β)
IB(0.5, α + z, β + z − z0 − zn),

where IB(x, a, b) = ∫ x
0

1
B(a,b) x

a−1(1 − x)b−1 dx is the incomplete beta function. �

Conjugate inference is also straightforward when, for example, binomial, negative
binomial or Poisson distributions are assumed (see, e.g., Guttorp, 1991).

Example 3.15: The family trees of Harry Potter and other key characters in the
famous series of books by J.K. Rowling is provided in

http://en.wikipedia.org/wiki/Harry_Potter_(character)

The number of male offspring born with the surname Weasley starting from a single
ancestor (Septimus Weasley) in the 0th generation are as follows: z0 = 1, z1 = 1, z2 =
6, z3 = 3.
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Two different parametric models for the offspring distribution were examined.
First, a Poisson distribution and, second, a geometric distribution as described in
Example 3.14. Assume a Poisson model with mean λ and setting an exponential prior
λ ∼ Ex(log 2), defined so that, a priori, the predictive probability that extinction is
certain is equal to 1/2. Then, the predictive mean of the offspring distribution is 1.265,
the probability of extinction in a single generation is 0.038 and the probability of
eventual extinction is 0.441. The log marginal likelihood for this model was −12.05.

Assume the geometric model with parameter p, and given a beta prior dis-
tribution, p ∼ Be(1/2, 1/2), which implies that the prior predictive probability
that eventual extinction is certain is also 1/2. Then, the posterior distribution of
p is p|z ∼ Be(8.5, 10.5) and the predictive mean of the offspring distribution is

E
[

1−p
p

∣
∣
∣ z
]

≈ 1.4. The probability that the Weasleys die out in a single further gen-

eration is E
[

p3
∣
∣ z
] = 0.106 and the probability that they eventually become extinct

is E[π |z] = 0.562. The marginal likelihood for the geometric model was −10.02.
Comparing both log marginal likelihoods gives a difference of, approximately,

two, which conveys positive evidence in favor of the geometric model. �

It is more interesting to consider the case where the offspring distribution is
unknown but where the maximum number of offspring per individual is finite, say
K < ∞. Given a Dirichlet prior distribution for the offspring distribution

p = (p0, p1, . . . , pK ) ∼ Dir(α0, α1, . . . , αK ),

conjugate inference is impossible, but it is possible to use a normal approximation to
estimate the offspring mean through

E[X |z] ≈ αm + z − z0

α + z − zn
= α

α + z − zn
m + z − zn

α + z − zn
μ̂,

where α = ∑K
k=1 αk , m = 1

K

∑K
k=1 kαk is the prior mean and μ̂ is the maximum

likelihood estimate of μ = E[X ]. In the case in which little prior information is
available, a noninformative prior distribution is proposed by Mendoza and Gutiérrez
Peña (2000), where it is shown that approximate posterior inference for μ can be
undertaken.

Example 3.16: In the previous example, suppose that it is known that at maximum,
a Weasley can have up to eight male offspring and that P(X = x |p) = px is the off-
spring distribution where x = 0, 1, . . . , 10. Assume that a Dirichlet prior distribution
is set for p, that is p ∼ Dir(α) where α0 = α1 = 0.5 and αi = 0.5/ i for i = 2, . . . , 8.
This prior is set so that, a priori, E[μ] = 1.

Using the normal approximation, the predictive posterior mean of the offspring
distribution is 1.628. However, in this case, the posterior distribution can be explicitly
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calculated by enumerating the possible numbers of births and deaths born to each
individual in each generation. Thus,

p|z =
3∑

i=1

wi Dir
(
α′

i

)
,

which is a mixture of three Dirichlets with weights w = (0.716, 0.188, 0.096) and
parameters α′

ij = α j for 1, 2, 3 and j = 0, . . . , 8, except α′
i6 = α6 + 1, for i = 1, 2, 3

and α′
10 = α0 + 3, α′

11 = α1 + 4, α′
20 = α0 + 4, α′

21 = α1 + 2, α′
22 = α2 + 1, α′

30 =
α0 + 5, α′

31 = α1 + 1 and α′
33 = α3 + 1. Then, the exact posterior mean of the

offspring distribution is 1.628, the predictive probability that the population dies
out in a single generation is 0.33 and the probability that it eventually dies out
is 0.659.

In this case, the log marginal likelihood of the model is −9.88 and, therefore, there
is no real evidence to prefer this model over the geometric model of Example 3.15.
Note also that there is a large amount of sensitivity to the choice of prior distribution.
Small changes can produce relatively large changes both in the predictions and in the
log likelihood. �

3.4.5 Hidden Markov models

Consider the HMM outlined in Section 3.2.5. Given the sample data, y = (y0, . . . , yn),
the likelihood function is

l(θ , P |y) =
∑

x0,...,xn

π (x0) f (y0|θ x0 )
n∏

j=1

px j−1x j f (y j |θ x j ),

which contains K n+1 terms. In practice, this will usually be impossible to compute
directly. A number of approaches can be taken in order to simplify the problem.

Suppose that the states, x, of the hidden Markov chain were known. Then, the
likelihood simplifies to

l(θ , P|x, y) = π(x0)
n∏

j=1

px j−1x j

n∏

i=1

f (yi |θ xi )

= l1(P|x)l2(θ |x, y),

where l1(P |x) = π(x0|P)
∏n

j=1 px j−1x j and l2(θ |x, y) = ∏n
i=0 f (yi |θ xi ). Given the

usual matrix beta prior distribution for P, then a simple rejection algorithm could be
used to sample from f (P|x) as in Section 3.3.6. Similarly, when Y |θ is a standard
exponential family distribution, then a conjugate prior for θ will usually be available
and, therefore, drawing a sample from each θ i |x, y will also be straightforward.
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Also, letting x−t = (x0, x1, . . . , xt−1, xt+1, . . . , xn), it is straightforward to see that,
for i = 1, . . . , K ,

P(x0 = i |x−0, y) ∝ π (i)pix1 f (y1|θ i )

P(xt = i |x−t , y) ∝ pxt−1i pixt+1 f (yt |θi ) for 1 < t < n

P(xn = i |x−n, y) ∝ pxn−1i f (yn|θ i )

so that a full Gibbs sampling algorithm can be set up.
A disadvantage of this type of algorithm is that the generated sequences x(s)

can be highly autocorrelated, particularly when there is high dependence amongst
the elements of x in their posterior distribution. In many cases, it is more efficient
to sample directly from P(x|y). The standard approach for doing this is to use the
forward-backward or Baum–Welch formulas (Baum et al., 1970).

First, note that P(xn|xn−1, y)=P(xn|xn−1, yn) ∝ pxn−1xn f (yn|xn)≡P ′
n(xn|xn−1, y)

which is the unnormalized conditional density of xn|xn−1, y. Also, it is easy to show
that we have a backward recurrence relation

P(xt |xt−1, y) ∝ pxt−1xt f (yt |xt )
K∑

i=1

p′
t+1(i |xt , y) ≡ P ′

t (xt |xt−1, y)

and, finally,

P(x0|y) ∝ π(x0) f (y0|x0)
K∑

i=1

P ′
1(i |x0, y) ≡ P ′

0(x0|y).

Given this system of equations, it is now possible to simulate a sample from P(x|y)
by using forward simulation, so that x0 is simulated from P(x0|y) and then, x1 is
simulated from P(x1|x0, y), and so on.

In many cases, the order of the hidden Markov chain will be unknown. Two options
are available. First, the hidden Markov model may be run over various different chain
dimensions and the optimal dimension may be selected using, for example, Bayes
factors. Alternatively, a prior distribution for the dimension of the HMM could be
defined and a transdimensional MCMC algorithm such as reversible jump could be
used to mix over chains of different sizes.

Finally, for HMMs with continuous state space, we should first note that such
models can be expressed in state space form as

Yn|Xn ∼ g(·|Xn)

Xn|Xn−1 ∼ f (·|Xn−1)

for functions f and g. Then, inference can proceed via the use of particle filters such
as the sequential importance resampling algorithm described in Section 2.4.1.
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3.4.6 Markov chains with covariate information and
nonhomogeneous Markov chains

Markov chains are a common model for discrete, longitudinal study data, where
the state of each subject changes over time according to a Markov chain. Usually,
covariate information is available for each subject and two situations have been
considered. First, when the evolution of the subjects can be modeled hierarchically
by a set of related, homogeneous Markov chains and, second, when the parameters
of the chains are allowed to vary (slowly) over time.

Consider the first case. Suppose that we have M subjects and let xm =
(xm,0, . . . , xm,nm ), where xmj ∈ {1, . . . , K } is the sequence of observed states for
subject m and the initial state is assumed known. Assume that covariate information
cm is available for individual m. Then, the transition probabilities pmi j = P(Xm,t+1 =
j |Xm,t = i) are assumed to follow a polytomous regression model

log
pmi j

pmi K
= cmθ ij (3.8)

so that pmi j ∝ exp(ciθ ij), where θ ij are unknown regression parameters. The regres-
sion parameters may be modeled with, standard, hierarchical, normal-Wishart prior
distributions. Given the observed data, the logistic regression structure implies that
the relevant conditional posterior distributions are log concave so that standard Gibbs
sampling techniques could be used to sample the posterior distributions. Often, the
complete paths will not be observed for all subjects. In such cases, the basic algorithm
can be modified by conditioning on the missing data. Given the complete data, the
Gibbs sampler for θ proceeds as above. Given θ , the transition matrices for each
subject are known so that the missing data can be sampled as in Section 3.3.7.

In the second case, (3.8) can be extended so that

log
pmi jn

pmi K n
= cmθ i jn,

where θ in develops over time according to a state space model, for example,

θ in = θ i(n−1) + εn

and εt is a noise term. Again, using the standard normal Wishart model, inference
follows easily.

3.5 Case study: Wind directions at Gijón

Since November 1994, wind directions have been recorded daily at the Davis au-
tomatic weather observatory in Somió situated 4 km from the city of Gijón on the
North coast of Spain. Figure 3.4 shows the average, daily wind direction recorded
over 1000 days starting from November 6, 1994. The data have been discretized
and classified into sixteen cardinal directions N , NNE, NE, . . . , NW, NNW. There is
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Figure 3.4 Time series plot of wind directions at Somió.

a very small number of days when observations have not been recorded which have
not been taken into account for the purposes of this analysis. The original data may
be obtained from http://infomet.am.ub.es/clima/gijon/.

Figure 3.5 shows a rose plot of this data. The most typical wind direction is
northeasterly. Given the directional nature of the data, special techniques are necessary

EW

S

N

Figure 3.5 Rose plot of wind directions at Somió.
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for its analysis. In particular, the mean of the data is approximately 165◦, which is not
a good measure of the average wind direction. Instead, we shall use the circular mean
of a sample of directional data, θ1, . . . , θn , coded in radians, so that 0 ≤ θ j < 2π for
all j. This is defined by

θ̄ = arctan

⎛

⎝
n∑

j=1

sin θi ,

n∑

i=1

cos θ j

⎞

⎠ = arg

⎛

⎝1

n

n∑

j=1

exp(iθ j )

⎞

⎠ ,

where i = √−1. In this case, converting to degrees, the circular mean wind direction
is approximately 65◦ North.

3.5.1 Modeling the time series of wind directions

For these data, there is no particular evidence of any seasonal effects, as rose plots for
different months of the year show very similar forms. This suggests that stationary
time series models might be considered. We consider the following four possibilities:

1. An independent multinomial model, assuming that the wind direction, θn on day n
is independent of the wind directions on previous days so that P(θn = i |π) = πi

for i = 0, . . . , 15, where 0 represents North, 1 NNE, 2 NE, ..., and 15 NNW.
2. A first-order Markov chain P(θn = j |θn−1 = i, P) = pij for i, j = 0, . . . , 15
3. A parametric, wrapped Poisson HMM.
4. A semiparametric, multinomial HMM.

The first two models have been described previously. The following subsections
outline the wrapped Poisson HMM and the multinomial HMM.

The wrapped Poisson HMM and its inference

Before considering the wrapped Poisson HMM, we shall first consider inference
for the rate parameter of a single wrapped Poisson distribution, θ |λ ∼ WP(k, λ), as
defined in Appendix A. In our context, we shall assume k = 16 to represent the 16
wind directions.

Note first that this model is equivalent to assuming that Y |λ, Z = z ∼ Po(λ)
where Y = θ + k Z and Z = z ∈ Z

+ is an unwrapping coefficient with probability

P(Z = z|λ) =
k−1∑

j=0

λkz+ j e−λ

(kz + j)!
z = 0, 1, 2, . . .

This implies that

P(Z = z|λ, θ ) ∝ λθ+kz

(θ + kz)!
. (3.9)
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Therefore, given a sample θ = (θ0, . . . , θm) from this wrapped Poisson distribution
and assuming a Ga(a, b) prior distribution for λ, inference can be carried out via
Gibbs sampling. Conditional on λ, θ , the unwrapping coefficients, z1, . . . , zm can
be generated from (3.9) and then, the unwrapped observations, yt = θt + kzt can be
evaluated for t = 1, . . . , m. Also, we have

λ|θ, y ∼ Ga(a + mȳ, b + m).

A wrapped Poisson HMM with s hidden states is defined as follows. First, we
suppose that

θn|λ, xn ∼ WP(16, λxn ),

where λ = (λ1, . . . , λs) and {Xt } is an unobserved Markov chain with transition
matrix P, so that

P(Xt = xt |xt−1, xt−2, . . . , P) = pxt−1,xt

for xt , xt−1 = 1, 2, . . . , s.
Given a set of observations, θ = (θ0, . . . , θn), generated from the wrapped Poisson

HMM, then inference can be carried out using the general procedure outlined in
Section 3.4.5. Conditional on the hidden states, then the likelihood reduces to the
product of a set of individual likelihoods for λ1, . . . , λs and inference for each λi can
be carried out by conditioning on the hidden states, x, and the unwrapping coefficients,
z, when inference is straightforward as outlined above. The joint conditional posterior
distribution of x, z is then expressed as

f (x, z|θ , P,λ) = f (x|θ, P,λ) f (z|θ , x,λ).

The generation of z from f (z|θ, x,λ) can then be carried out by applying (3.9) and,
in order to generate x, a forward backward algorithm can be used. Thus, as in Section
3.4.5, we define the backward equations

P(xn|xn−1, θ ,λ, P) ∝ pxn−1xn fW P (θn|k, λxn ) ≡ P ′(xn|xn−1, θ )

P(xt |xt−1, θ ,λ) ∝ pxt−1xt fW P (θt |k, λxt )
s∑

i=1

P ′
t+1(i |xt , θ ) ≡ P ′(xt |xt−1, θ )

P(x0|θ ,λ) ∝ πx0 f (θ0|k, λx0 )
s∑

i=1

P ′
1(i |x0, θ ) ≡ P ′(x0|θ ),

where fW P (θ |k, λ) is a wrapped Poisson probability function. Then x is generated by
sampling successively from P(x0|λ, θ ) and P(xt |xt−1,λ, θ ) for t = 1, 2, . . . , n.
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The multinomial HMM and its inference

Assume that P(θt = θ |xt , Q) = qxt , where {Xt } is an unobserved Markov chain with
transition matrix P, as earlier, and where Q = (qij) for i = 1, . . . , r , j = 0, . . . , 15
such that qij ≥ 0 for all i, j and

∑15
j=0 qij = 1.

Define independent Dirichlet priors for the rows of Q, that is,

qi = (qi0, . . . , qi15) ∼ Dir

⎛

⎜
⎜
⎝

1

2
, . . . ,

1

2︸ ︷︷ ︸
16

⎞

⎟
⎟
⎠.

Given the usual matrix beta prior for P and defining the latent variables Xt to represent
the unobserved states of the Markov chain as earlier, we have

P(X1 = x1|θ , P, Q, x−1) ∝ π (x1|P)qx1θ1 px1x2

P(Xt = xt |θ , P, Q, x−t ) ∝ pxt−1xt qxt θt pxt xt+1

P(Xn = xn|θ , P, Q, x−n) ∝ pxn−1xn qxnθn .

Therefore, simple Gibbs steps can be used to generate a sequence of hidden states
given Q. Furthermore,

qi |θ, x, P ∼ D

(
1

2
+ ni0, . . . ,

1

2
+ ni15

)
,

where nij = ∑n
t=1 I (xt = i, θt = j) and I (·, ·) is an indicator variable. Then, it is

straightforward to generate values of Q conditional on the hidden states.

3.5.2 Results

Relatively uninformative priors were used for all parameters of all four models.
HMMs of various orders were considered and here we show the results of fitting a
wrapped Poisson HMM with five hidden states to an origin shifted version of the
data, θ I = mod(θ − 3, 16), and a multinomial HMM with four hidden states.

Figure 3.6 shows the marginal frequencies of each wind direction and the predic-
tive marginal probabilities under the independent and Markov chain models and for
the two HMMs. The results are similar under all four models although the wrapped
Poisson model smooths the predictive distribution slightly more than the alternative
models. Note also that, in all cases, the predictive mean wind direction was around
65◦ North, very close to the empirical mean wind direction.

In order to assess the time dependence of these data, the circular autocorrelation
function (CACF) can be considered. A number of alternative definitions for a CACF



P1: TIX/XYZ P2: ABC
JWST172-c03 JWST172-Ruggeri March 3, 2012 15:54

DISCRETE TIME MARKOV CHAINS AND EXTENSIONS 73

N NNE NE ENE E ESE SE SSE S SSW SW WSW W WNW NW NNW
0 

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Wind direction

P
ro

ba
bi

lit
y

Figure 3.6 Marginal frequencies (solid thick line) and predictive probabilities under the
independent (solid thin line), Markov chain (dashed line), multinomial (dot dash line), and
wrapped Poisson (dotted line) HMMs.

have been proposed. Define the CACF of lag l for a sample θ1, . . . , θn of data to be

CACF(l) =
∑n−l

t=1 sin(θt − θ̄ ) sin(θt+l − θ̄ )
∑n

t=1 sin(θt − θ̄ )2

and, similarly, for a variable {θ}t , then

CACF(l) = E [sin(θt − μ) sin(θt+l − μ)]

E
[
sin(θt − μ)2

] ,

where μ represents the mean angular direction.
Figure 3.7 shows the empirical CACF and the predictive CACFs for all models

except the independent model (where the CACFs are equal to zero). It can be observed
that none of the proposed models estimate the empirical CACF very well. This is a
feature that has been noted elsewhere when Markovian models and HMMs have been
fitted to circular data (see, e.g., Holzmann, et al. 2007).

As might be expected, comparing the independent and Markovian models via
Bayes factors showed strong evidence in favor of the Markovian model. Formal
comparisons with the other models were not carried out here, but it can be noted
that the wrapped Poisson HMM is less heavily parameterized than the multinomial
HMM, which is also less parameterized than the simple Markov chain model which
suggests that one of these two approaches should be preferred.
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Figure 3.7 Empirical (solid thick line) and predictive CACFs under the Markov chain (dashed
line), multinomial (dot dash line), and wrapped Poisson (dotted line) HMMs.

Finally, in order to compare the predictive capacities of the different models,
one step ahead predictions were calculated for a period of 20 days ahead, with the
predictive mean angular direction being used to predict the daily wind direction.
The cumulative mean absolute predictive errors, 1

t

∑t
i=1 εi , were calculated for each

model, where the error, ε = ε(θ̂ , θ) of a prediction θ̂ of θ is calculated as

ε = min
{|θ − θ̂ |, 16 − |θ − θ̂ |} .

These are plotted in Figure 3.8.
It can be seen that the independent model does somewhat worse than the Marko-

vian and HMMs and that the best predictions over these 20 days in terms of this error
function are given by the wrapped Poisson model.

3.6 Markov decision processes

Assume that a system can be in one of a finite number, K, of observable states,
say X ∈ X = {1, . . . , K } and that transitions between states occur at discrete stages,
n = 0, 1, 2, . . .. At each time step, a decision maker (DM) can select one of a finite set
of actions, say an ∈ A = {a1, . . . , am}. Then the transition probabilities, which de-
scribe the evolution of the system are given by pi ja = P(Xn+1 = j |Xn = i, an = a)
for i, j ∈ X and a ∈ A, and depend on both the current state of the chain and
upon the action taken by the DM. At stage n, the DM receives a reward or util-
ity rn = r (xn−1, an−1, xn). A Markov decision process (MDP) is defined by the
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Figure 3.8 Cumulative mean prediction errors for the independent (solid line) and Markov
chain (dashed line) models and the multinomial (dot dash line) and wrapped Poisson (dotted
line) HMMs.

four-tuple < X ,A, T ,R > where T is the set of transition probabilities and R
is the set of rewards.

The behavior of the DM in an MDP can be modeled using the idea of a policy.
A deterministic stationary policy π : X → A prescribes the action to be taken given
the current state. A stochastic policy chooses the actions in a given state according
to a probability distribution. The objective of the DM is to choose a policy π which
maximizes the expected, discounted reward defined by

E

[ ∞∑

n=0

γ nrπ
n

]

, (3.10)

where γ < 1 is a discount factor and rπ
n is the expected reward received at time n

under policy π .
If the value of performing action a in a state x is defined as

Q(x, a) =
∑

x ′∈X
R(x, a) + γ V (x ′),

where R(x, a) = ∑
x ′∈X pxx ′ar (x, a, x ′) is the expected reward or utility achieved by

taking action a in state x and V (x) is the overall value of state x defined by Bellman’s
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equations

V (x) = max
a∈A

{

R(x, a) + γ
∑

x ′∈X
pxx ′a V (x ′),

}

(3.11)

then the optimal stationary policy π may be derived through

π(x) = arg max
a∈A

{

R(x, a) + γ
∑

x ′∈X
pxx ′a V (x ′)

}

.

For known transition probabilities and utility functions, various algorithms to estimate
the optimal decision policy are available (see, e.g., Puterman, 1994).

When rewards and transition probabilities are unknown, then the analysis is much
more complex. Reinforcement learning (RL) comprises finding the optimal policy in
such situations. Here, we shall only examine the case where the transition probabilities
are unknown but the rewards are known. Then, given independent, matrix beta prior
distributions for the transition matrices Pa = (pija) clearly, given the observation of
a sequence of states, the posterior distribution has the same form. In a similar way,
it is often assumed that rewards are randomly distributed, typically according to
a normal distribution, when inference for the reward parameters is straightforward
given conjugate prior distributions. Most of the following analyses can be extended
to these cases.

Assume that the DM’s distribution for the transition matrices is parameterized by
a set of parameters α. Then, Bellman’s equations (3.11) can be modified as follows

V (x,α) = max
a

{

R(x, a,α) + γ
∑

x ′∈X
E[pxx ′a|α]V (x ′,αxx ′a)

}

,

where R(x, a,α) = ∑
x ′ E [pxx ′a|α] r (x, a, x ′). V (x,α) is the expected value func-

tion given α and αxx ′a represents the updated set of parameter values conditional on
the transition from state x to x ′ when action a is taken.

Martin (1967) demonstrates that a set of solutions to this problem do exist.
However, it is obvious that this problem has an infinite set of states (x,α) which
makes its direct solution infeasible in practice. Many alternative approaches have
been suggested.

An early approach to policy optimization was based on Thompson sampling,
introduced in Thompson (1933). Given the current state x and model parameters α,
a set of transition probabilities are drawn from f (·|α) and the optimal policy π given
these probabilities is calculated. Note that this is not Bayes optimal as it is a myopic
strategy, and does not take into account the effects of actions on the DMs future
belief states.

A second approach is based on sparse sampling (see Kearns, et al. 2002). Instead
of considering an infinite horizon problem, a finite, effective horizon is assumed so
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that rewards up to only n time steps in the future are considered. Then, if n is relatively
small, it would, in theory, be possible to enumerate all possible future actions, states
and rewards and then calculate the sequence of actions with the overall expected
rewards. Of course, as n increases, the number of possible futures increases very
rapidly, and therefore, approaches based on simulating futures up to the effective
horizon can be considered. Thus, given the current state, x0 say, for each possible
decision a0, states x1 = x1(a0) are simulated. Then, for each possible decision a1,
states x2 = x2(a1) are simulated and so on, up to the horizon. Thus, a sparse, lookahead
tree is grown. The optimal policy is then estimated by maximizing over the expected
rewards as for any other decision tree. A disadvantage of such approaches is the
obviously high computational cost.

A third alternative is based on percentile optimization (see, e.g., Delage and
Mannor, 2010). Under this framework, it is assumed that the DM wishes to select a
policy π to maximize y ∈ R subject to

P

(

E

[ ∞∑

n=0

γ nrπ
n

]

≥ y

)

≥ 1 − ε

for some small ε. In the case where rewards are random and normally distributed
and the transition matrices are known, then Delage and Manner (2010) show that an
optimal solution to this problem exists and can be found in polynomial time. However,
in the case of unknown transition matrices, they demonstrate that this problem is NP
hard, although they provide some heuristic algorithms which can find approximate
solutions.

Finally, a fourth approach uses policy gradients (see Williams, 1992). Here, it
is assumed that the stationary policy defines a parameterized distribution, P(·|x, θ )
over actions conditioned on the current state. Then, a class of smoothly parameterized
stochastic policies is defined and the gradient of the expected return (3.10) is evaluated
with respect to the current policy parameters θ and the policy is improved by adjusting
the parameters in the direction of the gradient.

3.7 Discussion

Bayesian inference for discrete time, finite Markov chains developed from the initial
papers of Silver (1963) and Martin (1967). Other early works of interest are Lee and
Judge (1968), Dubes and Donoghue (1970), and Bartholomew (1975). More recent
studies are Assodou and Essebbar (2003) and Welton and Ades (2005). Empirical
Bayes approaches have also been developed by, for example, Meshkani and Billard
(1992) and Billard and Meshkani (1995). From a theoretical viewpoint, the de Finetti
theorem for Markov chains was developed in Diaconis and Freedman (1980), where
extensions and similar result for transient chains is also given. Further details and
techniques for comparing multinomial, Markov and HMMs are given in Johansson
and Olofsson (2007).
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One point that we have not considered here is the consistency and convergence rate
of the posterior distribution. For exchangeable data, there is a large amount of litera-
ture on this topic, but for Markov chains, there are fewer results. However, large and
moderate deviation principles for the convergence of a sequence of Bayes posteriors
have been established by Papangelou (1996) and Eichelsbacher and Ganesh (2002),
which demonstrate the exponential convergence of Bayesian posterior distributions
for Markov chains; see also Ganesh and O’Connell (2000) for further results.

Inference for reversible Markov chains is considered in Diaconis and Rolles
(2006) and extensions to variable order chains are examined in Bacallado (2010).
The Markov chain mixtures considered here were developed in Raftery (1985).
Markov models with covariate information are examined in Deltour et al. (1999)
and nonhomogeneous Markov chains are analyzed in Soyer and Sung (2007) and
Hung (2000).

Bayesian inference for AR models via the Gibbs sampler is introduced in
McCulloch and Tsay (1994). Extensions are developed in, for example, Barnett
et al. (1996). Many other related models such as AR moving average models or
vector AR models are also well analyzed in the Bayesian time series literature; see,
for example, Prado and West (2010).

Useful references to Bayesian inference for hidden Markov chains are Gharamani
(2001), Scott (2002), Cappé et al. (2005), McGrory and Titterington (2009). Particle
filtering approaches for continuous state space chains are considered in, for example,
Fearnhead and Clifford (2003) or Cappé et al. (2005).

Bayesian inference for branching processes using parametric models and normal
approximations has been considered by, amongst others, Dion (1972, 1974), Heyde
(1979), Scott (1987), and Guttorp (1991). Nonparametric approaches are examined
by Guttorp (1991) and Mendoza and Guttiérez Peña (2000) and power series prior
asymptotic results are analyzed in Scott and Heyde (1979). There has also been
much literature extending the basic Galton–Watson process, for example, bisexual
branching processes are analyzed in, for example, Molina et al. (1998). Finally there
is a large literature on the related problem of phylogenetic inference, that is the study
of the evolutionary tree of an organism (see, e.g., Huelsenbeck and Ronquist, 2001).

Finally, the theory of MDPs dates from the work of Howard (1960). Bayesian
inference was considered by Silver (1963) and more recent approaches have been
developed in, for example, Strens (2000), Kearns et al. (2002), Wang et al. (2005),
Ghavamzada and Engel (2007), and Delage and Mannor (2010).
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4

Continuous time Markov
chains and extensions

4.1 Introduction

In this chapter, we consider inference, prediction and decision-making tasks with
continuous time Markov chains (CTMCs) and some of their extensions. Our interest
in such processes is twofold. First, they constitute an extension of discrete time
Markov chains, which were dealt with in Chapter 3. Throughout this chapter, we
shall use some of the results shown there. Second, CTMCs have many applications,
either directly or as basic building blocks in areas such as queueing, reliability
analysis, risk analysis, or biomedical applications, some of which are presented in
later chapters.

CTMCs are continuous time stochastic processes with discrete state space. We
shall concentrate on homogeneous CTMCs with finite state space. In those processes,
the system remains an exponential time at each state and, when leaving such state,
it evolves according to probabilities that depend only on the leaving state. The basic
probabilistic results for CTMCs of this type are outlined in Section 4.2.

The parameters of interest of the CTMC are the transition probabilities and the
exponential permanence rates. Given a completely observed CTMC, inference for
the transition probabilities can be carried out as in Chapter 3. In Section 4.3, we
show how to extend this procedure to consider the CTMC rates and, as a relevant
by-product, we deal with inference for the intensity matrix of the process. Short- and
long-term forecasting are also considered. In Section 4.4, we illustrate the proposed
procedures with an application to hardware availability.

In Section 4.5, we consider semi-Markovian processes, which generalize CTMCs
by allowing the permanence times to be nonexponential and then, in Section 4.6,
we outline some decision-making issues related to CTMCs and sketch a Markov
chain Monte Carlo (MCMC) approach to solving semi-Markovian decision processes
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when there is uncertainty in the process parameters, which we illustrate through a
maintenance example. The chapter finishes with a brief discussion.

4.2 Basic setup and results

In this section, we shall outline the most important probabilistic results for CTMCs.
We shall assume that {Xt }t∈T is a continuous time stochastic process that evolves
within a finite state space, say E = {1, 2, . . . , K }. When the process enters into state
i, it remains there for an exponentially distributed time period with mean 1/νi . At
the end of this time period, the process will move to a different state j �= i with
probability pij, such that

∑K
j=1 pij = 1, ∀i , and pii = 0. Clearly, for physical or

logical reasons, some additional pij could also be zero. As in Chapter 3, the transition
probability matrix is defined to be P = (pij). This defines an embedded (discrete
time) Markov chain. The process {Xt } will be designated a CTMC with parameters
P and ν = (ν1, . . . , νK )T .

One important class of CTMCs, which will be analyzed in detail in later chapters
are birth–death processes.

Example 4.1: A birth–death process is a particular example of a CTMC with state
space {0, 1, 2, . . . , K }, where the states represent the population size. Transitions
in this process can occur either as single births, with rate λi or single deaths, with
rate μi , for i = 0, . . . , K , where μ0 = λK = 0. Therefore, the transition probabilities
for this process are pi,i+1 = λi/(λi + μi ), pi,i−1 = μi/(λi + μi ) and pij = 0 for i =
0, . . . , K and j /∈ {i − 1, i + 1}. Also, the times between transitions are exponentially
distributed with rate νi = λi + μi .

The birth–death process is equivalent to a Markovian queueing system where,
given that there are i people in the system, arrivals occur with rate λi and a service is
completed with rate μi . Processes of this type are examined in Chapter 7.

A pure birth process with infinite state space {0, 1, 2, . . .}, μi = 0 and λi = λ for
all i is called a Poisson process, which is the theme of Chapter 5. �

The parameters

rij = νi pij

are called jumping intensities (from state i into state j). In addition, we set rii =
−∑

j �=i rij = −νi , i ∈ {1, . . . , K }, and place all rij in the intensity matrix � = (rij),
also called the infinitesimal generator of the process, which have a key role in later
computations.

The short-term behavior of the CTMC may be described through the forward
Kolmogorov system of differential equations. Consider the transition probability
functions

Pij(t) = P(Xt+s = j |Xs = i) = P(Xt = j |X0 = i), (4.1)
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which describe the probability that the system is in state j if it is currently in state
i and a time t elapses. Then, under suitable regularity conditions (see, e.g., Ross,
2009), we have

P ′
ij(t) =

∑

k �= j

rkj Pik(t) − ν j Pij(t) =
∑

k

rkj Pik(t).

Note that we may write this system jointly as

P′(t) = �P(t) (4.2)

P(0) = I,

where P(t) = (Pij(t)) is the matrix of transition probability functions and I is the
identity matrix. The analytic solution of this system is P(t) = exp(�t), which can be
solved, for given t, using matrix exponentiation, a problem reviewed in, for example,
Moler and Van Loan (2003).

The simplest case is when � is diagonalizable with different eigenvalues, which
holds with no significant loss of generality (Geweke et al., 1986). We then decompose
� = SDS−1, where D is the diagonal matrix with the distinct eigenvalues λ1, . . . , λK

of � as its entries, and S is an invertible matrix consisting of the eigenvectors
corresponding to the eigenvalues in �. Then, we have

exp(�t) =
∞∑

i=0

(�t)i

i!
=

∞∑

i=0

(SDS−1)i t i

i!
= S

[ ∞∑

i=0

(Dt)i

i!

]

S−1

= S

⎛

⎜
⎜
⎝

exp(λ1t) 0 ... 0
0 exp(λ2t) ... 0
... ... ... ...

0 0 ... exp(λK t)

⎞

⎟
⎟
⎠ S−1

As with the discrete time case, forecasting the long-term behavior of a CTMC
means that we need to consider the equilibrium distribution. Under suitable conditions
(see, e.g., Ross, 2009) for given P and ν, we know that, if it exists, the equilibrium
distribution {π j }K

j=1 is obtained through the solution of the system

ν jπ j =
∑

i �= j

rijπi , ∀ j ∈ {1, . . . , K } , (4.3)

∑

j

π j = 1; π j ≥ 0.
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4.3 Inference and prediction for CTMCs

Here, we study inference and prediction for CTMCs. We first consider inference for
chain parameters and then examine the forecasting of both the short- and long-term
behavior of a CTMC. We will suppose throughout the most general case where the
transition matrix, P, and the transition rates, ν, are unknown and unrelated, that is,
that the elements of P are not known functions of ν.

Assume that we observe the initial state of the chain, say x0 and the times, ti, and
states, xi, for i = 1, . . . , n, of the first n transitions of the chain. Then, the likelihood
function can be written as

l(P, ν|data) =
n∏

i=1

νxi−1 exp(−νxi−1 (ti − ti−1))pxi−1xi ∝
K∏

i=1

ν
ni
i exp(−νi Ti )

K∏

j=1

p
nij

ij ,

(4.4)

where nij is the number of observed transitions from i to j, Ti is the total time
spent in state i and ni = ∑K

j=1 nij is the total number of transitions out of state i, for
i, j ∈ {1, . . . , K }. Given the lack of memory property of the exponential distribution,
many alternative experiments have likelihood functions of the same form.

4.3.1 Inference for the chain parameters

The likelihood function in (4.4) can be written as

l(P, ν|data) = l1(P|data)l2(ν|data),

where l1(P|data) = ∏K
i=1

∏K
j=1 p

nij

ij and l2(ν|data) = ∏K
i=1 ν

ni
i exp(−νi Ti ), which im-

plies that, given independent prior distributions for P and ν, the posterior distributions
will also be independent and inference for P and ν can be carried out separately. This
setup is described through the influence diagram in Figure 4.1.

νν

TnTn–1 Tn+1

Xn–1 Xn+1Xn

P

Figure 4.1 Influence diagram for a CTMC.
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Inference for the transition probabilities can then proceed as in Chapter 3.
Assuming a known initial state and a matrix beta prior distribution as outlined in
Section 3.3.2. then the posterior distribution is also matrix beta from (3.4). The case
of an unknown initial state can also be dealt with the methods of Section 3.3.6. A nat-
ural conjugate prior for the permanence rates is also available. If we assume that the
rates have independent gamma prior distributions, νi ∼ Ga(ai , bi ), for i = 1, . . . , K ,
then combining prior and likelihood, we see that νi |data ∼ Ga(ai + ni , bi + Ti ) for
i = 1, . . . , K .

Given the above posteriors, we may provide inference about the intensity matrix,
which will be of relevance later on, as follows:

� When the posterior distributions are sufficiently concentrated, we could summarize
them through the posterior modes, ν̂i and p̂ij, to estimate r̂ij = ν̂i p̂ij, i �= j . For
i = j , we set r̂ii = −ν̂i , i = 1, . . . , m. For example, for the Dirichlet-multinomial
model it would be,

ν̂i = αi + ni − 1

βi + ∑ni
j=1 tij

; p̂ij = δij + nij − 1
∑

l �=i (nil + δil) − k + 1
; r̂ij = ν̂i p̂ij, r̂ii = −ν̂i .

� Otherwise, we would use posterior samples {νη}N
η=1 and {Pη}N

η=1, to obtain samples
from the posterior {rη

ij = ν
η

i pη
ij}N

η=1, i �= j . For i = j , we would use the posterior
sample {rη

ii = −ν
η

i }N
η=1, i = 1, . . . , k. We may then summarize all samples appro-

priately, through, for example, their sample means 1
N

∑N
η=1 rη

ij ,∀i, j .

4.3.2 Forecasting short-term behavior

Here, we shall consider forecasting the short-term behavior of a CTMC. This can be
based on the solution of the system of differential equations described in (4.2), which
characterize short-term behavior, when parameters P and ν are fixed. However, we
need to take into account the uncertainty about parameters to estimate the predictive
matrix of transition probabilities P(t)|data. Various options can be considered.

First, when the posterior distributions of P and ν are sufficiently concentrated, we
could summarize them through the posterior modes, ν̂ and P̂, so that, assuming �(P̂, ν̂)
is diagonalizable with K different eigenvalues, we can estimate P(t)|data through

S(P̂, ν̂)

⎛

⎜
⎜
⎝

exp(λ1(P̂, ν̂)t) 0 ... 0
0 exp(λ2(P̂, ν̂)t) ... 0
... ... ... ...

0 0 ... exp(λk(P̂, ν̂)t)

⎞

⎟
⎟
⎠ S(P̂, ν̂)−1.

More generally, we could obtain Monte Carlo samples, ν(s), P(s), for s = 1, . . . , S.
Then, for each s, solve the corresponding decomposition. This would provide us with
a sample P(t)(s) , which might be summarized according to, for example, the sample
mean, 1

S

∑
s P(t)(s).
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This procedure is easily implemented when K is relatively small. However, for
large K, it may be that the matrix exponentiation operation may be too computation-
ally intensive to be used within a Monte Carlo type scenario. One possibility is to use
a reduced order model (ROM), as described in Section 2.4.1. In this case, if m is the
maximum number of matrix exponentiations that our computational budget allows,
we would proceed as follows:

1. For s = 1, . . . , S, sample ν(s), P(s) from the relevant posteriors.
2. Cluster the sampled values into m clusters and spread the centroids to obtain the

ROM range (ν(i), P(i)) for i = 1, . . . , m.
3. Compute the optimal ROM probabilities by solving

minq1,...,qm e(q1, . . . , qm)

s.t.
∑m

r=1 qr = 1, qr ≥ 0, r = 1, . . . , m.

4. For i = 1 to m
(a) Compute �(ν(i), P(i))
(b) Decompose �(ν(i), P(i)) = S(ν(i), P(i))D(ν(i), P(i))S−1(ν(i), P(i))
(c) Compute P(t)|ν(i), P(i) through

S
(
P(i), ν(i)

)

⎛

⎜⎜
⎝

exp(λ1(P(i), ν(i))t) 0 ... 0
0 exp(λ2(P(i), ν(i))t) ... 0
... ... ... ...

0 0 ... exp(λm(P(i), ν(i))t)

⎞

⎟⎟
⎠

× S
(
P(i), ν(i)

)−1
.

5. Approximate P(t)|data through

m∑

i=1

qi P(t)|ν(i), P(i).

Alternatively, for very high-dimensional problems, a purely simulation-based
approach, which entirely eliminates the need for matrix exponential computations
can also be implemented. In this case, for each element, ν(s), P(s), of a Monte Carlo
sample of size S, a set of state transitions and their corresponding transition times
can be generated. Then, for given t, we can define X (s)

t to be the state value at time
t. We can now approximate P(t)(x)|data through 1

S

∑S
s=1 I (X (s)

t = x), where I (·)
is an indicator function. An advantage of this approach, when compared with the
previous techniques, is that essentially no extra computation is required to compute
the distributions at different times, whereas in the previous cases, separate matrix
exponential computations are needed for each t. Approaches of this type are analyzed
in more detail in Chapter 9.
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4.3.3 Forecasting long-term behavior

Depending on the concentration of the posterior and the computational budget avail-
able, long-term forecasting of the CTMC behavior can also be undertaken in a number
of different ways.

First, if the posterior distributions are sufficiently concentrated, we could substi-
tute the parameters by, for example, their posterior modes, and solve system (4.3),
to obtain an approximate point summary of the predictive equilibrium distribution
{π̂i }m

i=1. However, as earlier, this approach does not give a measure of uncertainty.
Otherwise, we may obtain samples from the posteriors, ν(s), P(s), for s = 1, . . . , S

and, consequently, obtain the sampled probabilities, π
(s)
i , for s = 1, . . . , S, from the

predictive equilibrium distribution through the repeated solution of system (4.3). If
needed, we could summarize it through, for example, their means,

π̂i = 1

S

S∑

s=1

π
(s)
i for i = 1, . . . , K .

For large K, solving the system of equations required may be costly computationally
and we may opt for using a ROM as explained earlier.

4.3.4 Predicting times between transitions

Given the current state, prediction of the time to the next transition is much more
straightforward. If the current state is i, given the gamma posterior distribution,
νi |data ∼ Ga(ai + ni , bi + Ti ), then if T is the time to the next transition, we have

P(T ≤ t |data) =
(

bi + Ti

bi + Ti + t

)ai +ni

.

Predictions of times up to more than one transition can also be handled by using
Monte Carlo approaches as outlined earlier.

4.4 Case study: Hardware availability
through CTMCs

In recent years, there has been increasing interest in reliability, availability, and
maintainability (RAM) analyses of hardware (HW) systems and, in particular, safety
critical systems. Sometimes such systems can be modeled using CTMCs, which, in
this context, describe stochastic processes which evolve through a discrete set of
states, some of which correspond to ON configurations and the rest to OFF config-
urations. Transition from an ON to an OFF state entails a system failure, whereas a
transition from an OFF to an ON system implies a repair. Here, we shall emphasize
availability, which is a key performance parameter for information technology sys-
tems. Indeed, there are many hardware configurations aimed at attaining very high
system availability, for example, 99.999% of time, through transfer of workload when
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one, or more, system components fail, or intermediate failure states with automated
recovery; see Kim et al. (2005) for details. Thus, we are concerned with hardware
systems, which we assume can be modeled through a CTMC. We shall consider that
states {1, 2, . . . , l} correspond to operational (ON) configurations, whereas states
{l + 1, . . . , K } correspond to OFF configurations.

A classical approach to availability estimation of CTMC HW systems would
calculate maximum likelihood estimates for the CTMC parameters and then compute
the equilibrium distribution given these, and finally, estimate the long-term fraction of
time that the system remains in ON configurations. A shortfall of this approach is that
it does not account for parameter uncertainty, whereas the fully Bayesian framework
we adopt here automatically incorporates this uncertainty. Also, both short-term and
long-term forecasting can be carried out.

Initially, we shall consider steady-state prediction of the system. In this case, the
availability is the sum of the equilibrium probabilities for the ON states, conditional
on the rates and transition probabilities, ν, P, that is

A|ν, P =
l∑

i=1

πi |ν, P.

If the posterior parameter distributions are precise, we may use the approximate
predictive steady-state availability, based on the approximate equilibrium distribution

Â|data �
l∑

i=1

π̂i

to estimate the predictive availability. Otherwise, if the posteriors are not concentrated,
we would obtain a predictive steady-state availability sample, based on the sample
obtained in Section 4.3.3

{A(s) =
l∑

i=1

π
(s)
i }S

s=1,

and summarize it accordingly, for example, through 1
S

∑S
s=1 A(s). Finally, if the

computational budget only allows for m equilibrium distribution computations, then
we could approach the posterior availability through

m∑

i=1

qi

⎛

⎝
l∑

j=1

π
(i)
j |ν(i), P(i)

⎞

⎠ ,

based on the ROM equilibrium distribution mentioned in Section 4.3.3.
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As discussed in Lee (2000), we may be also interested in a type of short-term
availability, called interval availability. Define the random variable Yt

Yt |ν, P =
{

1, if Xt |ν, P ∈ {1, 2, . . . , l},
0, otherwise

and

At |ν, P = 1

t

∫ t

0
(Yu |ν, P) du.

Then, the interval availability is defined through

It |ν, P = E[At |ν, P] = 1

t

l∑

j=1

∫ t

0
π j (u|ν, P) du,

where π j (u|ν, P) = P(Xu = j |ν, P). We may approximate it with a one dimensional
integration method, like Simpson’s rule.

The key computation is that of the π j (t |ν, P) terms, j = 1, ..., K . To do this, we
solve the Chapman–Kolmogorov system of differential equations (see, e.g., Ross,
2009),

π ′(t |ν, P) = (	|ν, P) · π (t |ν, P); t ∈ [0, T ),

π(0|ν, P) = π (0),

where π(t |ν, P) = (π1(t |ν, P), . . . , πK (t |ν, P)), π (0) = (π (0)
1 , π

(0)
2 , . . . , π

(0)
K ) is the

initial state probability vector, and �|ν, P is the intensity matrix, conditional on ν, P.
Its analytic solution is

π (t |ν, P) = π (0) exp(�t |ν, P).

Note that again the key operation is that of matrix exponentiation.
We may then define the posterior interval availability through

It |data =
∫ ∫

E[At |ν, P]π(ν, P|data) dP dν.

As discussed previously in this chapter, at least three approaches can be considered.
When the posteriors are precise enough, we may summarize them, for example,

through the posterior modes P̂, ν̂, and use E[At |P̂, ν̂.] as a summary of the predictive
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availability. Otherwise, if the posteriors are not precise, for appropriate posterior
samples {P(s), ν(s)}S

s=1, we could use

1

S

S∑

s=1

E
[
At |P(s), ν(s)] .

Finally, if the computational budget allows only for m availability computations, then
we could approach the predictive availability through

m∑

i=1

qi E
[
At |P(i), ν(i)

]
,

based on the ROM sample obtained in Section 4.3.3.

Example 4.2: We shall consider a system which is described by a dual-duplex model,
with transition diagram as in Figure 4.2, along with the jumping intensities rij = νi pij.
The dual-duplex system is designed to detect a fault using a hardware comparator
that switches to a hot standby redundancy. To improve reliability and safety, the dual-
duplex system is designed in double modular redundancy. Because the dual-duplex
system has high reliability, availability, and safety, it can be applied in embedded
control systems like airplanes. It has two ON states {1, 2} and two OFF states {3, 4}.
The transition probability matrix is

1 2 3 4

P =
1
2
3
4

⎛

⎜⎜
⎝

0
p21

1
1

p12

0
0
0

p13

p23

0
0

0
p24

0
0

⎞

⎟⎟
⎠

.

The permanence rates are ν1, ν2, ν3 and ν4.

1 3

42

Figure 4.2 Transition diagram for the dual-duplex system.
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For rows 1 and 2, we assume Dir(0, 1, 1, 0) and Dir(1, 0, 1, 1) priors, respectively.
On the basis of the data counts n12 = 10, n13 = 4, n21 = 7, n23 = 1, n24 = 2, we get

(p11, p12, p13, p14)|data ∼ Dir(0, 1 + 10, 1 + 4, 0)

(p21, p22, p23, p24)|data ∼ Dir(1 + 7, 0, 1 + 1, 1 + 2).

We are relatively sure that there will be around one failure every 10 hours for ν1

and ν2, and, therefore, assume priors ν1 ∼ Ga(0.1, 1) and ν2 ∼ Ga(0.1, 1). We are
less sure about ν3, ν4, expecting around 5 repairs per hour, therefore, assuming priors
Ga(10, 2) and Ga(10, 2) for ν3, ν4. On the basis of the data available (for state 1, 14
times which add up 127.42; 10 with sum 86.81, for state 2; 5 with sum 1.09, for state
3; and, 2 with sum 0.27, for state 4), we get the posterior parameters in Table 4.1.

Table 4.1 Posterior parameters of
permanence rates.

α β

ν1 0.1 + 14 1 + 127.42
ν2 0.1 + 10 1 + 86.81
ν3 10 + 5 2 + 1.09
ν4 10 + 2 2 + 0.27

For fixed P, ν, the system that provides the equilibrium solution in this case is

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ν1π1 = r21π2 + r31π3 + r41π4,

ν2π2 = r12π1,

ν3π3 = r13π1 + r23π2,

ν4π4 = r24π2,

π1 + π2 + π3 + π4 = 1,

πi ≥ 0,

which solves to give π1 = ν2ν3ν4



, π2 = r12ν3ν4



, π3 = 1 − (π1 + π2 + π3), π4 =
r12r24ν3



, with 
 = ν2ν3ν4 + r12ν3ν4 + r13ν2ν4 + r12r23ν4 + r12r24ν3. Figure 4.3

shows density plots for the posterior equilibrium distribution. We may summarize
this through the mean probabilities which are

π̂1 = 0.5931, π̂2 = 0.3990, π̂3 = 0.0059, π̂4 = 0.0020.

Finally, to estimate the system availability, we use the outlined procedure to
compute the value of the state probability vector π (t)|ν, P at each point of the
interval [0, t), divided into 200 subintervals for Simpson’s rule. We plot the system
availability in Figure 4.4, when the system was initially in state 1. We have also
plotted 95% predictive bands around the central values for each situation. We can
observe that, for the case of availability, the uncertainty is, in practice, negligible, with
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Figure 4.3 Posterior equilibrium distribution.

relative errors less than 1%. This is so because the dual-duplex system is designed as
a high-availability device. �

4.5 Semi-Markovian processes

In this section, we analyze semi-Markovian process (SMP) models. These generalize
CTMCs by assuming that the times between transitions are not necessarily expo-
nential. Formally, a semi-Markovian process is defined as follows. Let {Xt }t∈T be
a continuous time stochastic process which evolves within a finite state space with
states E = {1, 2, . . . , K }. When the process enters a state i, it remains there for a
random time Ti, with parameters νi , which is positive with probability 1. Let fi (.|νi )
and Fi (.|νi ) be the density and distribution functions of Ti, respectively, and define
μi = E[Ti |νi ]. When leaving state i, we assume, as earlier, that the process moves
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Figure 4.4 System availability.

to state j with probability pij, with
∑

j pij = 1, ∀i , and pii = 0. As for CTMCs, the
transition probability matrix, P = (pij), defines an embedded DTMC.

Thus, the parameters for the SMP will be P = (pij) and ν = (νi ). Given that both
the states at transition and the times between transitions are observed, inference about
P follows the same procedure as before. We shall assume that we have available the
posterior distribution of ν, possibly through a sample.

We now describe long-term forecasting of the proportion of time the system
spends in each of the states. To compute long-term proportions of time in state j,
which we represent as π j , for fixed P and ν, we need to do the following:

1. Compute, if it exists, the equilibrium distribution π̄ of the embedded Markov
chain, whose transition matrix P is described by

π̄ = π̄P
K∑

i=1

π̄i = 1, π̄i ≥ 0.

2. Compute, if they exist, the expected holding times at each state, μ = (μ1, . . . , μK ).
3. Compute

π =
K∑

i=1

π̄iμi . (4.5)
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4. Compute the equilibrium distribution π where

πi = π̄iμi

π
.

Uncertainty about the process parameters, (ν, P), can be incorporated into the
forecasts, through the posterior predictive distributions of the holding times and the
embedded Markov chain. Depending on the complexity of the problem, as noted
earlier, various approaches can be considered.

When there is little parameter uncertainty, which, in turn, implies little uncertainty
about the transition matrix and the embedded equilibrium distribution, we just need
to obtain estimates of the process parameters, P̂, μ̂ and apply the previous procedure
to estimate the predictive equilibrium distribution π̂ .

When there is greater uncertainty, sampling-based procedures can be considered.
On the basis of a Monte Carlo sample, ν(s), P(s), for s = 1, . . . , S, from the posterior
distribution, we can obtain a sample π (s), for s = 1, . . . , S through the repeated
solution of (4.5). If needed, this could be summarized through, for example, the
posterior mean

π̂ i = 1

S

S∑

s=1

π (s).

If solving the aforementioned system is too costly computationally then, as earlier,
we may choose to use a ROM to reduce the computational load.

Conditional on the parameter values, short-term forecasting for a SMP involves
complex numerical procedures based on Laplace–Stieltjes transforms. The key quan-
tities are the transition probability functions Pij(t) defined in (4.1). The evolution of
these functions is described by the forward Kolmogorov equations which may be
written

Pii(t) = (1 − Fi (t)) +
∫ K∑

k=1

pik fi (t)Pki(t − u)du

Pij(t) =
∫ K∑

k=1

pik fi (t)Pkj(t − u)du, i �= j

for i = 1, . . . , K . These equations may be written in matrix form as

P(t) = W(t) +
∫ t

0
(PF(t))P(t − u) du,

where W(t) is a diagonal matrix with 1 − Fi (t) in the ith diagonal position of the
matrix, and F(t) is a matrix whose all elements in its ith row equal fi (t). Then,
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by using the matrix Laplace–Stieltjes transform M∗(s) of the matrix function M(t),
defined through

M∗(s) =
∫ t

0
M(t) exp(−st) ds,

where

m∗
ij(s) =

∫ t

0
mij(t) exp(−st) ds,

we get, by basic Laplace–Stieltjes transform properties,

P∗(s) = W∗(s) + (PF∗(s))P∗(s).

Simple matrix operations lead to:

P∗(s) = (I − PF∗(s))−1W∗(s). (4.6)

Note, that, because of the properties of the Laplace–Stieltjes transform, W∗(s) is a
diagonal matrix with elements 1

s (1 − f ∗
i (s)). We would then need to find the inverse

transform of (4.6) to obtain P(t).
As earlier, we must account for the uncertainty about the process parameters

(ν, P). We can appeal to various approaches. First, when the posterior distributions
are sufficiently concentrated, we could summarize them through the posterior modes,
ν̂ and P̂, and obtain the predictive Laplace–Stieltjes transform

(I − P̂F∗(s|ν̂))−1W∗(s|ν̂),

which could be inverted numerically to obtain an approximation of P(t |data) based
on P(t |ν̂, P̂).

When the posteriors are not concentrated, we may obtain samples from the
posteriors, {νη}N

η=1, {Pη}N
η=1, find the corresponding Laplace–Stieltjes transform for

each sampled value,

P L (s|Pη, νη) = (I − Pη F L (s|νη))−1W L (s|νη),

get the Monte Carlo approximation to the Laplace–Stieltjes transform

P L
MC(s) = 1

N

N∑

η=1

P L (s|Pη, νη),

and then invert it to approximate P(t |data). Note that, alternatively, we could have
adopted the more expensive computationally, but typically more precise procedure,
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which consists of inverting the Laplace–Stieltjes transform at each sampled parameter,
and then form the Monte Carlo sum of inverses as an approximation to P(t |data).

If the Laplace–Stieltjes transform computation and inversion involved in the
aforementioned procedure is too computationally intensive then we could appeal to
a ROM, as described for CTMCs. Alternatively, we could undertake a discrete event
simulation for each set of sampled parameters, (ν(η), P(η)) from the posterior and
proceed as with CTMCs (see Chapter 9 for further details in simulation).

4.6 Decision-making with semi-Markovian
decision processes

We shall consider now how to deal with semi-Markovian decision processes (SMDP),
when there is uncertainty in process parameters. These generalize the Markov decision
processes studied in Chapter 3, by allowing decisions to be taken at the instants in
which the system enters a new state.

As earlier, Xt will be the state of the system at time t, which will evolve within a
set E = {1, 2, . . . , K }. When entering state i, the DM will choose an action a from
the space Ai , depending on the current state. We shall assume that Ai is finite. The
system remains there a time Ti, which depends on νi and a. When leaving the state, it
will move to state j with probability pija ≥ 0, with

∑
j pija = 1 and piia = 0. We shall

assume that we have available an inference procedure for the ν and the P conditional
on the actions a.

For each decision made, we obtain a consequence c(i, a, ti ), which is a function
of the time spent at each state, the state and the action, and is evaluated with a
utility function u(c(i, a, ti )), which might account for time effects such as discounts.
Figure 4.5 provides an influence diagram for the problem we face. For technical
reasons, with no loss of generality, we shall assume that u is positive.

Let a = (a1, . . . , aN ) be the policy or sequence of actions that we adopt over time;
τ = (t1, . . . , tN ) be the sequence of times spent at various states visited; and x =
(x1, . . . , xN ) be the sequence of states visited. The utility obtained will be designated
u(x, a, τ ). The evolution of the system will be described by

fa(τ , x|P, ν) =
[

N∏

i=1

P(Xi+1|Xi , ai , P)

]

×
[

N∏

i=1

f (tXi |ai , ν)

]

with posterior over parameters f (P, ν|data), which is sometimes split as

f (P|data) f (ν|data).

In the following, we shall assume that we wish to manage the system until a time
T has elapsed. In this case, the number, N, of decisions made will be random.
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Figure 4.5 Influence diagram for a SMDP.

The standard SMDP formulation in this case would be

max
a

∫ ∫

∑
ti =T

u(x, a, τ ) fa(τ , x|P, ν) dτdx,

with, typically, u(x, a, τ ) = ∑N
i=1 u(xi , ai , ti ). This amounts to finding the set of

decisions a that provide us maximum expected utility. In this standard formulation,
(ν, P) are usually assumed to be fixed and to solve the system, one can appeal to
algorithms typically based on dynamic programming, as described in Chapters 2
and 3.

However, we actually have uncertainty about the process parameters. Thus, we
shall need to solve the much more involved problem

max
a

∫ ∫ ∫ ∫

∑
ti =T

u(x, a, τ ) fa(τ , x|P, ν) f (P|data) f (ν|data) dτdx dPdν.

To solve this, we can use the augmented simulation approach described in Chapter
2. To do so, we define an artificial distribution with density

g(x, a, τ , P, ν) ∝ u(x, a, τ ) fa(τ , x|P, ν) f (P|data) f (ν|data).
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In such a way we have,

∫ ∫ ∫ ∫

∑
ti =T

g(x, a, τ , P, ν) dxdτdPdν ∝

∫ ∫ ∫ ∫

∑
ti =T

u(x, a, τ ) fa(τ , x|P, ν) f (P|data) f (ν|data) dxdτdPdν.

Therefore, the maxima in a of both integrals coincide: the optimal policy is the same
than the mode of marginal (in a) of the artificial distribution.

Cano et al. (2011) provide a Metropolis within Gibbs algorithm to sample from
the artificial distribution g, which generalizes previous work in Virto et al. (2003).
Then, we need to marginalize the sample in a and find the sample mode.

We give a detailed description of a procedure to do this in the following mainte-
nance decision-making example.

Example 4.3: Designing a system maintenance policy and guaranteeing its oper-
ation is a delicate task. Improvements in analytical techniques and the availability
of faster computers is allowing the analysis of more complex systems. In addition
to the conventional preventive and corrective maintenance policies (see Chapter 8)
opportunistic maintenance arises as a category that combines them. They refer to
situations in which preventive maintenance (or replacement) is carried out at cer-
tain opportunities, with the action possibly depending on the state of the rest of
the system.

Assume we manage a system consisting of five identical items for 4 years. We
have precise information about their lifetimes to model them through a Weibull
We(7, 4) distribution. An item older than 2 years is considered deteriorated. Each
time an item fails, we count the number of deteriorated ones, which is the state of the
system, taking values 0, 1, 2, 3, 4. At that point, we can choose whether to replace
all the deteriorated items (Action 2) or the only one that has failed (Action 1). The
decision times would then be the time a failure takes place.

The cost and reward structure adopted is simple. The breakdown of a component
costs 20 euros. A fixed cost of 10 euros is incurred for just one replacement operation,
whereas the cost for replacing the five units is 30 euros. At the end of the fourth year,
deteriorated items have lost 5 euros of its original value, while nondeteriorated ones
are worth the same. We also introduce a fixed reward of 120 euros in the course
of this 4 years of operation to keep the final utility positive. The output of the
MCMC algorithm in Virto et al. (2003) will comprise histories based on a continuous
timescale, as shown in Table 4.2. As an example, the first row indicates that the time
until first failure is 2.934, when there were four undeteriorated components and we
decided to repair just the deteriorated one, and so on.

To apply backward induction on this history sample distribution, we discretize
time. We assume a timescale based on quarters, as in Table 4.3. Thus, the time unit



P1: TIX/XYZ P2: ABC
JWST172-c04 JWST172-Ruggeri March 3, 2012 15:58

100 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

Table 4.2 Example of MCMC algorithm output.

τ1 θ1 a1 τ2 θ2 a2 τ3 θ3 a3 τ4 θ4 a4

2.934 4 1 2.956 3 1 3.324 2 1 3.840 1 1
2.055 4 1 3.450 3 1 3.489 2 2 9.000 0 9
3.130 4 1 3.768 3 1 3.858 2 1 3.993 1 1
...

...
...

...
...

...
...

...
...

...
...

...
3.435 4 1 3.758 3 1 3.781 2 1 3.895 1 2
3.562 4 1 3.598 3 1 3.658 2 1 3.799 1 2
3.130 4 1 3.768 3 1 3.858 2 1 3.993 1 1

will range from t = 0 to t = 15, corresponding to sixteen quarters in 4 years. Given
the parameters of the We(7, 4) distribution, the expected time until failure is 3.6.
Thus, the first histories recorded tend to start around t = 4 and they tend to show, at
most, six state changes.

The structure of each history is a pattern (quarter, state, action) repeated the
number of times a failure has occurred before the 4 years pass by. For instance,
(7, 0, 1|12, 3, 1|13, 2, 2|13, 1, 1|15, 0, 1) would mean the following:

� At the seventh-quarter, an item failed, there were no other items deteriorated and
the decision was to replace the only broken one.

� Then, at quarter 12th, another one failed, there were three deteriorated and we only
changed the broken one as a12 = 1.

� At the 13th quarter, there were two deteriorated items and we changed the whole
system.

� Still at this quarter, another one failed, but this time we only changed the broken
one, a = 1.

� At the last quarter, one item failed, there is no other deteriorated and we just
replaced the broken one.

Table 4.3 Example of MCMC algorithm output with timescale based on quarters.

τ1 θ1 a1 τ2 θ2 a2 τ3 θ3 a3 τ4 θ4 a4 τ5 θ5 a5 τ6 θ6 a6 fr

7 0 1 14 3 1 99 0 9 99 0 9 99 0 9 99 0 9 51
8 4 1 9 3 1 11 2 2 99 0 9 99 0 9 99 0 9 3
8 4 1 14 3 1 14 2 1 15 1 1 99 0 9 99 0 9 15
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

9 4 1 11 3 1 14 2 1 15 1 1 15 0 1 99 0 9 4
9 4 1 12 3 1 99 0 9 99 0 9 99 0 9 99 0 9 104
9 4 1 13 3 1 13 2 1 99 0 9 99 0 9 99 0 9 22
9 4 1 13 3 1 15 2 1 15 1 1 99 0 9 99 0 9 35
10 4 1 15 3 1 99 0 9 99 0 9 99 0 9 99 0 9 938
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...
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Table 4.4 First aggregation attempt.

at

t xt 1 2

15 0 87 39
15 1 2473 1329
15 2 12035 9564
15 3 25369 24479
15 4 19318 22819

As we can see in this example, for a given time it is possible that more than one
event occurs. This may be produced by the lifetime distribution of components, the
timescale chosen or the sample size. It should be taken into account when designing
an appropriate backward induction algorithm. We illustrate a suitable one for this
example.

We start from t = 15, looking for all histories with (15, ·, ·) as the final component.
Aggregating their frequencies, we obtain Table 4.4. If we were to find the optimal
decision at time t = 15 based only on this table, then for state {0, 1, 2, 3} we would
choose the modal value a = 1, whereas for state 4, the modal value would be
a = 2. However, if we look for those histories containing (15, 4, 1) in the penultimate
position followed by (15, ·, a∗), we find such histories having a frequency of 5367.
Aggregating that figure to 19318, we conclude that the optimal action for t = 15 and
xt = 4 is also at = 1.

Thus before we solve a decision for a given time and state, we must check that all
the frequencies of all histories having that pattern in another position, and followed by
optimal patterns recently solved, confirm the action taken. Then, each time we solve
the decision for a given state we should update the frequencies’ distribution, canceling
those histories not having the optimal action for the given state and shortening those
with optimal actions, canceling the corresponding pattern.

We start with histories having (15, 0, ·) in the last position. As the frequency
for (15, 0, 1) is 87 and for (15, 0, 2) is 39 we would choose a = 1 as optimal de-
cision. Before concluding that, we must check for those histories with that pattern
in the penultimate position. As there is none, when we are in time t = 15 and state
xt = 0, the optimal action is to change only the failed item. Then, we cancel all
histories ending with (15, 0, 2) as they are not optimal and shorten those ending with
(15, 0, 1), erasing that part. We now look for histories with pattern (15, 1, ·) in the last
position and find (15, 1, 1) with frequency 2537 and (15, 1, 2) with frequency 1329.
The former does not coincide with the one in Table 4.4 because those ending with
(15, 1, 1|15, 0, 1) are also included as a result of the update made when solving the
previous decision. If we find the pattern (15, 1, ·) followed by the other pattern that
has not been solved yet, we would try to solve the latter first. If this is not possible,
we cannot go on and the algorithm must stop. In that case, we need to modify the
timescale. As this does not happen here, we choose a = 1 when t = 15 and xt = 1
and update the frequency distribution. We follow with t = 15 and xt = 2 and so on
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Table 4.5 Final table.

Time quarter

S D 16 15 14 13 12 11 10 9 8 7

0 1 87 18 0 0 0 0 0 0 439 161
2 39 4 0 0 0 0 0 0 492 161

1 1 2537 542 68 9 0 0 0 0 0 0
2 1329 288 31 12 0 0 0 0 0 0

2 1 13359 4612 1166 227 45 2 0 0 0 0
2 9564 3522 851 144 33 6 3 0 0 0

3 1 30693 18741 9073 3221 1034 256 52 7 0 0
2 24479 16131 7898 3117 857 285 78 10 0 0

4 1 26136 28186 24022 17605 10850 5949 2787 1217 0 0
2 22819 27133 24336 17922 11244 6236 3058 1331 0 0

S, state; D, decision.

filling in Table 4.5. This table shows in boldface maximum frequencies and optimal
actions in the first ten quarters of our study, for each possible state. For instance,
being in quarter 14th and observing three deteriorated machines after one has failed,
we should decide to replace the only broken one. �

4.7 Discussion

This chapter introduced the Bayesian analysis of CTMC models and some of their
extensions. The basic probabilistic theory for CTMCs may be seen in many texts
including Ross (2009), Bhat and Miller (2002), Doob (1952), Howard (2007) or
Lawler (1995), to name but a few. The key computational issue in the probabilistic
treatment of CTMCs is that of matrix exponentiation. This is implemented in many
modern software packages such as MATLAB or the specialist package expokit
introduced by Sidje (1998).

Classical inference approaches to CTMCs are given in, for example, Guttorp
(1995), Bhat and Miller (2002), or Shanbag and Rao (2001). Some pointers for
Bayesian inference with CTMCs may be seen in Geweke et al. (1986) and Suchard
et al. (2001). There are cases in which all, or some of, the underlying states of the
Markov chain are not observed, and instead, we only observe the transition times,
t1, . . . , tn . Then, the observed data can be thought of as coming from a hidden Markov
model as examined in Section 3.4.5. Inference can then be based on reconstructing
the hidden states of the Markov chain using forward–backward sampling approaches
as outlined in Section 3.4.5.

Our availability example is based on Cano et al. (2010). There are many excellent
descriptions of hardware reliability issues, such as Pukite and Pukite (1998), Bowen
(1999), or Herrmann (2000). There are several ways to model a HW system through
a CTMC (see Prowell et al., 2004, and Xie et al., 2004). The dual-duplex system we
have used is described in Kim et al. (2005).
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Cinlar (1975) provides an excellent description of probabilistic results about
semi-Markovian processes and a good summary is given by Nelson (1997). Our
probabilistic treatment has followed Howard (2007). Perman et al. (1997) provides
a classical inference treatment. We first review the computational procedure when
parameters are fixed, described in, for example, Grassman (1990). A biological
example of Bayesian long-term analysis of a semi-Markovian process may be seen
in Marin et al. (2005). Huzurbazar (1999) provides flowgraph models, which are
relevant when performing inference with semi-Markov problems. Cano et al. (2011)
review Bayesian approaches to semi-Markov processes.

In this chapter, we have concentrated on inference for CTMCs and semi-
Markovian processes when both times between transitions and state transitions are
observed. When the Markovian states are hidden, the models become hidden Markov
models and good illustrations of the types of techniques that can be used in such sit-
uations are provided, for the specific case of the Markov modulated Poisson process,
in, for example, Scott (1999), Scott and Smyth (2003), or Fearnhead and Sherlock
(2006). Ozekici and Soyer (2006) provide inference for Poisson semi-Markov mod-
ulated processes.

The decision-making approach to SMDPs is based on the augmented simulation
method in Bielza et al. (1999) and is implemented in Moreno et al. (2003) to the
case in which there is no uncertainty about the SMDP parameters and in Cano et al.
(2011) when such uncertainty is contemplated.
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5

Poisson processes
and extensions

5.1 Introduction

Poisson processes are one of the simplest and most applied types of stochastic
processes. They can be used to model the occurrences (and counts) of rare events
in time and/or space, when they are not affected by past history. In particular, they
have been applied to describe and forecast incoming telephone calls at a switchboard,
arrival of customers for service at a counter, occurrence of accidents at a given place,
visits to a web site, earthquake occurrences, and machine failures, to name but a few
applications. Poisson processes are a special case of continuous time Markov chains,
described in Chapter 4, in which jumps are possible only to the next higher state. They
are also a particular case of birth–death processes, introduced in Example 4.1, that
is, pure birth processes, as well as being the model for the arrival process in M/G/c
queueing systems presented in Chapter 7. The simple mathematical formulation
of the Poisson process, along with its relatively straightforward statistical analysis,
makes it a very practical, if approximate, model for describing and forecasting many
random events.

After introducing the basic concepts and results in Section 5.2, homogeneous and
nonhomogeneous Poisson processes are analyzed in Sections 5.3 and 5.4, respec-
tively. Compound Poisson processes are presented in Section 5.5 and other related
processes are discussed in Section 5.6. A case study based on the analysis of earth-
quake data is presented in Section 5.7, and further related topics are discussed in the
conclusions.

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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5.2 Basics on Poisson processes

In this section, we review the basic definitions and results that will be helpful
when presenting Bayesian analysis of Poisson processes. A comprehensive illus-
tration of properties and results on Poisson processes can be found in, for example,
Kingman (1993).

5.2.1 Definitions and basic results

A counting process N (t), t ≥ 0, is a stochastic process that counts the number of
events occurred up to time t. We denote by N (s, t], with s < t , the number of events
occurred in the time interval (s, t].

Definition 5.1: A counting process N (t), t ≥ 0, is a Poisson process with intensity
function λ(t) if the following properties hold:

1. N (0) = 0.
2. The number of events in nonoverlapping intervals are independent.
3. P (N (t, t + �t] = 1) = λ(t)�t + o(�t), as �t → 0.
4. P (N (t, t + �t] ≥ 2) = o(�t), as �t → 0.

Although it is implicit in Definition 5.1, we shall formally define the rate or intensity
function of the process.

Definition 5.2: The intensity function of a Poisson process N (t) is defined as

λ(t) = lim
�t→0

P(N (t, t + �t] ≥ 1)

�t
.

Definition 5.2 also applies to more general point processes. A Poisson process
N (t), with constant intensity function λ(t) = λ, for all t, is called an homogeneous
Poisson process (HPP). Otherwise, it is called a nonhomogeneous Poisson process
(NHPP).

As a consequence of Definition 5.1, it can be shown that, for n ∈ Z
+,

P(N (s, t] = n) = (
∫ t

s λ(x)dx)n

n!
e− ∫ t

s λ(x)dx , (5.1)

so that N (s, t] ∼ Po
(∫ t

s λ(x)dx
)

, justifying the name of the process. In particular,

for an HPP with rate λ, it holds that N (s, t] ∼ Po(λ(t − s)) and the increments are
stationary, since their distribution does not depend on the starting point of the interval,
but only on its length.

The following definition characterizes the mean value function of a Poisson
process.
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Definition 5.3: The mean value function is m(t) = E[N (t)], t ≥ 0.

Clearly, the expected number of events in the interval (s, t] is given by m(s, t] =
m(t) − m(s).

Definition 5.4: When m(t) is differentiable, the rate of occurrence of failures or
ROCOF, μ(t), t ≥ 0, is

μ(t) = m ′(t).

Property 4 in Definition 5.1 is equivalent to the statement that the Poisson process is
an orderly process and the following result holds.

Theorem 5.1: In a Poisson process N (t), λ(t) = μ(t) almost everywhere.

An immediate consequence of Theorem 5.1 is the following.

Corollary 5.1: m(t) = ∫ t
0 λ(x)dx and m(s, t] = ∫ t

s λ(x)dx.

For an HPP with rate λ, Corollary 5.1 implies that m(t) = λt and m(s, t] = λ(t − s).

5.2.2 Arrival and interarrival times

Poisson processes can be described not only through the number of events in intervals,
but also by the interarrival times between consecutive events.

Definition 5.5: The arrival times {Tn, n ∈ Z
+} of a Poisson process N (t) are

defined as

Tn :=
{

min {t : N (t) ≥ n} n > 0
0 n = 0.

{Tn, n ∈ Z
+} is a discrete, stochastic process with continuous states, which emerges

as a sort of dual of the process N (t).

Definition 5.6: The interarrival times of a Poisson process, N (t), are defined through

Xn :=
{

Tn − Tn−1 n > 0
0 n = 0.

Interarrival and arrival times are related through Tn =
n∑

i=1

Xi . Their distributions are

given by the following results.
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Theorem 5.2: Given a Poisson process N (t) with intensity λ(t), the nth arrival time,
Tn, has density

gn(t) = λ(t)[m(t)]n−1

�(n)
e−m(t).

Theorem 5.3: Given a Poisson process N (t), with intensity λ(t), the nth interarrival
time, Xn, has distribution function, conditional upon the occurrence of the (n − 1)st
event at Tn−1, given by

Fn(x) = F(Tn−1 + x) − F(Tn−1)

1 − F(Tn−1)
,

with F(x) = 1 − e−m(x).

An immediate consequence of Theorems 5.2 and 5.3 is the following.

Corollary 5.2: The distribution function of the first arrival time T1 (and the first
interarrival time X1, as well) is given by F1(t) = 1 − e−m(t), whereas its density
function is g1(t) = λ(t)e−m(t).

The previous results can be particularized for an HPP as follows.

Corollary 5.3: For an HPP with rate λ, interarrival times, including the first arrival
time, have an exponential distribution Ex(λ), whereas the nth arrival time, Tn, has a
gamma distribution Ga(n, λ), for each n ≥ 1.

The previous corollary plays an important role in understanding the properties of the
HPP, since it is linked with the exponential distribution and its properties, including
the memoryless one, and makes the HPP the only Poisson process which is also a
renewal process, that is, such that the times between events are independent and
identically distributed (IID) random variables; in the HPP, all interarrival times share
the same exponential distribution.

5.2.3 Some relevant results

We now provide some well-known theorems, which are used later in this chapter.
The first result is the key one in inference, since it provides the likelihood function
when n events are recorded in the interval (0, T ).

Theorem 5.4: Given a Poisson process N (t) with intensity function λ(t), let
T1 < . . . < Tn be the n arrival times in the interval (0, T ]. Then

P(T1, . . . , Tn) =
n∏

i=1

λ(Ti ) · e−m(T ).
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An immediate consequence is the following.

Corollary 5.4: For an HPP it holds that

P(T1, . . . , Tn) = λne−λT .

An important insight on the Poisson process is provided by the following.

Theorem 5.5: Let N (t) be a Poisson process with mean value function m(t). If n
events occur up to time t0, then they are distributed as the order statistics from the
cdf m(t)/m(t0), for 0 ≤ t ≤ t0.

If an HPP with rate λ is considered, then Theorem 5.5 implies that the events are
distributed as order statistics from the uniform distribution U(0, t0).

The following shows that, under certain conditions, Poisson processes can be
merged or split to obtain new Poisson processes. These are very useful in applications,
for example, when merging gas escapes from pipelines installed in different periods,
as discussed in Section 8.7, or when splitting earthquake occurrences into minor and
major ones, as illustrated in Section 5.7. Both theorems are presented in detail in
Kingman (1993, pp. 14 and 53, respectively).

Theorem 5.6 (Superposition Theorem): Consider n independent Poisson pro-
cesses Ni (t), with intensity function λi (t) and mean value function mi (t), i = 1, . . . , n.
Then, the process N (t) = ∑n

i=1 Ni (t), for t ≥ 0, is a Poisson process with intensity
function λ(t) = ∑n

i=1 λi (t) and mean value function m(t) = ∑n
i=1 mi (t).

Theorem 5.7 (Coloring Theorem): Let N (t) be a Poisson process with intensity
function λ(t) and consider a multinomial random variable Y, independent from the
process, taking values 1, . . . , n with probabilities p1, . . . , pn. If each event is as-
signed to the classes (colors) A1, . . . , An according to Y, then n independent Pois-
son processes N1(t), . . . , Nn(t) exist and their corresponding intensity functions are
λi (t) = piλ(t), i = 1, . . . , n.

Theorem 5.7 can be extended to the case of time-dependent probabilities p(t),
defined on (0,∞). As an example, for an HPP with rate λ, if events at any time t
are kept with probability p(t), then the resulting process is a Poisson process with
intensity function λp(t).

5.3 Homogeneous Poisson processes

As discussed earlier, the HPP is characterized by a constant intensity function λ,
making it a suitable model to describe phenomena in which events occur at a constant
rate over time. A typical example, described in Section 8.7, is provided by gas escapes
in a city network of cast-iron pipelines. Such material is not subject to corrosion and,
therefore, the propensity to have gas escapes is constant over time.
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5.3.1 Inference on homogeneous Poisson processes

Bayesian estimation of the parameter λ of an HPP, N (t), is performed when n events
are observed in the interval (0, T ]. We distinguish two cases, depending on whether
we have access to the actual observation of the times T1, . . . , Tn at which the events
occurred, or just their number n. In the former case, the corresponding likelihood is

l(λ|data) = (λT )ne−λT , (5.2)

as a consequence of Corollary 5.4. In the latter case, the likelihood

l(λ|data) = (λT )n

n!
e−λT (5.3)

derives from (5.1). The likelihoods (5.2) and (5.3) are equivalent since they are propor-
tional. According to the likelihood principle (Berger and Wolpert, 1988), inferences
should be the same in both cases. It is worth mentioning that, in both cases, the
likelihood does not depend on the actual occurrence times but only on their number.

Estimation: conjugate analysis

Gamma priors are conjugate with respect to the parameter λ in the HPP: a gamma
prior Ga(α, β) leads to a posterior distribution

f (λ|n, T ) ∝ (λT )ne−λT · λα−1e−βλ,

that is, a gamma distribution Ga(α + n, β + T ).
As described in Section 2.2.1, the Bayesian estimator of a parameter under

quadratic loss function is given by its posterior mean. Therefore, here such Bayesian
estimator of λ is given by

λ̂ = α + n

β + T
,

which can be expressed as a combination of the prior Bayesian estimator

λ̂P = α

β

and the maximum likelihood estimate (MLE)

λ̂M = n

T
.

Example 5.1: Rı́os Insua et al. (1999) considered the number of accidents in some
companies in the Spanish construction sector. They report that there were 75 accidents
and an average number of workers of 364 in 1987 for one company. We assume that the
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number of workers is constant during the year and the events occur randomly. Thus,
on the basis of Theorem 5.5, the assumption of an HPP is justified. Here, we suppose
that times of all accidents of each worker are recorded and their yearly number follows
the same Poisson distribution Po(λ). Furthermore, accidents of different workers are
independent, and we can model the number of accidents for each worker as an HPP
with rate λ. Applying the Superposition Theorem 5.6, the number of accidents for
all workers is given by an HPP with rate 364λ. We assume 1 year corresponds
to T = 1. Considering a gamma prior Ga(1, 1) on λ, the posterior distribution is
given by a gamma Ga(76, 365), since the likelihood is l(λ|data) = (364λ)75e−364λ.
The posterior mean is 76/365, whereas the prior mean and MLE are 1 and 75/364,
respectively. 


In the previous example, we can observe a great discrepancy between prior and
posterior means, the latter being very close to the MLE. The example is very useful to
discuss a key aspect of Bayesian analysis: the elicitation of the prior distribution. This
aspect is actually a controversial one, considered as a misleading, arbitrary interven-
tion by the opponents of the Bayesian approach, or, on the other side, the strength of
the approach since it formally specifies the available experts’ information and uses it
via Bayes theorem to make inferences. Thorough discussion of the elicitation process
and its pitfalls, as well as ways to deal with the latter, for example, through sensi-
tivity analysis, are well beyond the scope of the book. Key references are O’Hagan
et al. (2006) on elicitation and Rı́os Insua and Ruggeri (2000) on sensitivity analysis,
respectively.

As a first consideration on the influence of the prior choice of the parameters α

and β, observe that multiplication of both of them by a factor k does not affect λ̂P ,
whereas the posterior mean is

λ̂ = kα + n

kβ + T
.

As k → 0, it can be seen that λ̂ → λ̂M , whereas λ̂ → λ̂P when k → ∞. The result can
be explained by looking at the variance α/β2 of a gamma Ga(α, β) random variable.
Multiplication of both parameters by k turns into a multiplication of the variance by
a factor 1/k. As k approaches zero, the variance goes to infinity, denoting a lack of
confidence in the prior estimate λ̂P and, therefore, allowing only for the influence of
data, via MLE, on λ̂. Conversely, as k goes to infinity, the variance approaches zero,
denoting a strong belief on the prior opinion, regardless of data.

Example 5.2: In Example 5.1, the chosen prior Ga(1, 1) had variance equal to 1.
In this example (but not in general), 1 corresponds to scarce confidence on the prior
assessment of mean equal to 1, whereas a prior Ga(1000, 1000) has the same mean
but the variance, 0.001, corresponds to stronger confidence. In fact, under such prior,
the posterior distribution becomes Ga(1075, 1364) with mean 1075/1364 = 0.79
(and the posterior mean would be 10075/10364 = 0.97 for a Ga(10 000, 10 000)
prior). 
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We now describe three possible ways to choose the parameters α and β.
Mean and variance. As discussed earlier, the mean μ and variance σ 2 denote,

respectively, the best prior guess on the value of λ and the confidence in such
assessment. From the relations: μ = α/β and σ 2 = α/β2, it follows that α = μ2/σ 2

and β = μ/σ 2. An example of the approach can be found in Cagno et al. (1999).
Quantiles. Elicitation of two quantiles, for example, the median and third quartile,

allows for the numerical computation of α and β. Consistency of the assessed values
could be performed considering a third quantile and checking whether it is compatible
with the density elicited with the first two quantiles. An application of this method
can be found in Rı́os Insua et al. (1999).

Ideal experiment. Looking at both numerator and denominator of λ̂, it can
be observed that n, the number of events, appears in the former, whereas T , the
observation time, appears in the latter. Therefore, it is possible to think of the pa-
rameters as the number of events α, which the expert would expect in an interval of
length β.

Computation of other quantities of interest (e.g., set probabilities, credible in-
tervals, the posterior mode or median) can be performed either analytically or using
basic statistical software. In particular, the posterior mean and mode can be computed
analytically, whereas the posterior median and credible intervals can be found using
any standard statistical software.

Example 5.3: Considering a gamma prior Ga(100, 100) for the rate λ of Example 5.1,
the posterior mean, mode and median are, respectively, 175/464 = 0.377, 174/464 =
0.375, and 0.376. A 95% credible interval is [0.323, 0.435], suggesting a quite
concentrated distribution of λ, whereas 0.789 is the posterior probability of the
interval [0.3, 0.4]. 


Estimation: nonconjugate analysis

Other prior distributions could be deemed more adequate in the problem at hand. We
consider three possible choices, among the many possible ones.

Improper priors. A controversial, although rather common, choice is an im-
proper prior, which might reflect lack of knowledge. In this case, we could consider
the uniform prior f (λ) ∝ 1; the Jeffreys prior given the experiment of observing
times between events, f (λ) ∝ 1/λ; or the Jeffreys prior given the experiment of
observing the number of events in a fixed period, f (λ) ∝ 1/

√
λ, which lead to the

proper gamma posterior distributions Ga(n + 1, T ), Ga(n, T ), and Ga(n + 1/2, T ),
respectively.

Lognormal prior. Sometimes a lognormal prior might seem more appropriate
than a gamma one, although it leads to no closed form expressions. With a lognormal
prior LN

(
μ, σ 2

)
, the posterior becomes

f (λ|n, T ) ∝ λne−λT · λ−1e−(log λ−μ)/(2σ 2) .
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The normalizing constant C and other quantities of interest (e.g., the posterior mean
λ̂) can be computed numerically, using, for example, Monte Carlo simulation.

1. Set C = 0, D = 0 and λ̂ = 0. i = 1.
2. While i ≤ M, iterate through

Generate λi from a lognormal distribution LN
(
μ, σ 2

)

Compute C = C + λn
i e−λi T

Compute D = D + λn+1
i e−λi T

i = i + 1
3. Compute λ̂ = C

D.

Prior on a bounded set. Given the meaning of λ (expected number of events in
unit time interval or inverse of mean interarrival time), it may often be considered
that λ is bounded. Assuming, for example, a uniform prior on the interval (0, L], the
posterior becomes

f (λ|n, T ) ∝ λne−λT I(0,L](λ),

with normalizing constant equal to γ (n + 1, LT )/T n+1, where γ (s, x) =∫ x
0 t s−1e−t dt is the lower incomplete gamma function. The posterior mean is

λ̂ = 1

T

γ (n + 2, LT )

γ (n + 1, LT )
.

Forecasting

Having observed n events in the interval (0, T ], we may be interested in forecasting the
number of events in subsequent intervals, namely computing P(N (T, T + s] = m),
for s > 0 and an integer m. It turns out that

P(N (T, T + s] = m) =
∫ ∞

0
P(N (T, T + s] = m|λ) f (λ|n, T ) dλ (5.4)

=
∫ ∞

0

(λs)m

m!
e−λs f (λ|n, T ) dλ.

Similarly, it is possible to compute the expected number of events in the subsequent
interval:

E[N (T, T + s]] =
∫ ∞

0
E[N (T, T + s]|λ] f (λ|n, T )dλ (5.5)

=
∫ ∞

0
λs f (λ|n, T )dλ.
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Under the posterior distribution Ga(α + n, β + T ), (5.4) becomes

P(N (T, T + s] = m) = sm

m!

(β + T )α+n

(β + T + s)α+n+m

�(α + n + m)

�(α + n)
,

whereas (5.5) becomes

E[N (T, T + s]] = s
α + n

β + T
.

Example 5.4: Considering a gamma prior Ga(100, 100) for the rate λ of Example
5.1, the posterior distribution is gamma Ga(175, 464), having observed 75 accidents
with 346 workers in 1987. Suppose we are interested in the number of accidents
during the first 6 months of 1988, that is, s = 0.5, when the number of workers has
increased to 400. In this case, we have N (T, T + s] ∼ Po(400λs), applying properties
of the HPP and the Superposition Theorem 5.6. We use T1987 to denote December
31, 1987. It follows that

E[N (T1987, T1987 + 0.5]] = 400 · 0.5
175

464
= 75.431.

If interested in the probability of having 100 accidents in the 6 months, then

P(N (T1987, T1987 + 0.5] = 100) = 200100

100!

464175

664275

�(275)

�(175)
= 0.003,

whereas the probability of no accidents, (464/664)175, is practically null. 


Concomitant Poisson processes

We consider k Poisson processes Ni (t), with parameter λi , i = 1, . . . , k, and we
observe ni events over an interval (0, ti ] for each process Ni (t). The processes could
be related at different extent and the corresponding models are illustrated. A typical
example, as in Cagno et al. (1999), is provided by gas escapes in a network of
pipelines that might differ in, for example, location and environment. On the basis of
such features, pipelines could be split into subnetworks and an HPP for gas escapes
in each of them is considered. Here, we present some possible mathematical relations
among the HPPs, using the gas escape example for illustrative purposes.

Independence. Suppose that the processes correspond to completely different
phenomena, for example, gas escapes in completely different pipelines, for material,
location, environment, and so forth. In this case, we can repeat the same analysis as
in Section 1.3.1. In particular, we could take conjugate gamma priors Ga(αi , βi ) for
each process so that the posterior distribution is Ga(αi + ni , βi + ti ) for the process
Ni (t), i = 1, . . . , k.

Complete similarity. Suppose that the processes have the same parameter λ, for
example, the gas pipelines are identical for material, laying procedure, environment
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and operation. The likelihood is given by

l(λ|data) ∝
k∏

i=1

(λti )
ni e−λti ∝ λ

∑k
i=1 ni e−λ

∑k
i=1 ti ,

which combined with the gamma prior Ga(α, β), leads to the gamma posterior

Ga
(
α + ∑k

i=1 ni , β + ∑k
i=1 ti

)
.

Partial similarity (exchangeability). Suppose the usual conditions motivating
the exchangeability assumption hold, corresponding to similar, but not identical,
conditions for the gas pipelines. Therefore, we consider the hierarchical model:

Ni (ti )|λi ∼ Po(λi ti ), i = 1, . . . , k (5.6)

λi |α, β ∼ Ga(α, β), i = 1, . . . , k

f (α, β).

Different choices for the prior f (α, β) have been proposed in literature. Albert (1985)
reparameterized the model, considering μ = α/β and γi = β/(ti + β), i = 1, . . . , k.
Then, he took the noninformative priors f (μ) = 1/μ and f (γ ) = γ −1(1 − γ )−1.
Using a cycle of approximations, he was able to estimate the mean and variance of
λi . George et al. (1993) considered failures of 10 power plants and took exponential
priors Ex(1) or Ex(0.01) for α and gamma priors Ga(0.1, 1) and Ga(0.1, 0.01) for β.
Their choice of priors corresponds to an informal sensitivity analysis (see Rı́os Insua
and Ruggeri, 2000, for more details), since they allowed for small and large values
of the parameters α and β, and then they checked the consequences. Finally, Masini
et al. (2006) considered the following priors:

f (α) ∝ �(α + 1)k/�(kα + a), k integer ≥ 2, a > 0

β ∼ Ga(a, b).

The prior distribution on α is proper. Its shape depends on the parameter a, appearing
also in the prior on β. For a > 1, the density is decreasing for all positive α, whereas,
for a ≤ 1, the density is increasing up to its mode, (1 − a)/(k − 1), and then it
decreases. Numerical experiments showed that the prior on α was quite flexible,
allowing for a range of behaviors. The interest for it is also motivated by mathematical
considerations. In fact, both gamma functions in the prior cancel when integrating
out α and β and computing the posterior distribution of λ = (λ1, . . . , λk), given by

f (λ|data) ∝
∏k

i=1 λ
Ni (ti )−1
i exp {−λi ti }

(
∑k

i=1 λi + b)a(− log H (λ))k+1
,

where H (λ) = ∏k
i=1 λi (

∑k
i=1 λi + b)−k .

The normalizing constant C can be computed numerically, using, for example,
Monte Carlo simulation.
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1. Set C = 0. i = 1.
2. Until convergence is detected, iterate through

For j = 1, . . . , k generate λ
(i)
j from Ga

(
N j (t j ), t j

)

Compute H (i)(λ) = ∏k
m=1 λ(i)

m (
∑k

n=1 λ(i)
n + b)−k

Compute C = ∑i
l=1

∏k
j=1 �(N j (t j ))t

−N j (t j )
j

(
∑k

m=1 λ
(i)
m + b)a(− log H (i)(λ))k+1

i = i + 1

Covariates

We consider two models in which covariates are introduced. For additional details (see
Masini et al., 2006). The idea here is to find relations among processes through their
covariates. In the gas escapes case, two different subnetworks could differ on the pipe
diameter (small vs. large) but they might share the location. Through the covariates,
across the different subnetworks, it is possible to determine which combination of
them is more likely to induce gas escapes.

We consider m covariates taking, for simplicity, values 0 or 1, so that 2m combi-
nations are possible. For each combination j, j = 1, . . . , 2m , with covariate values
(X j1, . . . , X jm), a Poisson process N j (t) with parameter λ

∏m
i=1 μ

X ji

i is considered.
If m = 1, then only two combinations are possible (e.g., small vs. large diameter
in the gas pipelines) and there are two HPPs N1(t) and N2(t), with rates λ and λμ,
respectively. We suppose that n0 events are observed in the interval (0, t0] for a 0
valued covariate, whereas n1 are observed in (0, t1] when the covariate equals 1. The
likelihood becomes

l(λ,μ|data) ∝ (λt0)n0 e−λt0 · (λμt1)n1 e−λμt1

which combined with the gamma priors Ga(α, β) and Ga(γ, δ) for λ and μ, respec-
tively, leads to the following full conditional posteriors:

λ|n, t, μ ∼ Ga(α + n0 + n1, β + t0 + μt1)

μ|n, t, λ ∼ Ga(γ + n1, δ + λt1),

using the notation n = (n0, n1) and t = (t0, t1). Closed forms are not available for the
posterior distributions but a sample can be easily obtained applying Gibbs sampling:

1. Choose initial values λ0, μ0. i = 1.
2. Until convergence is detected, iterate through

Generate λi |n, t, μi−1 ∼ Ga
(
α + n0 + n1, β + t0 + μi−1t1

)

Generate μi |n, t, λi ∼ Ga
(
γ + n1, δ + λi t1

)

i = i + 1
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An extension to more than one covariate is straightforward. Full gamma
conditional posteriors are obtained for independent gamma priors, so that Gibbs
sampling can be applied.

While both models in Masini et al. (2006) consider different Poisson processes
for different combinations of covariates, the first one introduces covariates directly
in the parameters, whereas the second one considers them in the prior distributions
of the parameters.

Covariates can be introduced in the hierarchical model (5.6), considering k Pois-
son processes Ni (t) with covariates X

′
i = (Xi1, . . . , Xim). The model becomes

Ni (ti )|λi ∼ Po(λi ti ), i = 1, . . . , k

λi |α,β ∼ Ga
(
α exp{X′

iβ}, α)
, i = 1, . . . , k

f (α,β).

The motivation for the model is that the prior mean of each λi is exp{X′
iβ}, that is, it

depends on the values of the covariates, as in a regression model. Proper priors can be
chosen for both α and β and the posterior distribution can be sampled using Markov
chain Monte Carlo (MCMC) techniques. As an alternative, it is possible to consider a
fixed α, performing sensitivity analysis with respect to such parameter, and estimate
β following an empirical Bayes approach, that is, finding β̂ maximizing

P(N1(t1) = n1, . . . , Nk(tk) = nk |β)

=
∫

P(N1(t1) = n1, . . . , Nk(tk) = nk |λ1, . . . , λk) f (λ1, . . . , λk |β)dλ1 . . . dλk .

As a consequence, the parameters λi , i = 1, . . . , k, have independent gamma pos-
terior distributions, namely λi |ni , ti ∼ Ga

(
α exp{X′

i β̂} + ni , α + ti
)
. The posterior

mean is
α exp{X′

i β̂} + ni

α + ti
, i = 1, . . . , k.

5.4 Nonhomogeneous Poisson processes

NHPPs are characterized by an intensity function that varies over time, allowing
for events to be more or less likely at different time periods. As a consequence,
the NHPP has no stationary increments unlike the HPP. This property makes such
processes useful to describe (rare) events whose rate of occurrence evolves over time.
A typical example is given by the life cycle of a new product, which is subject to
an initial elevated number of failures, followed by an almost steady rate of failures
until they start occurring more and more, because of the obsolescence of the product.
In this case, an NHPP with a bathtub intensity function may be used to describe the
failure process.

The Superposition and Coloring theorems can be applied to NHPPs as well and
the choice of the priors for these models raises similar issues to those discussed in the
case of HPPs. Therefore, such issues will not be addressed here. One of the classic
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areas of application of NHPPs is in reliability analysis, which is discussed in Chapter
8 where further comments is provided.

5.4.1 Intensity functions

Many intensity functions λ(t) have been proposed the literature. McCollin (2007)
provides a comprehensive catalogue. As he discusses, the intensity functions have
many different origins: for example, polynomial transformations of the constant
rate of the HPP, from actuarial and reliability (mostly software reliability) studies,
logarithmic transformations, or associated to cumulative distribution functions.

The intensity functions could also differ in their mathematical properties, which
make them more or less appropriate to the problem at hand. Intensity functions could
be increasing, decreasing, convex, or concave. An important example is provided by
the power law process (PLP) whose intensity function is

λ(t) = Mβtβ−1, (5.7)

for some parameters M, β > 0. This function can take any of the aforementioned
four forms, depending on the value of β. Periodic effects can also be modeled. As
an example, Vere-Jones and Ozaki (1982) introduced periodicity in the intensity
function of a NHPP model for earthquake occurrences. Many other complex func-
tions are possible, such as the bathtub intensity function described earlier, or the
ratio-logarithmic introduced in Pievatolo et al. (2003) that starts at zero, reaches its
maximum and then decreases to zero when t goes to infinity.

The choice of an intensity function depends on the physical problem the NHPP
is used for. An increasing intensity function is suitable for processes subject to faster
and faster occurrence of events, whereas the bathtub intensity is appropriate for
modeling the life cycle of many products. A ratio-logarithmic intensity was used in,
for example, Pievatolo and Ruggeri (2010) to describe failures of doors in subway
trains, which had no initial problems, then were subject to an increasing sequence
of failures, which later became more rare, possibly because of an intervention by
the manufacturer. Finite or infinite m(t) over an infinite horizon could be suitable
to describe, respectively, the number of faults during software testing and (to some
approximation) the number of deaths in a country. From a statistical point of view,
there is an issue of model selection (see Section 2.2.2) based not only on physical
considerations but also on mathematical tools, such as Bayes factors and posterior
probabilities of models.

Here, we just present two classes of NHPPs. The first class is defined through
any continuous density function f (t), with cumulative distribution function F(t). In
particular, we consider NHPPs with intensity function

λ(t) = θ f (t).

θ is interpreted as the (finite) expected number of events over an infinite horizon,
since the mean value function is given by m(t) = θ F(t). A second important class,
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discussed, for example, in Ruggeri and Sivaganesan (2005), is given by all NHPPs
with intensity function

λ(t |M, β) = Mg(t, β), (5.8)

where M and β are positive parameters and g is a nonnegative function on
[0,∞). This class contains many widely used intensity functions such as the PLP
(5.7) when g(t, β) = βtβ−1; the Cox–Lewis process, with g(t, β) = e−βt ; and the
Musa–Okumoto process, with g(t, β) = 1/(t + β).

5.4.2 Inference for nonhomogeneous Poisson processes

We denote the intensity function of a Poisson process N (t) by λ(t |θ) to emphasize
its dependence upon a parameter θ . Inference on θ under various model is the main
topic in this section. Assuming that failures are observed at times T1 < . . . < Tn in
the interval (0, T ], then, from Theorem 5.4, the likelihood function is given by

l(θ |T1, . . . , Tn) =
n∏

i=1

λ(Ti |θ) · e−m(T ). (5.9)

As mentioned in the preceding text, we may consider the class of NHPPs N (t)
with intensity function λ(t) = θ f (t |ω). Then, the likelihood function (5.9) is

l(θ, ω|T1, . . . , Tn) = θn
n∏

i=1

f (Ti |ω) · e−θ F(T |ω). (5.10)

As an example, taking f (t |ω) = ωe−ωt and F(t |ω) = 1 − e−ωT , that is, an exponen-
tial distribution Ex(ω), the likelihood (5.10) becomes

l(θ, ω|T1, . . . , Tn) = θnωne−ω
∑n

i=1 Ti −θ (1−exp{−ωT }).

Under independent priors, θ ∼ Ga(α, δ) and f (ω), the posterior conditionals are
given by

θ |T1, . . . , Tn, ω ∼ Ga(α + n, δ + F(T |ω))

ω|T1, . . . , Tn, θ ∝
n∏

i=1

f (Ti |ω)e−θ F(T |ω) f (ω),

which can be used to sample from the posterior distribution by applying a Metropolis
within Gibbs sampler.
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For the class considered in (5.8), the likelihood function (5.9) becomes

l(M, β|T1, . . . , Tn) = Mn
n∏

i=1

g(Ti , β) · e−MG(T,β),

where G(t, β) = ∫ t
0 g(u, β)du. Under independent priors, M ∼ Ga(α, δ) and f (β),

the posterior conditionals are given by

M |T1, . . . , Tn, β ∼ Ga(α + n, δ + G(T, β)) (5.11)

β|T1, . . . , Tn, M ∝
n∏

i=1

g(Ti , β)e−MG(T,β) f (β),

which can again be used in a Metropolis within Gibbs algorithm to sample from the
posterior distribution.

Let us consider the PLP (5.7) in some detail. Often, to simplify inference, this
process is reparameterized by writing

λ(t |α, β) = β

α

(
t

α

)β−1

, (5.12)

where βα−β = M in (5.7). Bar-Lev et al. (1992) provide a detailed review of Bayesian
inference on the PLP when this parametrization is assumed. In this case, the likelihood
function (5.9) becomes

l(α, β|T1, . . . , Tn) = (β/α)n
n∏

i=1

(Ti/α)β−1e−(T/α)β .

They considered noninformative priors,

f (α, β) = (αβγ )−1,

with γ = 0 or γ = 1. The latter case was studied earlier by Guida et al. (1989). The
corresponding posterior distribution is given by

f (α, β|T1, . . . , Tn) ∝ βn−γ

n∏

i=1

T β

i e−(T/α)β /αnβ+1.

The posterior distribution exists, except when γ = 0 and n = 1.
The parameter β in either of both parameterizations of the PLP, (5.7) and (5.12), is

of vital importance since it determines the shape of the intensity functions. A discus-
sion, including a plot of the intensity function for some βs, is deferred until Section
8.7, since different values of β correspond to different system reliability: β < 1
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will entail reliability growth, whereas β > 1 will denote reliability decay, and β = 1,
constant reliability. Integrating out α in (5.11), it follows that

β|T1, . . . , Tn ∼ (β̃/2n) χ2
2(n−γ ),

with β̃ = n
∑n

i=1 log(T/Ti )
. The posterior mean is β̂ = n − γ

∑n
i=1 log(T/Ti )

, whereas

credible intervals are easily obtained with standard statistical software. The pos-
terior distribution for both α and β can be sampled by simulation, using a
Metropolis–Hastings algorithm.

Although proper priors can be used for the parametrization (5.12), we will discuss
them under the parametrization (5.7). In this case, the likelihood function (5.9) is

l(M, β|T1, . . . , Tn) = Mnβn
n∏

i=1

T β−1
i e−MT β

.

If we consider independent gamma priors, M ∼ Ga(α, δ) and β ∼ Ga(μ, ρ), the
posterior conditional distributions are

M |T1, . . . , Tn, β ∼ Ga
(
α + n, δ + T β

)
,

β|T1, . . . , Tn, M ∝ βμ+neρ+∑n
i=1 log Ti e−MT β

.

These provide a sample from the posterior distribution by applying a Metropolis
within Gibbs algorithm. Dependence of M on β could be introduced by considering
the prior M |β ∼ Ga

(
α, δβ

)
, which leads to the posterior conditional distributions

M |T1, . . . , Tn, β ∼ Ga
(
α + n, δβ + T β

)

β|T1, . . . , Tn, M ∝ βμ+neρ+∑n
i=1 log Ti e−M(δβ+T β ).

The estimation of posterior means of parameters, intensity function at a given
time S, predictive distribution, and expected number of events in future intervals are
deferred until Chapter 8, where they are illustrated in the context of reliability of
repairable systems.

5.4.3 Change points in NHPPs

As mentioned earlier, the bathtub shaped intensity function λ(t) describes pretty well
the life cycle of a new product. It is characterized by an initial decreasing part, a
constant part, and a final increasing one. The three components of λ(t) could be
described by the intensity functions of three distinct PLPs, namely with β < 1 in
the first part; then, β = 1; and, finally, β > 1. The three values of β, along with the
three values of M, when using parametrization (5.7), are to be estimated, as well as
the times t1 and t2 at which changes occur over the considered interval (0, y]. The
problem of estimating the change times and the intensity functions between them
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has been addressed in Ruggeri and Sivaganesan (2005), who considered different
scenarios: change points coincident with (a subset of) times at which events occurred
or scattered along the incumbent time interval. They assumed intensity functions
(5.7) in each interval determined by the change points. In the former case, they
considered a constant value M in all intervals, whereas either the parameters β for
each interval were drawn from the same lognormal distribution LN

(
μ, σ 2

)
or the

parameters evolved according to a dynamic model

log βi = log a + log βi−1 + εi ,

where βi−1 and βi are the parameters in the (i − 1)th and ith intervals, respectively,
a is a positive constant, and εi is a zero-mean Gaussian random variable. In the latter
case, they used the reversible jump Markov chain Monte Carlo (RJMCMC) method
of Green (1995) (see Section 2.5) to determine the change points Tj in the interval
(0, y] and the corresponding values of M and β. At each step of the algorithm, they
had to choose one of four possible moves:

1. Change M and β at a randomly chosen change point Tj,
2. Change the location of a randomly chosen change

point,
3. ‘Birth’ of a new change point at a randomly chosen

location in (0, y],
4. ‘Death’ of a randomly chosen change point.

Example 5.5: Ruggeri and Sivaganesan (2005) applied RJMCMC when considering
dates of serious coal-mining disasters, between 1851 and 1962, a well-known data
set for change point analysis, studied by Raftery and Akman (1986), among others.
They found that the probability of having only one change point was 0.85, whereas
the probabilities of 0, 2, and 3 points were 0.01, 0.14, and 0.09, respectively. The
detection of one change point was in agreement with Raftery and Akman and they
found that the posterior median of the change point (conditional on having only
a single change point) was in March 1892, and the 95% central posterior interval
(defined in Section 2.2.1) was from April 1886 to June 1896. 


5.5 Compound Poisson processes

A limitation of the Poisson process is that events occur individually, so that situations
where batch arrivals occur, such as passengers exiting a bus at a bus stop, or the arrival
of multiple claims to an insurance company, cannot be dealt with. The compound
Poisson process (see, e.g., Snyder and Miller, 1991) generalizes the Poisson process
to allow for multiple arrivals.

Definition 5.7: Let N (t) be a Poisson process with intensity λ(t) and consider a
sequence of IID random variables {Yi }, independent of N (t). Then, the counting
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process defined by

S(t) =
N (t)∑

i=1

Yi ,

with S(t) = 0 when N (t) = 0, is a compound Poisson process.

The following result is easily proved.

Theorem 5.8: Let S(t) be a compound Poisson process. The following properties
hold, for t < ∞:

1. E[S(t)] = E

[

E

(
n∑

i=1

Yi |N (t) = n

)]

= m(t)E[Yi ],

2. V [S(t)] = E[N (t)]V [Yi ] + V [N (t)]E[Yi ] = m(t)E
[
Y 2

i

]
.

Inference for compound Poisson processes is a complex task, as can be seen by
considering the simple example of an HPP, N (t), with rate λ and a sequence {Yi }
of independent, exponentially distributed, Ex(μ), random variables. We suppose that
the event S(t) = s, with t, s > 0, has been observed so that the likelihood function
comes from:

f (S(t) = s) =
∞∑

n=1

f

(
n∑

i=1

Yi = s|N (t) = n

)

P(N (t) = n)

=
∞∑

n=1

μn

n − 1!
sn−1e−μs · (λt)n

n!
e−λt ,

where we have used the property that a sum of independent, exponential random
variables has a gamma distribution. Given gamma priors Ga(α, β) and Ga(γ, δ) for
μ and λ, respectively, the corresponding posterior distribution is given by

f (μ, λ|S(t) = s) ∝
∞∑

n=1

sn−1

n − 1!

βα

�(α)
μα+n−1e−(β+s)μ · tn

n!

δγ

�(γ )
λγ+n−1e−(δ+t)λ,

which integrated with respect to μ, provides the posterior distribution on λ

f (λ|S(t) = s) ∝
∞∑

n=1

�(α + n)

�(α)

βα

(β + s)α+n

sn−1

n − 1!
· �(γ + n)

�(γ )

δγ

(δ + t)γ+n

tn

n!

× g(γ + n, δ + t),

where g(a,b) is the density function of a gamma Ga(a, b) random variable.
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The posterior distribution of μ can be found similarly. In this case, computation of
these densities is feasible by approximating the infinite sums by finite sums. However,
when there are multiple observations, the computations become very cumbersome.
Posterior expectations E[S(T )] can be computed using Theorem 5.8 integrating
m(t |λ)E[Yi |μ] with respect to the posterior distribution of (μ, λ).

5.6 Further extensions of Poisson processes

Poisson processes are a particular case of point processes, described in, for example,
Cox and Isham (1980), Karr (1991), Snyder and Miller (1991), and Daley and Vere-
Jones (2003, 2008). After having introduced the compound Poisson process in Section
5.5, here we consider, briefly, further extensions of the Poisson process.

5.6.1 Modulated Poisson process

A simple extension of the Poisson process is obtained by introducing covariates in the
intensity function, as done by Masini et al. (2006), where the rate λ of an HPP was
multiplied by factors μ

X ji

i depending on covariates Xji taking values 0 or 1. Consider
different combinations Xi = (Xi1, . . . , Xim), i = 1, . . . , n, of covariates, a baseline
intensity function λ0(t) and an m-variate parameter β. Then, we say that events occur
according to a modulated Poisson process if the intensity function can be written as

λi (t) = λ0(t)eX
′
iβ ,

for i = 1, . . . , n. In practice, each combination of covariates produces a Poisson
process Ni (t) and the events can be superposed to obtain a Poisson process N (t),
because of the Superposition theorem. More details on the modulated Poisson process
can be found in Cox (1972). Bayesian inference for general modulated Poisson
processes is very similar to the discussion for HPP in Section 5.3.1, with the addendum
of a distribution over the parameter β.

As an example of Bayesian inference, Soyer and Tarimcilar (2008) and Landon et
al. (2010) considered modeling call center arrival data, typically linked to individual
advertisements, for evaluating the efficiency of the latter and promotion policies to
develop marketing strategies for such centers. They considered Xi as a vector of co-
variates describing the characteristics of the ith advertisement, like media expenditure
(in dollars), venue type (monthly magazine, daily newspaper, etc.), ad format (full
page, half page, color, etc.), offer type (free shipment, payment schedule, etc.), and
seasonal indicators.

5.6.2 Marked Poisson processes

The points of a Poisson process might be labeled with some extra information. The
observations become pairs (Ti , mi ), where Ti is the occurrence time and mi is the
outcome of an associated random variable, the mark. The earthquake case study
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described in Section 5.7 provides an example of a marked Poisson process, since the
magnitude is observed for each earthquake.

Thinning (see Theorem 5.7) is equivalent to introducing a mark m valued
{1, . . . , n} and then assigning the event to the class Am in the family of mutually
exclusive and exhaustive classes {A1, . . . , An}.

5.6.3 Self-exciting processes

A Poisson process has the property that the occurrence of events does not affect
the intensity function at later times. Such property is not always realistic, for exam-
ple, when considering software testing where new bugs could be introduced when
debugging the code to fix its faults, as described in Ruggeri and Soyer (2008). Self-
exciting processes, illustrated in, for example, Snyder and Miller (1991, Chapter 6)
and Hawkes and Oakes (1974), have been introduced to describe phenomena in which
occurrences are affected by previous ones. For the self-exciting processes, the inten-
sity function, as given in Definition 5.2, becomes actually an intensity process since
it is not a deterministic function, but also depends on the past history. In particular,
the self-exciting process N (t) has the associated intensity process

λ(t) = μ(t) +
N (t−)∑

j=1

g j (t − Tj ),

where μ(t) is a deterministic function, Tj are the occurrence times, and gj are non-
negative functions expressing the influence of the past observations on the intensity
process. The likelihood function is, formally, similar to the one for the NHPP given
by the Theorem 5.4. Given the arrival times T1 < · · · < Tn in the interval (0, T ], the
likelihood is obtained from

P(T1, . . . , Tn) =
n∏

i=1

λ(Ti ) · e− ∫ T
0 λ(t)dt .

Example 5.6: Suppose that the new tyre of a bicycle goes flat according to an HPP
with rate λ, since it is supposed it does not deteriorate over the considered time
interval [0, T ] and that punctures occur randomly. Then, at every time point, Ti,
i = 1, . . . , n, when a flat tyre occurs over the interval [0, T ], it is repaired but this
leads it to be more prone to new failures, adding μi to the previous rate of the HPP.
Therefore, we get a stepwise HPP, which is a very simple example of a self-exciting
process. The likelihood function is given by

n∏

i=1

⎛

⎝λ +
i−1∑

j=1

μ j

⎞

⎠ e−λT
∑n

i=1 −μi (T −Ti ).
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Considering gamma priors on λ and μi , it follows that their posterior full
conditionals (i.e., conditional upon all the other parameters) are mixtures of gamma
distributions. 


5.6.4 Doubly stochastic Poisson processes

In a self-exciting process, the intensity depends on the point process, N (t), itself and
it becomes a (random) intensity process whose paths are known when observing the
events in the point process. As a further extension of the Poisson processes, allowing
for paths of the intensity process, which are unknown given only N (t), Cox (1955)
introduced the doubly stochastic Poisson process or Cox process. It can be viewed as a
two-step randomization procedure. A process �(t) is used to generate another process
N ∗(t) by acting as its intensity. We suppose that N (t) is a Poisson process on [0, ∞)
and �(t) is a stochastic process, independent from N (t), with nondecreasing paths,
such that �(0) ≥ 0. Then, the process N ∗(t) defined by N ∗(t) = N (�(t)) is called a
doubly stochastic Poisson process. Because of this definition, it follows that N (t) is a
Poisson process conditional on the sample path λ(t) of the process �(t). Observe that,
if λ(t) is deterministic, then N (t) is simply a Poisson process. As a special case, the
process obtained for �(t) ≡ � is called mixed Poisson. Very few papers have been
written on Bayesian analysis of doubly stochastic Poisson processes, since repeated
observations would be needed, to avoid indistinguishability from a NHPP based on a
single path. As an example, Gutiérrez-Peña and Nieto-Barajas (2003) modeled �(t)
with a gamma process.

5.7 Case study: Earthquake occurrences

Earthquakes can be thought of as point events, subject to randomness. Since the
seminal papers by Vere-Jones (1970), Vere-Jones and Ozaki (1982), and Ogata (1988),
their occurrences have often been modeled as realizations of a point process. Vere-
Jones (2011) provides an account of the history of stochastic models used in analyzing
seismic activities, with an extensive list of references. In particular, Poisson processes
and their extensions have been frequently used in literature. For example, marked
Poisson processes were used in Rotondi and Varini (2003) to jointly model the
occurrence and magnitude of earthquakes. Rotondi and Varini (2007) considered,
from a Bayesian viewpoint, a stress release model to analyze data in the Sannio-
Matese-Ofanto-Irpinia region, as we do in this section. The stress release model,
introduced by Vere-Jones (1978), is justified by Reid’s physical theory, according
to which the stress in a region accumulates slowly over time, until it exceeds the
strength of the medium, and then it is suddenly released and an earthquake occurs.

5.7.1 Data

Here, we concentrate on a marked Poisson model considered in Ruggeri (1993) to
analyze data from Sannio Matese, an area in southern Italy subject to a consistent,
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sometimes very disruptive, seismic activity such as the 6.89 magnitude earthquake
occurred on November 23, 1980, in Irpinia, which caused many casualties and
considerable damage. Shocks in Sannio Matese since 1120 have been catalogued
exhaustively in Postpischl (1985), using current and historical data such as church
records. For each earthquake, the catalogue contains many data, including occurrence
time (often up to the precise second), latitude and longitude, intensity, magnitude
(sometimes recorded, otherwise computed from the intensity), and name of the place
of occurrence.

Exploratory data analysis, performed by Ladelli et al. (1992), identified three
different behaviors of the occurrence time process since 1120. A change-point model,
similar to that in Section 5.4.3, could be used to analyze data from the three periods.
Here, we consider the earthquakes occurred in the third period, that is, from 1860
up to 1980. Because of the presence of foreshocks and aftershocks, which can be
sometimes hardly recognized, we consider just one earthquake, the strongest, as
the main shock in any sequence lasting one week. Furthermore, we divided Sannio
Matese into three subregions, which are relatively homogeneous from a geophysical
viewpoint.

5.7.2 Poisson model

Define the random variables X, Y
′
, and Z that denote, respectively, the interoccurrence

times (in years) of a major earthquake (i.e., with magnitude not smaller than 5), its
magnitude and the number of minor earthquakes occurred in a given area since
the previous major one. We take, as the first interoccurrence time, the elapsed time
between the first and second earthquake.

Suppose that earthquakes occur according to an HPP and that each earthquake
has probability p of being a major earthquake (and 1 − p of being a minor one).
Applying the Coloring theorem, we can decompose the Poisson process into two
independent processes with respective rates λp and λ(1 − p). From Corollary 5.3,
it follows that the interoccurrence times, X, are exponentially distributed with mean
1/λp. Conditionally, on the time x (realization of X), Z is Poisson distributed, with
mean λ(1 − p)x . It is straightforward to prove that Z is geometrically distributed,
with parameter p, because, for z ∈ N,

P(Z = z) =
∫ ∞

0
P(Z = z|X = x) f (x)dx

=
∫ ∞

0
e−λ(1−p)x [λ(1 − p)x]z

z!
· λpe−λpx dx = p(1 − p)z.

Assume that Y
′

is independent on X and Z. The magnitude Y
′

is continuous, but we
prefer to model it as a discrete random variable, which gets the values (5, 5.1, 5.2, . . .).
We actually consider the random variable Y = 10(Y

′ − 5) with a geometric distri-
bution function Ge(μ). Such a simplification does not affect the analysis heavily,
provided that we take μ � 1, as the probability of Y being large is quite small,
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since
∑∞

k = K μ(1 − μ)k = (1 − μ)K � 0, even for a small K. The joint density of
(X, Y, Z ) is then given by

f (x, y, z) = f (x) P(Y = y) P(Z = z|X = x) = λpe−λx [λ(1 − p)x]z

z!
μ(1 − μ)y .

Then, the likelihood function is given by

l(p, λ, μ|data) = λn+∑
Zi e−λ

∑
Xi pn(1 − p)

∑
Zi μn(1 − μ)

∑
Yi

∏ X Zi
i

Zi !
,

where {Xi , Yi , Zi } denote the n observations.
If we consider independent prior distributions for p, λ, and μ, that is, beta

distributions Be(α1, β1) and Be(α3, β3) for p and μ, respectively, and a gamma dis-
tribution Ga(α2, β2) for λ, it follows that the posterior distributions are: p|data ∼
Be

(
n + α1,

∑
Zi + β1

)
, λ|data ∼ Ga

(
n + ∑

Zi + α2,
∑

Xi + β2
)
, and μ|data ∼

Be
(
n + α3,

∑
Yi + β3

)
. The posterior expectations are given by

E[p|data] = n + α1

n + α1 + ∑
Zi + β1

,

E[λ|data] = n + ∑
Zi + α2∑

Xi + β2
,

E[μ|data] = n + α3

n + α3 + ∑
Yi + β3

.

Finally, it is possible to compute the predictive densities for Xn+1, Yn+1, and Zn+1:

f (xn+1|data) = (n + ∑
Zi + α2)(

∑
Xi + β2)n+∑

Zi +α2�(n + α1 + ∑
Zi + β1)

�(n + α1)�(
∑

Zi + β1)

×
∫ 1

0

pn+α1 (1 − p)
∑

Zi +β1−1

(pxn+1 + ∑
Xi + β2)n+∑

Zi +α2+1
dp,

P(Yn+1 = yn+1|data) = (n + α3)�(n + α3 + ∑
Yi + β3)�(

∑
Yi + β3 + yn+1)

�(
∑

Yi + β3)�(n + α3 + ∑
Yi + β3 + yn+1 + 1)

,

P(Zn+1 = zn+1|data) = (n + α1)�(n + α1 + ∑
Zi + β1)�(

∑
Zi + β1 + zn+1)

�(
∑

Zi + β1)�(n + α1 + ∑
Zi + β1 + zn+1 + 1)

,

for xn+1 ≥ 0 and yn+1, zn+1 ∈ N .

5.7.3 Data analysis

The parameters p, λ, and μ have been considered independent a priori. Given that
an earthquake occurs, it is a major one with probability p. Since major earthquakes
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Table 5.1 Number and sums of observations in three areas
in Sannio Matese.

n
∑

xi
∑

yi
∑

zi

Zone 1 3 50.1306 9 713
Zone 2 16 81.6832 53 1034
Zone 3 14 118.9500 100 812

are much less frequent than minor shocks, it is meaningful to assume that E[p] is
close to 0. Taking α1 = 2 and β1 = 8, then E[p] = 1/5. Estimating that a major
earthquake occurs, on average, every 10 years, that is, E[X ] = 10 = 1/(λp), then
we might choose α2 = 2 and β2 = 4 so that E[λ] = 1/2 and E[λ]E[p] = 1/10. As
discussed in Section 2.7.2, we take μ very close to 1, obtaining E[μ] = 4/5 when
we choose α3 = 8 and β3 = 2. The prior variances of the distributions on p, λ, and μ

are, respectively, 4/275, 1/8, and 4/275, denoting quite strong beliefs. The number
and sums of observations are provided in Table 5.1. Parameters of the posterior
distributions, posterior means (along with standard deviations), and 95% credible
intervals are presented in Tables 5.2, 5.3, and 5.4, respectively.

The analysis shows that, compared with the other zones, relatively few major
earthquakes occur in Zone 1 although there are many minor quakes in this zone. On
the other hand, there are few minor earthquakes in Zone 3 and the shocks that do occur
are characterized by large magnitudes. Second, the percentage of major earthquakes
is very small and not significantly different for the three zones. The posterior density
of each p is very concentrated around its mean (�.01) and, for all of them, there is
a probability larger than 95% of being in the interval (0.0022, 0.0295). Third, the
occurrence rate of the earthquakes in the three zones is quite different, as λ has very
different means and credible intervals. We have higher rates in Zones 1 and 2, which
have a lot of minor earthquakes. Fourth, the magnitude behaves differently among
the zones, specially in Zone 3 for which μ is very far from 1, which means that
large earthquakes, among the major ones, are expected. Finally, the most disruptive
earthquakes occur mainly in Zone 3, whereas the shortest interoccurrence times and
the largest number of minor earthquakes characterize Zone 2. This last result suggests
an interesting line of research, that has been considered in literature, which is to
examine whether greater elapsed times between shocks imply greater magnitudes.

Table 5.2 Parameters of posterior distributions.

p ∼ Be λ ∼ Ga μ ∼ Be

Zone 1 (5, 721) (718, 54.1306) (11, 11)
Zone 2 (18, 1042) (1052, 85.6832) (24, 55)
Zone 3 (16, 820) (828, 122.9500) (22, 102)
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Table 5.3 Posterior expectations (and standard deviation).

E[p|data] E[λ|data] E[μ|data]

Zone 1 0.0069 13.2642 0.5000
(0.0031) (0.4950) (0.1043)

Zone 2 0.0170 12.2778 0.3038
(0.0040) (0.3785) (0.0514)

Zone 3 0.0191 6.7344 0.1774
(0.0047) (0.2340) (0.0342)

Table 5.4 95% credible intervals.

p|data λ|data μ|data

Zone 1 (0.0022, 0.0141) (12.3116, 14.2518) (0.2978, 0.7022)
Zone 2 (0.0101, 0.0256) (11.5470, 13.0307) (0.2081, 0.4089)
Zone 3 (0.0110, 0.0295) (6.2835, 7.2008) (0.0976, 0.2128)

5.8 Discussion

We have presented some aspects of Poisson processes and their extensions. Basic
properties of the Poisson process have been thoroughly described in many books,
including Kingman (1993), which provides a good mathematical illustration, Ross
(2009), and Durrett (1999), which are excellent introductory books. Bayesian infer-
ence of NHPPs, applied to reliability problems, is presented in Singpurwalla and
Wilson (1999), as well as in Chapter 8. We also discussed connections between
Poisson processes and other processes and, in particular, it is worth mentioning that
compound Poisson processes are an important subclass of Lévy processes; see, for
example, Bertoin (1996) for a thorough illustration. An extensive exposition should
be devoted to spatio-temporal models, especially the spatial point processes, includ-
ing Poisson ones, which are getting more and more popular, mostly stemming from
environmental and epidemiological problems. Diggle (2003) is a classical reference
for spatial point processes, whereas the Bayesian viewpoint is illustrated in Møller
and Waagepetersen (2007) (see also Banerjee et al., 2004, and Le and Zidek, 2006).

Important contributions in analyzing Poisson processes come from Bayesian
nonparametrics, stemming from the work by Lo (1982) who considered an (extended)
gamma process prior on the intensity function for data coming from replicates of a
Poisson process, showing that the prior process was a conjugate one. More details on
Bayesian nonparametrics can be found in Ghosh and Ramamoorthi (2010) and Hjort
et al. (2010). Kottas and Sansò (2007) proposed a Bayesian nonparametric mixture
to model a density function, strictly related to the intensity function of a spatial
NHPP. They chose a bivariate beta distribution as mixture kernel and a Dirichlet
process prior for the mixing distribution. Their work has analogies with Wolpert and
Ickstadt (1998) on the Poisson-gamma random field model and Ishwaran and James
(2004). Under the Bayesian nonparametric approach, the intensity function is seen
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as a realization from a process, so that data could also be viewed as arising from a
doubly stochastic Poisson process. In this context, Adams et al. (2009) introduced
the sigmoidal Gaussian Cox Process, to put a prior on the intensity of a NHPP
and then enable tractable inference via MCMC. Kuo and Ghosh (2001) exploited
various nonparametric process priors (beta, gamma, and extended gamma processes)
to model the rate of occurrence (ROCOF) of a NHPP.

An interesting contribution to the estimation of the intensity function, worth of
studies in a Bayesian framework as well, is provided by de Miranda and Morettin
(2011) who use wavelet expansions to model such function. Estimation under super-
position of NHPPs has been studied by Yang and Kuo (1999) in a Bayesian context.
In general, Bayesian estimation is performed on univariate intensity functions: few
exceptions include the papers by Singpurwalla and Wilson (1998) and Pievatolo and
Ruggeri (2010), with the latter considering door failures in subway trains when both
time and run kilometers are recorded for each event.
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6

Continuous time
continuous space processes

6.1 Introduction

Many processes have been proposed to model events in continuous time. Interest in
continuous time models has been motivated not only by mathematical and method-
ological reasons, but has also been strongly influenced by applications in areas such as
finance, telecommunications, and environmental sciences, to name just a few fields.
The value of a stock option or the capital of an insurance company subject to premium
payments and insurers’ claims, the number of packets transferred in asynchronous
transfer mode (ATM), or the ozone level in a region are examples of phenomena that
can be modeled with continuous time processes. Two simple, widely used examples
of continuous time processes have already been studied earlier in this book. These
are continuous time Markov chains, which were examined in Chapter 4, and
Poisson processes, which were illustrated in Chapter 5. In this chapter we shall
present other continuous time processes over continuous-state spaces, providing the
basic properties and some examples. In particular, we shall consider Gaussian pro-
cesses in Section 6.2, illustrating their inference and use as emulators of computer
code simulators. A special case of the Gaussian process, the Brownian motion (or
Wiener process) are presented in Section 6.3, along with fractional Brownian motion
(FBM). Then, diffusions are the subject of Section 6.4 and a predator–prey model is
presented in Section 6.5, as an example of Bayesian analysis of a diffusion process.
We end up discussing further topics.

6.2 Gaussian processes

Gaussian processes have a prominent role among continuous time, continuous space
stochastic processes, because of their mathematical properties and broad spectrum

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
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of applications. Rasmussen and Williams (2006) provide an in-depth treatment of
Gaussian processes, with emphasis on machine learning applications.

Definition 6.1: A (unidimensional) stochastic process {Xt } is a Gaussian process
if, for any integer n ≥ 1 and any {t1, t2, . . . , tn}, the joint distribution of Xti , i =
1, 2, . . . , n, is n-variate normal.

As with the Gaussian (normal) distribution, the Gaussian process {Xt } is characterized
by two functions.

Definition 6.2: The function μX : [0,∞) → R, defined for any t ≥ 0 by μX (t) =
E[Xt ], is called the mean function of the process {Xt }.

Definition 6.3: The function CX : [0,∞) × [0,∞) → R, defined through
CX (s, t) = Cov[Xs, Xt ] for any s, t ≥ 0, is called the autocovariance function of
the process {Xt }.

We will denote a Gaussian process with mean function μ(·) and autocovariance
function �(·, ·) by GP(μ,�).

If, for any t, h > 0, μX (t) is constant and CX (t, t + h) is just a function CX (h)
of h ≥ 0, then it is known that the Gaussian process is strictly stationary. Depending
on the choice of μX and CX, different Gaussian processes can be defined. Following
are some examples of Gaussian processes or their transformations:

� An independent Gaussian process, with independent and identically distributed.
random variables, is obtained when μX (t) = μ for all t ≥ 0 and, for all s, t ≥ 0,
CX (s, t) = σ 2 I{s=t}, where IA denotes the characteristic function of the set A.

� A stationary log-Gaussian process {Zt } was proposed by Berman (1990) to describe
the CD4+ cell count per milliliter in people not affected by HIV. Such process
provides a good approximation to the actual discrete state space process, based on
cell counts. The process is defined by Zt = exp{Xt }, where {Xt } is a stationary
Gaussian process with constant mean function μ and autocovariance function
CX (h) such that CX (0) = σ 2. A random function Wt = e−δt Xt was then introduced
to describe the cell counts of HIV patients infected at time t = 0. Here, δ denotes
the decline rate per unit time of CD4+ counts.

� Simple nonstationary Gaussian processes, for example, with piecewise constant
mean function, have been proposed in Ullah and Harib (2010) to model cutting
force signals, arising in manufacturing engineering, when interested in detection
of tool wear or removal of material.

Further examples are the Brownian motion and the FBM, which are introduced in
Section 6.3.

We provide a concise summary of Bayesian analysis given a finite number of
observations from a Gaussian process, followed by a brief discussion on an important
application of Gaussian processes concerning uncertainty quantification.
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6.2.1 Bayesian inference for Gaussian processes

Suppose that n observations, Xt = (Xt1 , . . . , Xtn )T , are available from a Gaussian
process GP(μX , CX ) at times t = {t1, . . . , tn}. From the definitions of the Gaussian
process and the mean and autocovariance functions, it follows that

Xt ∼ N(μt, �t),

where μt = (μX (t1), . . . , μX (tn))T and the n × n matrix �t has elements σij =
CX (ti , t j ), for 1 ≤ i, j ≤ n. The corresponding likelihood function is given by

l(μt, �t|Xt) = 1

(2π)n/2|�t|1/2
exp

(
−1

2
(Xt − μt)

T �−1
t (Xt − μt)

)
.

If we assume that �t is known, then we can choose a conjugate prior on μt by
taking a normal distribution N(ν0,�0), so that the posterior distribution π (μt|Xt, �t)
is N(ν1,�1), with

ν1 = (
�−1

0 + �−1
t

)−1 (
�−1

0 ν0 + �−1
t Xt

)
and �1 = (

�−1
0 + �−1

t

)−1
.

Similarly, if we assume that μt is known, then we can choose a conjugate prior on �t

by taking an inverse Wishart distribution IW
(
ω0,�

−1
0

)
, so that the prior density is

π (�t) ∝ |�t|−(ω0+n+1)/2 exp

(
−1

2
tr (�0�

−1
t )

)
, (6.1)

where tr denotes the trace of the matrix. The normalizing constant in (6.1) is given
in Appendix A where the Wishart and inverse Wishart distributions are defined.
Given the sample Xt, the posterior distribution π (�t|Xt,μt) is inverse Wishart
IW

(
ω1,�

−1
1

)
, with

ω1 = ω0 + 1 and �1 = �0 + (
Xt − μt

) (
Xt − μt

)T
.

When both μt and �t are unknown, then we can use a Gibbs sampling scheme,
as described in Section 2.4.1, since the full conditional distributions are available, as
shown in the following text:

μt|Xt, �t ∼ N(ν1,�1) and �t|Xt,μt ∼ IW
(
ω1,�

−1
1

)
.

Starting from arbitrary values, the Gibbs sampler simply iterates through these con-
ditionals until convergence.

Here, we have assumed that n observations, Xt = (
Xt1 , . . . , Xtn

)T
, were available

from a Gaussian process GP(μX , CX ) at known times t = {t1, . . . , tn}. A more general
approach would be to take a stochastic process prior on μX and CX. In particular, for
fixed CX, a Gaussian process prior could be taken for μX .
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6.2.2 Gaussian process emulators

Gaussian processes have been widely used as stochastic emulators of deterministic
simulators, as described, for example, in Kennedy and O’Hagan (2001), Oakley and
O’Hagan (2002, 2004), and O’Hagan (2006). An emulator is a statistical approxima-
tion of the simulator, which allows for simpler computations than using the simulator
itself. Complex systems are often dealt with mathematical models and implemented
in computer codes, which are both called simulators. The output of a simulator is
subjected to various sources of error, such as incorrectness of the model and the input
values. The discrepancy between model output and reality is analyzed and, possi-
bly, reduced using stochastic models. The rationale for using a Gaussian process is
that the computer output is treated as function of the input values and the stochastic
model provides a distribution function for it, being, therefore, a stochastic process on
the space of the functions. We now illustrate the main mathematical aspects of the
approach. Further details can be found in the previously cited papers and in Bastos
and O’Hagan (2009).

A simulator can be represented as a function f : A ⊆ R
p → R, which associates

the input vector x = (x1, . . . , x p) with a real valued output y. We shall consider the
function f to be a realization of a Gaussian process, with mean function μ(·) and
autocovariance function �(·, ·). Then, for any n = 1, 2, . . . and x1, x2, . . . ∈ A, the
joint distribution of f (x1), . . . , f (xn) is n-variate normal.

A Gaussian process GP(μ0, �0) may be chosen as a prior on f , as in, for exam-
ple, Oakley (2002). This is a typical case of Bayesian nonparametric inference (see,
e.g., Ghosh and Ramamoorthi, 2003). Different choices are possible for the mean
and autocovariance functions. For example, Oakley and O’Hagan (2002) considered
μ0(x) = h(x)T β, with a function h : R

p → R
q and a q-dimensional parameter vector

β. The choice of h is critical: a value of q significantly smaller than p would affect
the parameter space size, reducing the computational burden. However, at the same
time, it would make the use of prior beliefs on the input values hardly possible,
being the interpretation of the parameters very unclear. The choice of h is thoroughly
discussed in Oakley and O’Hagan (2002), whereas many commonly used autocovari-
ance functions are illustrated in Rasmussen and Williams (2006). The choice of the
autocovariance is another concern, since it is important to know the relation between
pairs of points (x, x

′
). We could expect the correlation to decrease as both points

lie far apart. In particular, it could be a function of the distance |x − x
′ |, when the

autocovariance function is said to be isotropic.
A general, widely used class is provided by the Matérn autocovariance function

which, for two points at a distance d, is defined by

�(d) = σ 2 1


(ν)2ν−1

(

2
√

ν
d

ρ

)ν

Kν

(

2
√

ν
d

ρ

)

, (6.2)

where Kν is the modified Bessel function of the second kind (see Abramowitz and
Stegun, 1964), and ρ, ν > 0. By letting ν → ∞ in (6.2), the squared exponential
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autocovariance function � is obtained. Oakley and O’Hagan considered it
with elements

σ (x, x
′
) = Cov[x, x

′
] = σ 2 exp

(
−(x − x

′
)T B(x − x

′
)
)

,

where B is a p × p diagonal matrix of positive values.
The authors considered a normal-inverse gamma distribution for computing the

parameters (β,σ 2) and referred the readers, as we do, to O’Hagan and Forster (1994)
for the posterior distribution and a detailed Bayesian analysis.

6.3 Brownian motion and FBM

We now present two types of Gaussian processes that are widely studied and used in
many fields, namely, Brownian and FBMs.

6.3.1 Brownian motion

Brownian motion was named after the botanist Robert Brown, who observed how
pollen grain moved in an erratic way when suspended in water. Nowadays, Brownian
motions are widely used in biology, physics, and finance. Brownian motion has three
important properties which partially explain its popularity as a mathematical model.
A Brownian motion is simultaneously a Gaussian process, a Markov process and
has stationary independent increments; for more details, see, for example, Durrett
(2010). Moreover, under suitable conditions, the Brownian motion can be thought as
an asymptotic limit of a symmetric random walk that is a particular case of a discrete
time Markov chain (see Chapter 3) that takes, at each step, values either 1 or −1 with
equal probability (see Durrett, 2010, Chapter 8).

Definition 6.4: A real-valued stochastic process {Xt } is a (one-dimensional) Brow-
nian motion (or Wiener process), starting at 0, with variance σ 2, if:

� X0 = 0 with probability one;
� it has independent increments, that is, for any n > 0 and 0 = t0 < t1 < . . . < tn,

then Xt1 − Xt0 , . . . , Xtn − Xtn−1 are independent;
� it has stationary increments, that is, for any 0 ≤ s < t , the distribution of Xt − Xs

depends only on t−s;
� for any 0 ≤ s < t , Xt − Xs ∼ N(0, σ 2(t − s));
� with probability one, t → Xt is continuous, that is, the trajectories are continuous.

As an immediate consequence of Definition 6.4, it follows that the mean and au-
tocovariance function of the process are given, respectively, by μX (t) = 0 and
CX (s, t) = Cov[Xs, Xt ] = σ 2 min (s, t), for any s, t ≥ 0.
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Several useful Gaussian processes {Yt } can be obtained starting from a Brownian
motion {Xt }, including the following:

1. Brownian motion with drift. Given by Yt = bt + Xt for a real constant b, its
mean and autocovariance function are given, respectively, by μY (t) = bt and
CY (s, t) = σ 2 min (s, t).

2. Brownian bridge. For 0 ≤ t ≤ 1, given by Yt = Xt − t X1, which has Y0 = Y1 =
0 with probability one and mean and autocovariance function given, respectively,
by μY (t) = 0 and CY (s, t) = σ 2{min (s, t) − st}.

3. Ornstein–Uhlenbeck. Given in its simplest form by Yt = e−t Xe2t , for which Yt

has a standard normal distribution for any t, with E[Yt+s, Yt ] = e−s .

Suppose that data, X = (Xt1 , . . . , Xtn ), generated from a Brownian motion {Xt },
are collected at times t1 < . . . < tn . We present both the maximum likelihood and
the Bayesian estimators, and compare them, also in an example with simulated data.

Since the increments of {Xt } are independent, stationary, and normally distributed,
the joint distribution of the data X can be written in terms of the distributions of the
increments as follows:

f (X|σ 2) =
n∏

i=1

{
1√

2πσ
√

ti − ti−1

exp

(
− (Xti − Xti−1 )2

2σ 2(ti − ti−1)

)}

= (σ 2)−n/2

(2π)n/2 ∏n
i=1

√
ti − ti−1

exp

(

− 1

2σ 2

n∑

i=1

(Xti − Xti−1 )2

ti − ti−1

)

,

where t0 = 0 and Xt0 = 0. It follows that the likelihood on σ 2 is

l(σ 2|X) ∝ (σ 2)−n/2 exp

(

− 1

σ 2

n∑

i=1

(Xti − Xti−1 )2

2(ti − ti−1)

)

. (6.3)

Given a conjugate prior IGa(α, β) for σ 2 and the likelihood (6.3), the posterior

distribution is an inverse gamma IGa
(
α + n/2, β + ∑n

i=1
(Xti −Xti−1 )2

2(ti −ti−1)

)
. The posterior

mean and the maximum likelihood estimators are given, respectively, by

β + ∑n
i=1

(Xti −Xti−1 )2

2(ti −ti−1)

α + n/2
and

∑n
i=1

(Xti −Xti−1 )2

ti −ti−1

n
.

For a fixed prior mean, β/(α − 1), the posterior mean approaches the maximum
likelihood estimate (MLE) when the prior variance increases, that is, the belief on the
assessed prior decreases, and gets further away when the prior variance decreases,
denoting strong belief in the assessment. Similar arguments about effective expert
knowledge lead to a choice of the parameters α and β.
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Figure 6.1 Stock fluctuations.

Example 6.1: We draw a sample from a Brownian motion with σ 2 = 1 at 1000
random time points over the interval [0, 100]. The data, depicted in Figure 6.1, might
mimic the fluctuations of the stock price of a company over a period of 100 days,
possibly after a transformation, for example, after removing a trend.

We use a Brownian motion with unknown σ 2 to model the data and we choose an
inverse gamma IGa(3, 3) prior for σ 2, so that the prior mean and variance are 1.5 and
2.25, respectively. The MLE and the posterior mean of σ 2 are, respectively, 1.0450 and
1.0448, whereas the posterior distribution is an inverse gamma IGa(503, 525.5097).

Both estimates are very close to the value used to sample data, that is, σ 2 = 1, as
expected, since the sample size is significantly large. For the same reason, the weight
of the prior choice (mean equal to 1.5) is quite irrelevant, especially because of the
large prior variance (2.25). It is easy to compute posterior probabilities: [0.96, 1.14]
is the 95% credible interval for σ 2, whereas [0.93, 1.175] is the 99% one. �

We have presented the (simple) case of a Brownian motion and the estimation of
its parameter σ 2. The Brownian motion with drift is an important extension which
has been widely studied in literature. In particular, Polson and Roberts (1994) used
it to model the logarithm of the Standard and Poor’s price index.

6.3.2 Fractional Brownian motion

FBM is a Gaussian process which has been widely applied in many fields, since it
is able to describe long-range dependence and self-similarity, and, at the same time,
it has a relatively simple mathematical form. A list of applications includes finance



P1: TIX/XYZ P2: ABC
JWST172-c06 JWST172-Ruggeri March 3, 2012 16:7

142 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

(e.g., Rogers, 1997), telecommunications (e.g., Norros, 1995), hydrology (e.g., Molz
et al., 1997), and medical imaging (e.g., Chen et al., 1989).

Definition 6.5: The Gaussian process {Xt } is a FBM, with Hurst parameter H,
0 < H < 1, if

� X0 = 0 with probability one;
� it has stationary increments;
� it holds E[X0] = 0 and, for any t, E[X2

t ] = |t |2H ;
� with probability one, t → Xt is continuous, that is, the trajectories are continuous.

For H 
= 1/2, the increments are not independent, and the FBM is not a Markov
process. When H = 1/2, the FBM reduces to a Brownian motion.

Self-similarity is the most important feature of the FBM.

Definition 6.6: A stochastic process Xt is self-similar with Hurst parameter H if, for

all t, Xαt
d= αH Xt , that is, equality in distribution, for every positive α.

Self-similarity implies that FBM is a statistical fractal, since its time scalings have the
same distributions, with the consequence that it is almost surely nondifferentiable, al-
though there exists, for any 0 < H < 1, a version of the FBM for which sample paths
are almost surely continuous. Self-similarity has been discovered in data, for example,
Ethernet traffic starting from statistical analysis of Bellcore traffic data (see Willinger
et al., 1997). Within the class of self-similar processes, FBM is the one which can be
treated more conveniently for its mathematical properties, as in Conti et al. (2004),
who considered a FBM to model cumulative network traffic in telecommunications,
taking into account the possible presence of long-range dependence in data.

The autocovariance function of the FBM {Xt } is given, for all s, t ≥ 0, by

CX (s, t) = E[Xs Xt ] = 1

2

(
t2H + s2H − |t − s|2H

)
. (6.4)

Consider Yi = Xi − Xi−1, i = 1, 2, . . .. From (6.4), it follows that the correlation
coefficient between the increments Yi and Yi+k is equal, for all k ≥ 1, to

ρ(k) = 1

2

(
(k + 1)2H − 2k2H + (k − 1)2H

)
.

Applying Taylor’s expansion, it can be seen that ρ(k) ∼ H (2H − 1)k2(H−1),
as k → ∞. For 1/2 < H < 1, the process has long-range dependence since∑∞

k=1 ρ(k) = ∞, whereas short-range dependence is achieved when 0 < H < 1/2,
since

∑∞
k=1 |ρ(k)| < ∞. The latter case, not addressed in the rest of the chapter, can

be used to model sequences with intermittency.
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We now consider parameter estimation for the case in which a process {Yt } is
observed such that Yt = μt + σ Xt , where {Xt } is a FBM.

Example 6.2: Conti et al. (2004) considered the transmission of packets (file, e-mail,
video signals, etc.) using ATM techniques through standard commercial telephone
lines. Cells (i.e., packets with label about source and destination) are routed through
ATM nodes connecting input links with output links. Since several traffic sources are
operating simultaneously, it is quite common that different cells will require the same
output link. Therefore, a buffer is needed to store cells which are queueing before
being served. Since the buffer size is finite, a cell entering the system when the buffer
is already full cannot be either transmitted or stored and, thus, it is lost. Standard
queueing models, like those described in Chapter 7, could be used, but the empirical
behavior of cells arriving at the link shows that a FBM is more appropriate to model
arrivals. In particular, Conti and coauthors considered that the link was processing
cells at a rate μ (assuming, with a slight inappropriateness, that the link was always
busy) and the arrival of cells occurred according to the process {Yt } described in the
preceding text. Therefore, Xt = (Yt − μt)/σ is a FBM.

Telecommunication networks are characterized by quality of service require-
ments, like the cell loss probability. It is possible to formulate a decision problem
about the size of the buffer, which involves its cost and the one for lost cells. In this
case, we need to find the optimal buffer size B, which solves the problem

min
B

CB B + CL P({ sup
0≤t≤T

(Xt − μt) > B}),

where CB is the cost per buffer unit, CL is the cost if there are cell losses, and
[0, T ] is the interval of interest. We could consider other objective functions, with,
say, a nonlinear function of B or the cumulative number of lost cells over the
interval [0, T ]. �

Suppose n observations Yt = (Yt1 , . . . , Ytn )T are available from a process {Yt }
at times t = {t1, . . . , tn}. Let �H denote, except for the constant σ 2, the covariance
matrix of (Yt1 , ..., Ytn ), whose (i, j)th element is

σi, j (H ) = 1

2
(t2H

i + t2H
j − |ti − t j |2H ).

Since the process {Xt ; t ≥ 0} is assumed to be a FBM, the likelihood function is

l(H, μ, σ 2; Yt) = |�H |−1/2

(2πσ 2)n/2
exp

{
− 1

2σ 2
(Yt − μt)T �−1

H (Yt − μt)
}

,

with |�H | denoting the determinant of the matrix �H . We choose a prior U(1/2, 1),
that is, a uniform distribution on (1/2, 1), for H, a normal N(μ0, σ

2) conditional for
μ given σ 2 and an inverse gamma IGa(ν, λ) for σ 2.
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It is then possible to obtain the full conditional distributions for H, μ and σ 2 as
follows:

μ|H, σ 2, Yt ∼ N((tT �−1
H Yt + μ0)(tT �−1

H t + 1), σ 2(tT �−1
H t + 1)),

σ 2|H, μ, Yt ∼ IGa
(
ν + n/2, λ + (Yt − μt)T �−1

H (Yt − μt)/2
)
,

and

π (H |μ, σ 2, Yt) ∝ |�H |−1/2 exp

{
− 1

2σ 2
(Yt − μt)T �−1

H (Yt − μt)
}

Then, we may apply the following Metropolis within Gibbs sampling algorithm:

1. Choose initial values
(
μ(0), σ 2(0), H (0)

)
. i = 1.

2. Until convergence is detected, iterate through
Generate μ(i) ∼ μ|H (i−1), σ 2(i−1), Yt

Generate σ 2(i) ∼ σ 2|H (i−1), μ(i), Yt

Generate a candidate H∗ ∼ q(H |H (i−1)).
If π(H (i−1))q(H (i−1) | H∗) > 0:

then α(H (i−1), H∗) = min
(

π(H∗)q(H∗|H (i−1))
π(H (i−1))q(H (i−1)|H∗) , 1

)
;

else, α(H (i−1), H ∗) = 1.
Do

H (i) =
{

H∗ with prob α(H (i−1), H∗),
H (i−1) with prob 1 − α(H (i−1), H∗)

i = i + 1

A possible proposal distribution q(H |H (i−1)) would be a shifted beta, with density
proportional to (1 − 2H )γ−1(1 − H )δ−1, with an adequate choice of γ and δ.

Conti et al. (2004) considered a more complex prior specification, taking for H a
mixture of a uniform distribution on (1/2, 1) and a Dirac one (i.e., a point mass) at
1/2, with a weight ε given to the latter. Therefore, they assigned a prior probability ε to
a standard Brownian motion, as compared to a FBM. Furthermore, they considered
a normal N(μ0, ωσ 2) conditional distribution for μ given σ 2. They were able not
only to estimate the Hurst parameter H, but also provided an estimate of the overflow
probability, as a measure of the quality of service of a network, and developed a test
to compare long-range versus short-range dependence.

6.4 Diffusions

Diffusion processes are Markov processes with certain continuous path properties
which emerge as solution of stochastic differential equations. Specifically as follows:

Definition 6.7: A continuous time and state process is a diffusion process if it is a
Markov process {Xt } with transition density p(s, t ; x, y) and there are two functions
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μ(t, x) and β2(t, x), known as the drift and the diffusion coefficients, so that

∫

|x−y|≤ε

p(t, t + �t ; x, y)dy = o(�t),

∫

|x−y|≤ε

(y − x)p(t, t + �t ; x, y)dy = μ(t, x) + o(�t),

∫

|x−y|≤ε

(y − x)2 p(t, t + �t ; x, y)dy = β2(t, x) + o(�t).

Here, we shall consider diffusion processes which are solutions to stochastic
differential equations (SDEs) of the form

dXt = μ(t, Xt )dt + β(t, Xt )dWt , (6.5)

where Wt is a Brownian motion, as presented in Section 6.3. More details on SDEs
can be found, for example, in Gihman and Skorohod (1972), Øksendal (1998), and
Prakasa Rao (1999), whereas simulation and inference are illustrated in Iacus (2008).
Bayesian references are, among others, Eraker (2001), Elerian et al. (2001), and
Roberts and Stramer (2001), who suggested analyzing discretely observed diffusion
processes with a data augmented Markov chain Monte Carlo (MCMC) algorithm.
Jacquier et al. (1994) is an early relevant Bayesian reference.

In general, the SDE (6.5) is solved by numerical methods, using, for example,
the Euler–Maruyama approximation, as in Section 6.5. Suppose we are interested in
solving the SDE (6.5) in the interval [0, T ]. We consider points 0 = t0 < t1 < . . . <

tn = T (e.g., equispaced ones, such that ti − ti−1 = T/n, i = 1, . . . , n). Then, the
Euler–Maruyama approximation is given by the Markov chain {Xt }, with

Xti = Xti−1 + μ
(
ti−1, Xti−1

)
�ti + β

(
ti−1, Xti−1

)
(Wti − Wti−1 ),

for i = 1, . . . , n and �ti = ti − ti−1. Note that �Wi = Wti − Wti−1 are independent,
normal random variables with expected value zero and variance �ti . More details
on the Euler–Maruyama approximation can be found in, for example, Kloeden and
Platen (1999).

Here, we illustrate a few relevant examples of SDEs as follows:

� The Vasicek model dXt = (θ1 − θ2 Xt )dt + θ3dWt , for any real θ1, θ2, and positive
θ3, is used to model interest rates and it generalizes the Ornstein–Uhlenbeck
model proposed in physics with θ1 = 0. The Ornstein–Uhlenbeck model is the
only nontrivial process that is stationary, Gaussian, and Markov, besides having
finite variance for all t ≥ 0 (unlike the Brownian motion).

� The Cox–Ingersoll–Ross model dXt = (θ1 − θ2 Xt )dt + θ3
√

Xt dWt , for positive
θ1, θ2, and θ3, is used to model short-term interest rates.

� The Black–Scholes–Merton model dXt = μXt dt + βXt dWt , with β > 0, may be
used to describe the behavior of the log of an asset price, under certain assumptions.
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The Black–Scholes–Merton model of option prices does not take in account
potential instantaneous price changes, due to, for example, foreign exchange rates.
Therefore, Brownian increments might not be sufficient to describe price dynamics
and jump diffusion processes have been proposed to allow for discontinuous jumps in
the option price; see Merton (1976) for more details. We will illustrate jump-diffusion
processes with an example from reliability about degradation.

Example 6.3: D’Ippoliti and Ruggeri (2009) proposed a jump diffusion model to
describe the wear process of cylinder liners in a marine diesel engine. The model
could be used to perform reliability analysis and plan condition-based maintenance
activities, as mentioned in Section 8.6. Wear of the liners is one of the major factors in
determining failure of heavy-duty diesel engines, and it is mostly caused by abrasion
and corrosion. While the latter is due to sulphuric acid, nitrous/nitric acids, and water,
the former is caused by the high quantity of abrasive particles on the piston surface,
produced by the combustion of heavy fuels and oil degradation (soot). A micrometer
is used to measure the wear near a critical point of the liner, called top dead center,
in which almost all failures occur once wear exceeds a specified threshold. Thirty
cylinders were observed over time and thickness (initially 100 mm) and inspection
time were recorded. As an example, three observations were taken for a cylinder:
(11300, 99.10), (14680, 98.70), and (31270, 97.15), where the first number denotes
hours since the installation of the liner and thickness is the second one. The interest
is in performing as few measurements as possible, since the stoppage of a ship has
a cost for the ship owner; changing liners as late as possible, since their substitution
takes time and is expensive (they are approximately 10 m high); but changing before
wear reaches 4 mm (or, equivalently, a thickness of 96 mm) since any cylinder
failure occurring below such threshold is charged to the liner manufacturer, whereas
failures in excess of the threshold are to be paid by the ship owner (whose point of
view is taken here). A thorough description of the problem can be found in Giorgio
et al. (2010).

A jump diffusion model for the thickness process T (t) is justified by considering
a background activity due to corrosion, modeled by a Brownian motion, and jumps
at unobserved collision times τ j between soot particles and liner metal surfaces. The
evolution of T (t) is given by

dT (t) = −T (t−) {μdt + σdB(t) + dJ (t)} , (6.6)

where μ and σ are constants, B is a standard Brownian motion, whereas J is a process
independent of B, given by J (t) = ∑N (t)

j=1 Y j , where Y1, Y2, . . . are IID random vari-

ables and N (t) is an HPP with rate λ > 0. The relative jump size is Y j = T (τ−
j ) − T (τ j )

T (τ−
j )

,

at each τ j , for every j. The solution of SDE (6.6) (see, e.g., Runggaldier, 2003) is
given by

T (t) = T (0) exp
(−(μ + σ 2/2)t − σ B(t)

) N (t)∏

j=1

(1 − Y j ). (6.7)
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Although 0 ≤ Y j ≤ 1, for all j, lognormal distributions on Yj are taken so that they
are very concentrated in the interval (0, 1), leaving a negligible probability out of the
interval. Conditional upon a fixed number of events N (s, t] = n in the interval (s, t],
then T (t) − T (s) has a lognormal distribution for any 0 ≤ s < t , as a consequence
of (6.7) and the lognormal distributions on Yj. Since increments of disjoint intervals
are independent (see Øksendal, 1998), it is, therefore, possible to specify a partial
likelihood (due to the conditioning on the number of events in each interval) as the
product of lognormal densities. After specifying the prior distributions, the usual
MCMC method applies with a relevant aspect: the numbers of events between two
subsequent inspection points are treated as parameters as well, so that a prior is
specified on each of them and the corresponding full conditionals are computed
allowing for draws at each step of the MCMC simulation. �

6.5 Case study: Predator–prey systems

Gilioli et al. (2008, 2012) considered two models in analyzing data from predator–
prey dynamics in a strawberry field in Sicily where a predator mite, Phytoseiulus
persimilis, had been introduced to reduce the impact of a pest mite, Tetranychus
urticae, on the crop. The introduction of predators in an environment affected by
parasites is part of integrated pest management (IPM) programs which are imple-
mented to minimize crop losses due to pests, reduce impact of control techniques on
environment and human health and control insects responsible of diseases affecting
plants, animals and humans. The study of predator–prey dynamics is important, since
it can provide information on the effects of control operations and provide guidance
on the improvement of IPM strategies.

Many researchers have been interested in analyzing the functional response,
that is, the consumption rate of a single predator, in a predator–prey system. This
quantity, considered also the response of the predator to prey abundance, is system
specific, since it depends on the predator, the prey, and the environment. The latter
is an important aspect since early studies were performed in laboratories, but results
could be hardly scaled to the largest, natural environment where other factors, like
plant layouts, are to be considered. Heterogeneity in the environment strongly affects
behavioral and physiological responses related to the predation process, and different
models for the population dynamics and the functional response have been proposed.
Two stochastic models proposed by Gilioli et al. (2008, 2012) differ mostly in the
functional response considered. This was assumed to be linear in the first case,
deriving from the Lotka–Volterra model, and nonlinear in the second, based on the
Ivlev model. Here, we will discuss the first model, presenting a simulation technique
different with respect to the one in Gilioli et al. (2008).

We start from a (deterministic) modified Lotka–Volterra model that considers
logistic growth of the prey to account for intraspecific competition. The equations
are given by

{
dxt = [r xt G (xt ) − yt F (xt , yt ; q)] dt x(0) = x0

dyt = [cyt F (xt , yt ; q) − uyt ] dt y(0) = y0,
(6.8)
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where xt and yt, both in [0, 1], are the normalized biomass of prey and predator,
respectively, whereas r is the prey growth rate, c and u are, respectively, the production
and the loss rates of the predator, and q is the efficiency of the predation process. The
growth rate of the prey in absence of predators tends to diminish when the biomass
xt is increasing, so that we take G(x) = (1 − x). Moreover, we take F(x, y; q) = qx ,
that is, a linear (in q) functional response of the predator to prey abundance. The
parameter of interest q is considered subject to noise and dependent on time, so that
qt = q0 + σξt , where σ is a positive constant, ξt is a Gaussian white noise process,
that is, with uncorrelated random variables with zero mean and constant variance,
and q0 is the parameter to be estimated.

The deterministic system (6.8) becomes stochastic with the introduction of two
Wiener processes. The first process, w (1)

t , affecting the prey–predator interaction
xt yt , represents the demographic stochasticity in the system, that is, the variability
in population growth rates due to differences in survival and reproduction among
individuals. The second process w (2)

t , which is independent of w (1)
t , takes in account

the environmental stochasticity, for example, different birth and death rates in dif-
ferent periods because of weather and diseases, besides the sampling error affecting
population abundance estimates. The contribution of w (2)

t on the first and the second
equations is weighted, respectively, by two positive parameters ε and η. Since both
solutions xt and yt are bound to the interval [0, 1], the indicator function of the unit
square [0, 1] × [0, 1] should be added. To preserve continuity outside of the square
and allow for a solution, the indicator function is approximated by an adequate con-
tinuously differentiable and Lipschitz function χ (z). Such a function equals 1 in the
interval [γ, 1 − γ ], with γ sufficiently close to 0, 0 outside [0, 1] and it is adequately
connected in the intervals (0, γ ) and (1 − γ, 1). Therefore, the bivariate stochastic
differential equation becomes

dXt = μ (Xt , q0) dt + β (Xt ) dWt , X0 = x0, t ≥ 0, (6.9)

with Xt = (xt , yt )T , drift coefficient

μ (Xt , q0) =
[

[r xt (1 − xt ) − q0xt yt ] χ (xt )
[cq0xt yt − uyt ] χ(yt )

]

and diffusion coefficient

β (Xt ) =
[−σ xt ytχ (xt ) εxtχ (xt )

cσ xt ytχ (yt ) ηytχ(yt ).

]
.

The coefficients μ and β are bounded and continuously differentiable with reference
to Xt and q0 and satisfy the conditions for existence and uniqueness of a strong
solution of a SDE (see, e.g., Øksendal, 1998).
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Consider discrete observations X = (X0, X1, ..., X p) at times t0, t1, ..., tp and
replace (6.9) with the Euler–Maruyama approximation, given by

Xti+1 = Xti + μ
(
Xti , q0

)
�ti + β

(
Xti

)
(Wti+1 − Wti ),

where �ti = ti+1 − ti . The approximation gets better as �ti get smaller; see Kloeden
and Platen (1999) for more details.

As mentioned earlier, field experiments are long and expensive, so that collected
data are few. Furthermore, the proposed model is meaningful when prey and predator
biomass are not close to 0. As it is shown later, that situation occurs when there is
abundance of predators that induces an almost complete disappearance of preys and,
similarly, predators’ population almost disappears when very few preys are alive. For
this reason, only data for a cycle, that is, the period between two cases of negligible
biomass, are considered.

As a consequence, Gilioli et al. (2008) consider just a few data, which make
the discretization of system (6.9) more prone to approximation bias. As discussed in
Eraker (2001), Elerian et al. (2001), and Golightly and Wilkinson (2005), it is impor-
tant to dispose of a sufficiently large number of data to ensure that the discretization
bias is arbitrarily small. Therefore, a number M of latent points is added between
two observations, which provide a Gaussian contribution to the likelihood through
their transition densities. Although M could change between pairs of observations,
we shall consider it fixed.

Given the observations X = (X0, X1, ..., X p) at times t0, t1, ..., tp and setting
�i = ti − ti−1, i = 1, . . . , p, the posterior distribution on q0 is given by π (q0|X) ∝
π(q0)

∏p
i=1 f (Xi |Xi−1, q0), where π (q0) is the prior distribution and

f (Xi |Xi−1, q0) ∝
∣
∣
∣
[
β (Xi−1) βT (Xi−1)

]−1
∣
∣
∣

1
2

× exp

(
−1

2
[Xi − Xi−1 − μ(Xi−1, q0)�i ]

T

× [
�i β (Xi−1) βT (Xi−1)

]−1
[Xi − Xi−1 − μ(Xi−1, q0)�i ]

)
.

There are several possible choices for the prior on q0, including normal or gamma
distributions. The choice of a gamma prior is justified since it is defined over the
range of q0, unlike the normal that would allow for posterior draws of negative q0s
for which trajectories of predator and prey biomass over time are not possible.

In this setup, the latent observations generated between successive observations
are treated as parameters to be drawn from an adequate distribution at each step
of the MCMC simulation. The number M of latent points is a critical issue, whose
consequences are discussed later and illustrated in Figure 6.3. In the absence of a
sound rule about the choice of M, its value is tuned until a proper balance is achieved
between reliable estimates and good convergence of the MCMC algorithm. The
update of the latent points could be done individually or by blocks. Here, we perform
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a random-block size update, extending the method proposed by Elerian et al. (2001)
to the bivariate case.

We present now the scheme of the MCMC simulation, pointing the reader in-
terested in detailed formulas to Gilioli et al. (2008). Here, we denote by Zj the set
of M latent variables between two actual observations X j−1 and Xj, j = 1, . . . , p.
A Metropolis–Hastings (MH) algorithm is required to generate both q0 and Zj at
each step. The drawn values are accepted with an adequate probability, as described
in Section 2.4. The usual care is applied in choosing an adequate burn-in to avoid
dependence on initial values and selecting just a subset of drawn values to mitigate
serial dependence as follows:

1. Choose initial values q0
0 and Z0

j, j = 1, . . . , p, generating q0
0

from prior π(q0) and Z0
j through linear interpolation of

two consecutive observations. i = 1.
2. Until convergence is detected, iterate through

Apply M-H to generate qi
0

For j = 1, . . . , p apply M-H to generate blocks of Zi
j:

(a) Set K = 0
(b) Draw m − 1 ∼ Po(λ).
(c) If K + m < M, then draw m latent points (from

K + 1th to K+mth positions), set K = K + m
and go back to b); else draw latent points
from K + 1th to Mth positions and stop.

i = i + 1

The choice of an optimal M depends on many factors, including the interval
length between two subsequent points, the nonlinearity in drift and/or volatility, and
the variance between observations. On one hand, increasing M improves (reducing
the bias) the approximation to the true density function based on conditional densities
of one observation with reference to the previous one. On the other, such increase
adds to the complexity of the problem and the dimension of the parameter space,
affecting MCMC not only in terms of longer simulation time but also requiring more
care, for example, in avoiding serial dependence and getting good mixing.

Simulated data are used here with some parameters in system (6.9) chosen as
in Gilioli et al. (2008). In particular, we take r = 0.11, c = 0.35, and u = 0.09,
where the first two biodemographic parameters were estimated by Buffoni and Gilioli
(2003), while u comes from Nachman (1996). Two experiments were performed in a
strawberry field in Ispica (Italy); Gilioli et al. (2008) applied their model to data from
the second, whereas data from the first were used (and are used here) to estimate other
parameters using the least squares method and plugging them into the model under
consideration: σ̂ = 0.321, ε̂ = 0.079, and η̂ = 0.106. The estimate q̂0 = 1.538 was
used as mean of the gamma prior on q0, along with a variance of one. Therefore,
a prior Ga(2.25, 1.5) will be used for q0 in the following analysis. Ten data were
generated with q0 = 1.5 over a 100 days period, choosing the initial values x0 = 0.1
and y0 = 0.007.
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Figure 6.2 Posterior density estimate of q0 with no latent points.

The posterior distribution of the parameter q0, under the assumption of no latent
data, is presented in Figure 6.2. It is worth mentioning that the curve is quite far away
from 1.5, the value of q0, and its posterior mean is 1.7347, which is very close to the
MLE (1.7357). The bias induced by the discretization is evident and the problem is
addressed by adding M latent points. We consider M = 1, 2, 3, 4.

In Figure 6.3, the histograms of the posterior distribution show that there are
significant differences when M changes. Posterior medians presented in Table 6.1
confirm such differences. It is worth observing that posterior medians are close to
q0 = 1.5, unlike the MLE which is quite far apart.

Two simulated trajectories, one for the case q0 = 1.7357 (classical estimate) and
the second for q0 = 1.6009 (Bayesian estimate with two latent data) are depicted in
Figure 6.4.

Figure 6.5 presents the means of 1000 trajectories of prey and predator abundance,
for classical and Bayesian cases, along with the simulated observations denoted by
an asterisk. The trajectories were drawn with a fixed value of q0, the MLE 1.7357 and
the posterior median 1.6009 obtained for M = 2. The Bayesian estimate seems to
give a better fit of simulated data than the classical one. In fact, trajectories obtained

Table 6.1 Posterior median (for different M) and MLE for q0.

M = 1 M = 2 M = 3 M = 4 MLE
1.6432 1.6009 1.6185 1.6397 1.7357
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Figure 6.3 Histograms of posterior on q0 for different number M of latent points.
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Figure 6.4 Simulated trajectory for prey and predator with posterior median for M = 2
(continuous line), MLE (dashed line), and actual points (asterisks).
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Figure 6.5 Prey (above) and predator (below) trajectories with posterior median for M = 2
(continuous line), MLE (dashed line), and actual points (asterisks).

in the classical framework tend to underestimate the maximum values of prey and
predator and display advanced cycles.

Modeling the predator–prey dynamics with real (and few) data is more trouble-
some, as shown in Gilioli et al. (2008, 2012). We refer to those works for a detailed
illustration of such issues.

6.6 Discussion

In this chapter we have considered only a few continuous time, continuous space
stochastic processes. It is worth mentioning that the Brownian motion is a particular
case of a Lévy process Xt, defined for t ≥ 0 and such that it has independent and
stationary increments and X0 = 0 a.s. For more details on Lévy processes, see, for
example, Bertoin (1998) and Applebaum (2004), whereas Wolpert (2002) discusses
their Bayesian analysis. The gamma process is another example of Lévy process, with
gamma distributed independent increments, which is widely used in Bayesian non-
parametrics. Lo (1982) considered a gamma process prior on the mean value function
of a Poisson process, proving that the former is conjugate with respect to the latter.
Martingales and stochastic calculus would be also part of a more extensive review.

In Section 6.2, we presented the case of the nonlinear regression on a function
f arising in the context of computer emulators. Recently, there has been interest in
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using Gaussian processes as priors on density functions, as in Adams et al. (2009)
who introduced the Gaussian process density sampler. Gaussian process priors are
becoming increasingly popular in the machine learning literature, as well; see, for
example, MacKay (1998) for a tutorial and Rasmussen and Williams (2006) for a
thorough illustration of their properties and applications. Gaussian processes consti-
tute a bridge between the statistical and machine learning communities, since they are
equivalent (under some conditions) to support vector machines and strongly related
with neural networks and splines.

In the machine learning context, data are considered as a training set D =
{(Yi , Xi ), i = 1, . . . , n}, where Xi is a p-dimensional vector of input values and
Xi = f (Xi ) is the corresponding real valued output from a system, modeled as a func-
tion f : A ⊆ R

p → R. A relation between input and output values is then identified
and used to predict outputs from further input values and used, for example, in regres-
sion and classification. Given a new point X∗, the prediction of Y ∗ = f (X∗) follows
by applying first the Gaussian process to the new data set D ∪ (Y ∗, X∗) and then the
properties of the normal distribution so that the conditional distribution f (Y ∗|D, X∗)
is still normal. More details can be found in Rasmussen and Williams (2006).

In geostatistics, Gaussian processes are widely used to model surfaces over a
region; measurements, possibly imperfect, are collected over a finite number of
sampling locations and used to predict the behavior all over the region. Bayesian
methods naturally incorporate parameter uncertainty into spatial prediction, as shown,
for example, in Diggle et al. (1998) and Banerjee et al. (2004). Many spatial models
are presented in Cressie (1993), like the one given, at any point s, by Y (s) = μ(s) +
θ (s) + ε(s), where μ, θ, and ε denote, respectively, mean structure, stationary spatial
Gaussian process, and pure error process. The Bayesian approach in this context
has strong connections with kriging, a widely used method by geostatisticians, as
discussed, for example, in Handcock and Stein (1993) or Le and Zidek (2006).

Other applications are available in geosciences, for example, truncated Gaussian
fields have been applied to binary media (as in the presence/absence of oil or water
in a field), using values above and below a given threshold to assign one of two
possible states to each point of a region. As examples, we mention McKenna et al.
(2011), who considered the case of effective conductivity, and De Oliveira (2000),
who performed a Bayesian analysis for what he called clipped Gaussian and binary
random fields.

The spatial process used to model surfaces in geostatistics is in general assumed to
be stationary and isotropic. As pointed out in Schmidt and O’Hagan (2003), those as-
sumptions are not realistic in environmental problems, where spatial correlation could
be affected by local phenomena. Starting from the actual anisotropic and nonstation-
ary surface G, they consider a transformation d : G → D into a latent, stationary and
isotropic region D and then they take a Gaussian process prior distribution on d.

Patil (2007) considered a Gaussian process in inferences for the functional re-
sponse of a predator–prey system, like the one described in Section 6.5. The spectral
density of Gaussian processes is another important topic, especially when interested
in long-range dependence as in Rousseau et al. (2010).

Brownian motions have been applied in many fields because of their proper-
ties. As an example in reliability, Basu and Lingham (2003) performed a Bayesian



P1: TIX/XYZ P2: ABC
JWST172-c06 JWST172-Ruggeri March 3, 2012 16:7

CONTINUOUS TIME CONTINUOUS SPACE PROCESSES 155

analysis modeling stress and strength of a material with two independent Brownian
motions, {Xt } and {Yt }, respectively, assuming that the strength, and not only the
stress, is changing over time. The interest is in the process Zt = Yt − Xt and in the
first-passage functional given by T = inf{0 ≤ t ≤ ∞ : Z (t) < 0}. In another work,
Guerin et al. (2000) used a Brownian motion with drift, in a Bayesian framework, to
study degradation for brake disc wear in an automotive.

FBM has been used in a queueing context, a topic discussed in Chapter 7; Norros
(1994) modeled the arrival process with long-range dependent increments, consider-
ing the process Zt = mt + √

am Xt , where Xt is a FBM, and m and a are two positive
parameters. We have mentioned a paper (Conti et al., 2004) that deals with network
traffic and performance using a FBM. The use of Gaussian processes in this context
is very convenient, although it is not always realistic, as discussed in Ribeiro et al.
(1999) and Riedi et al. (1999), since data often show heavy-tailed behavior. Further-
more, data are not strictly self-similar and the Hurst parameter Ht changes over time t.
Ribeiro et al. (1999) and Riedi et al. (1999) proposed multiplicative cascade models,
based on Haar wavelet transforms, to capture the bursty behavior of the traffic series.
Such models were also used by Ruggeri and Sansò (2006) in modeling the behavior
of series of disk usage.

SDEs have been widely applied in many fields, including finance, telecommuni-
cations, biology, and forestry. Here are few examples. Chapter 12 of Øksendal (1998)
presents some applications to mathematical finance, including models for market,
portfolio, and arbitrage. Primak et al. (2004) considered some examples in communi-
cations, whereas Golightly and Wilkinson (2005) applied SDEs to dynamic models of
intracellular processes. In forest management, Shoji (1995) compared several models
used to describe the stochastic behavior of lumber prices, subject to decisions about
plant trees and harvesting the timber.

In the chapter we have considered the Euler–Maruyama approximation to solve
numerically the SDE (6.5). It is worth mentioning the recent work on exact samplers
for diffusions, as in Beskos et al. (2006), and the work on the pseudo-marginal
approach by Stramer and Bognar (2011).

Parameters have been considered constant in the SDE’s presented in this chapter.
Other research focuses in time-varying parameters, for example, Kim et al. (2012),
who consider the Standard and Poor 500 series that shows a different trend after year
2000 with respect to its previous one. This model could be considered as a very special
case of the switching diffusion models, proposed by Liechty and Roberts (2001), in
which a diffusion process has properties dependent on an hidden continuous time
Markov chain, with a finite state space.

References

Abramowitz, M. and Stegun, I.A. (1964) Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables. New York: Dover.

Adams, R.P., Murray, I., and MacKay, D.J.C. (2009) The Gaussian Process Density Sampler.
In Advances in Neural Information Processing Systems, vol. 21, D. Koller, D. Schuurmans,
Y. Bengio, and Leon Bottou (Eds.). Cambridge, MA: The MIT Press pp. 9–16.



P1: TIX/XYZ P2: ABC
JWST172-c06 JWST172-Ruggeri March 3, 2012 16:7

156 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS
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7

Queueing analysis

7.1 Introduction

Many real-life situations such as customers shopping at a supermarket or patients
waiting for a heart transplant involve the arrival of clients who must then wait to be
served. As more clients arrive, in many cases a queue is formed. Queueing theory
deals with the analysis of such systems. This chapter examines Bayesian inference
and prediction for some of the most important queueing systems, as well as some
typical decision-making problems in queueing systems such as the selection of the
number of servers.

The chapter is laid out as follows. In Section 7.2, we introduce the basic outline
of a queueing system and some of the most important characteristics. Then, in
Section 7.3, we outline some of the most important queueing models. General aspects
of Bayesian inference for queueing systems are briefly commented in Section 7.4
and then, inference for the M/M/1 system is examined in Section 7.5. Inference for
non-Markovian systems is considered in Section 7.6. Decision problems for queueing
systems are analyzed in Section 7.7 and then, a case study on hospital bed optimization
is carried out in Section 7.8. The chapter finishes with a discussion in Section 7.9.

7.2 Basic queueing concepts

Formally, a queueing system is a structure in which clients arrive according to some
arrival process and wait if necessary before receiving service from one or more
servers. When a client arrives, he or she will be attended if there are free servers.
Otherwise, he or she will leave the system immediately or wait for a certain time
until they can wait no longer or until a server becomes available.

Often, a queueing system is summarized in terms of six characteristics, which can
be described in a compact form using Kendall’s (1953) notation, as A/S/c/K/M/R.
A and S designate the forms of the arrival and service process, respectively; c is the
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number of servers; K represents the capacity of the system, which may be finite or
infinite; M represents the finite or infinite customer population; and, finally, R rep-
resents the service discipline. For example, M/D/2/10/∞/FIFO (first in first out),
represents a system in which the arrival process is Markovian (M), so that the interar-
rival times are IID exponentially distributed; the service times are fixed or determin-
istic (D); there are two servers and the system can hold up to ten clients who arrive
from an infinite client population and who are served on a FIFO basis. Most work on
queueing systems has considered infinite population, infinite capacity systems with
FIFO service. Such systems are usually summarized by just the first three charac-
teristics so, for example, we write M/G/c as shorthand for an infinite population,
infinite capacity, FIFO queueing system with a Markovian arrival process, a general
service time distribution and c servers.

Although the structure of both the arrival and service processes may be of interest,
clients will be typically more concerned with how long they will have to wait before
being served or how many people there are in front of them. Servers will be interested
in how long they will be busy or how long their periods of rest between services are
likely to be. This motivates the following performance measures.

Definition 7.1: For a given queueing system, at time t, then:

Nq (t) = the number of clients waiting in the queue at time t.
Nb(t) = the number of busy servers at time t.
N (t) = Nq (t) + Nb(t) = the number of clients in the system at time t.
Wq (t) = the time spent waiting in the queue by a client arriving at time t.
W (t) = the time spent in the system by a client arriving at instant t .

= Wq (t) + S, where S is the service time of the client.

All of these variables are typically stochastic and, for most queueing systems, their
exact distributions are difficult to obtain. However, it is often more straightforward
the analysis of the long-term behavior of these variables assuming that the system
reaches equilibrium as time increases. The stability of the queueing system depends
on the traffic intensity.

Definition 7.2: For a G/G/c system, that is a system with general (G) inter-arrival
time distribution, general (G) service distribution, c servers, infinite population,
infinite capacity and FIFO service discipline, the traffic intensity ρ is

ρ = λE[S]/c,

where λ is the mean arrival rate, that is, the mean number of arrivals per unit time,
and E[S] is the mean service time.

It is intuitive that if ρ > 1, then on average, arrivals occur at a faster rate than can
be handled by the servers and, therefore, the queue size will tend to grow over time. It
can also be shown that, except in the case when both arrival and service distributions
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are deterministic, then an equilibrium cannot be reached when ρ = 1. However, if
ρ < 1 it has been demonstrated that the distribution of N (t), W (t), and the other
variables introduced in Definition 7.1 approach an equilibrium distribution, see, e.g.,
Wolfson (1986). Then, N represents the equilibrium queue size and W represents the
equilibrium time spent by an arriving customer in the system, with

P(N = n) = lim
t→∞ P(N (t) = n)

FW (w) = P(W ≤ w) = lim
t→∞ P(W (t) ≤ w)

and, similarly, for Nb, Nq, and Wq.
General results of interest are Little’s (1961) laws that relate the mean numbers of

clients in the system and queue to the average waiting or queueing time as follows:

E[N ] = λE[W ], (7.1)

E[Nb] = λE[Wq ]. (7.2)

There are two final variables of interest related with the total work of the servers.
First, define B to be the length of a server’s busy period, that is, the time between the
arrival of a client in an unoccupied server system and the first instant in which the
server is empty again. Second, I will represent the length of a server’s idle period,
that is, the length of time that a server is unoccupied.

7.3 The main queueing models

This section outlines the probabilistic properties of the most important queueing mod-
els according to the different interarrival and service time distributions. Throughout
this section, we shall write probabilities unconditional on arrival and service param-
eters. For example, we shall write P(N = n) instead of P(N = n|λ,μ).

7.3.1 M/M/1 and related systems

One of the queueing systems which is simplest to analyze is that in which there
is a single server, arrivals occur according to a Poisson process, as introduced in
Chapter 5, and service times are independently, exponentially distributed with arrival
and service rates λ and μ, respectively. This is the M(λ)/M(μ)/1 queueing system,
or M/M/1 for short.

Thinking of an arrival in the queue as a birth and a service completion as a
death, this queueing system can be described as a birth–death process as outlined in
Example 4.1.

For this system, the traffic intensity is given by ρ = λ/μ and the system is stable
if ρ < 1. Given that the system is stable, it is possible to derive the following formulae
for the equilibrium distributions of the variables given earlier, which can be found in
most books on queueing theory, see, e.g., Gross and Harris (1998).
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The number of clients in the system has a geometric limiting distribution, that is

N ∼ Ge(1 − ρ), with E[N ] = ρ

1 − ρ
. (7.3)

The equilibrium distribution of the number of clients in the queue waiting to be served
is thus given by

P(Nq = n) =
{

P(N = 0) + P(N = 1) if n = 0
P(N = n + 1) for n ≥ 1.

(7.4)

The equilibrium distribution of the time W spent by an arriving customer in the
system is exponential,

W ∼ Ex(μ − λ), with E[W ] = 1

μ − λ
= 1

μ(1 − ρ)
.

Similarly, the time Wq spent queueing has a mixed distribution with cumulative
distribution function

P(Wq ≤ t) = 1 − ρe−(μ−λ)t for t ≥ 0.

The M/M/1 system is one of the few systems for which the short-term distribution
of the number of clients in the system is available analytically. Assuming that there
are n0 clients in the system at time 0, then from Clarke (1953), the distribution of
N (t), is given by

P(N (t) = n) = e−(λ+μ)t
[
ρ(n−n0)/2 In−n0

(
2
√

λμt
)

(7.5)

+ρ(n−n0−1)/2 In+n0+1

(
2
√

λμt
)

+ (1 − ρ) ρn/2
∞∑

j=n+n0+1

ρ− j/2 I j

(
2
√

λμt
)
⎤

⎦ ,

where I j (c) is the modified Bessel function of the first kind, that is,

I j (c) =
∞∑

k=0

(c/2) j+2k

k!( j + k)!
.

Also, for this system, the density function of the duration, B, of a busy period can be
shown to be

fB(t) =
√

μ/λ e−(μ+λ)t I1
(
2
√

λμt
)

t
, for t ≥ 0. (7.6)
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Finally, it is clear that the length of a server’s idle period, I, is just

f I (t) = λe−λt , for t ≥ 0. (7.7)

Many results are also available for other Markovian systems with multiple or
infinite servers and when the capacity of the system is finite or when there are bulk
arrivals; see, for example, Gross and Harris (1998) or Nelson (1995) for full reviews.

7.3.2 GI/M/1 and GI/M/c systems

The G I/M/1 system is a system with independent, generally distributed interarrival
times, independent exponential service times with service rate μ, and one server. For
any G I/M/1 system, as for the M/M/1 system, assuming that the system is stable,
the exact stationary distribution of the number of clients in the system found by an
arriving customer, say Na, can be shown to be geometric, that is,

P(Na = n) = (1 − η)ηn for n = 0, 1, 2, . . . , (7.8)

where η is the smallest positive root of

f ∗
A(μ(1 − s)) = s (7.9)

and f ∗
A(s) is the Laplace–Stieltjes transform of the interarrival time distribution (see

Appendix B).
As the arrival process is non-Markovian, the distribution of N, the number of

clients in the system in equilibrium, has a different form

P(N = n) =
{

1 − ρ if n = 0
ρ P(Na = n − 1) for n > 0,

where ρ is the traffic intensity of the system as in Definition 7.2. Similarly to
the M/M/1 system, the limiting distribution of the time spent in the system is
exponential,

P(W ≤ t) = 1 − e−μ(1−η)t for t ≥ 0.

Much of the analysis for the G I/M/1 system can be extended to multi-server
G I/M/c systems by modifying the root finding problem of (7.9) to take into account
the number of servers to give

f ∗
A(cμ(1 − s)) = s.

Given this root, formulae for the waiting time and queue size distributions are given
in, for example, Allen (1990) or Gross and Harris (1998).
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7.3.3 The M/G/1 system

An M/G/1 system is a queuing system with arrivals occurring according to a Poisson
process, with rate λ, and a single server with independent, general service times. The
following results about the equilibrium behavior for M/G/1 systems can be found
in, for example, Gross and Harris (1998).

For any M/G/1 system, the equilibrium distribution of the number of clients in
the system can be found recursively through

P(N = n) = P(N = 0)P(Y = n) +
n+1∑

j=1

P(N = j)P(Y = n − j + 1), (7.10)

where P(N = 0) = 1 − ρ and Y represents the number of arrivals that occur during
a service time, that is

P(Y = y) =
∫ ∞

0

(λt)ye−λt

y!
fS(t) dt

and fS(t) is the service time density.
The distributions of the waiting time and the other variables of interest can, in

general, be derived only in terms of Laplace–Stieltjes transforms. In particular, the
Laplace–Stieltjes transform of Wq is given by

f ∗
Wq

(s) = (1 − ρ)s

s − λ[1 − f ∗
S (s)]

, (7.11)

where f ∗
S (s) is the Laplace–Stieltjes transform of the service time density. However,

one general result for M/G/1 systems is the Pollaczek–Khintchine formula that
expresses the mean queueing time in terms of the average arrival and service rates, λ

and μ, and the variance of the service time distribution as follows:

E[Wq ] =
λ

(
σ 2

s + 1
μ2

)

(1 − ρ)
. (7.12)

7.3.4 GI/G/1 systems

Except for some very specific systems, there are very few exact results known con-
cerning the distributions of queue size, busy period, and so on for G I/G/1 queueing
systems. When exact results are unavailable, one way of estimating the distributions
of these variables is to use discrete event simulation techniques, as in Chapter 9:
interarrival and service times are simulated over a sufficiently large time period T ,
so that it can be assumed that the system is in equilibrium, the corresponding per-
formance measures are computed and this process is repeated for a sufficiently large
sample size. In general, approximations of this type will be reasonable if the traffic
intensity is small but may be inefficient when the traffic intensity of the system is
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close to one as, in such systems, given the starting values, a very large time period T
may be required before it is reasonable to assume that equilibrium has been reached.

7.4 Bayesian inference for queueing systems

Although queueing theory has a long history starting from Erlang (1909), inference
for queueing systems has developed much more recently, starting from the classical
approach of Clarke (1957). The first Bayesian approaches to inference for Markovian
systems, which were introduced in the early 1970s, see Bagchi and Cunningham
(1972), Muddapur (1972), and Reynolds (1973). Armero and Bayarri (1999), outline
a number of advantages of the Bayesian approach to inference for queueing systems.
The most relevant are summarized as follows:

1. Uncertainty about the stability of the system can be easily quantified.
From a Bayesian viewpoint, it is straightforward to estimate the probability

that a (single server) queueing system is stable through P(ρ < 1|data). However,
from a classical point of view, although point and interval estimators for ρ could
be calculated, it is not clear how to measure the uncertainty about whether or not
a queueing system is stable.

2. Restrictions in the parameter space are easily handled.
In many cases, we may wish to assume that a queueing system is stable a priori.

Under a Bayesian set up, this is easily done by defining a prior distribution for
the traffic intensity with support over [0, 1). However, particularly in queueing
systems with heavy traffic, it could easily be the case that the maximum likelihood
estimate of the traffic intensity is ρ̂ ≥ 1. In such cases, it is not clear how estimates
of the equilibrium probabilities of queue size and so on, assuming equilibrium
could be calculated.

3. Prediction is straightforward.
The main interest in queueing systems is often the prediction of the distributions

of observable quantities such as the system size at a given time. Under a Bayesian
approach, prediction is handled in a straightforward manner so that, for example,
for a model parameterized by θ , then

P(N (t) = n|data) =
∫

θ
P(N (t) = n|θ) f (θ |data) dθ .

Furthermore, equilibrium can be incorporated simply by conditioning on the sta-
bility of the system. On the contrary, the standard classical approach of using plug
in estimates can fail to produce sensible predictions for equilibrium probabili-
ties specially under conditions of heavy traffic, see, e.g., Schruben and Kulkarni
(1982).

4. Design is straightforward.
In many queueing systems, it is of interest to choose a number of servers, or a

capacity of the system in order to meet some specified cost or utility condition. In
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such situations, Bayesian decision-making techniques can be used to calculate an
optimal decision; see Section 7.7 for more details.

The main practical difficulty with the Bayesian approach to queueing systems
concerns the experiment to be carried out. In practice it will often be relatively simple
and cheap to observe aspects of a queueing system, such as queue sizes at given
times, customer waiting times or busy period lengths. However, for most systems,
exact formulae for the distributions of these variables are usually unknown, or at best
available as Laplace–Stieltjes transforms. Therefore, the likelihood function is very
hard, if not impossible to derive, and inferential techniques which do not depend
on the likelihood may be needed. Most Bayesian applications to queueing systems
so far have, therefore, assumed that the arrival and service processes are observed
separately, which usually allows for a straightforward likelihood function. However,
the separate observation of these process will usually be more expensive and time
consuming in practice than simply observing, for example, lengths of busy periods.

7.5 Bayesian inference for the M/M/1 system

Most work on Bayesian inference has been carried out for the M/M/1 system or
related Markovian systems. Therefore, in this section, we assume a M/M/1 queueing
system, where the arrival and service rates, λ and μ, respectively, are assumed
unknown. Initially, we shall consider a simple experiment of observing the first na

and ns interarrival and service times, respectively.
Various similar experiments are also possible, for example, observing fixed num-

bers of arrivals or services or observing the numbers of arrivals and services in
a given time period, see, e.g., McGrath and Singpurwalla (1987 and Armero and
Bayarri (1996). As noted in Chapter 5, because of the lack of memory property of
the exponential distribution such experiments lead to similar likelihood functions.
Subsection 7.5.4 will consider alternative experiments.

7.5.1 The likelihood function and maximum
likelihood estimation

Suppose that the total time taken for the first na arrivals is ta and that the time taken
for the first ns service completions is ts. Then, recalling that the distribution of the
sum of n IID exponential random variables has an Erlang distribution, the likelihood
function is given by

l(λ,μ|data) = λna

�(na)
tna−1
a e−λa ta

μns

�(ns)
tns−1
s e−μs ts

∝ λna e−λa ta μns e−μs ts . (7.13)

Given this likelihood function, the maximum likelihood estimators of λ and μ are
λ̂ = 1/t̄a and μ̂ = 1/t̄s , where t̄a = ta/na and t̄s = ts/ns are the mean interarrival
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and service times, respectively. Therefore, the maximum likelihood estimator of the
traffic intensity ρ is ρ̂ = λ̂/μ̂. If ρ̂ is less than one, the predictive distributions of
queue size, waiting time, and so on can be estimated by substituting ρ̂ for ρ in the
formulae of Subsection 7.3.1.

7.5.2 Bayesian inference with conjugate priors

Let us assume that the likelihood function is as in (7.13). Then, the natural, conjugate
prior distributions for λ and μ are gamma distributions,

λ ∼ Ga(αa, βa) and μ ∼ Ga(αs, βs) (7.14)

for some αa, βa, αs, βs > 0.
As commented in Chapter 5, in practical problems, by eliciting information such

as the estimated mean (or median) time between arrivals and the estimated mean
number of arrivals per time unit, the parameters (αa, βa) of the prior distribution for
λ can be assessed. Similar methods can be used to elicit the parameters for the prior
distribution of μ. Some comments on prior elicitation in this context are given in
McGrath et al. (1987). Alternatively, when there is little prior information, Jeffreys
priors can be used,

f (λ,μ) ∝ 1

λμ
. (7.15)

These priors correspond to limiting cases of the gamma priors when αa , βa , αs , and
βs approach zero.

Given the gamma prior distributions of (7.14) and the likelihood function (7.13),
it is easy to see that λ and μ are independent a posteriori and

λ|data ∼ Ga
(
α∗

a , β
∗
a

)
and μ|data ∼ Ga

(
α∗

s , β
∗
s

)
(7.16)

with α∗
a = αa + na , β∗

a = βa + ta , α∗
s = αs + ns , and β∗

s = βs + ts . With the Jeffreys
prior (7.15), we get the posterior distributions λ|data ∼ Ga(na, ta) and μ|data ∼
Ga(ns, ts).

Noting that 2β∗
a λ|data ∼ χ2

2α∗
a

and 2β∗
s μ|data ∼ χ2

2α∗
s

and that the ratio of two chi
squared distributions divided by their degrees of freedom is F distributed, then from
Armero (1985),

α∗
s β

∗
a

α∗
aβ

∗
s

ρ

∣∣
∣
∣ data ∼ F

2α∗
s

2α∗
a
. (7.17)

When we use the Jeffreys prior, then we have

nsta
nats

ρ

∣
∣
∣∣ data ∼ F2ns

2na
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and, for example, Bayesian credible intervals for ρ coincide with their frequentist
counterparts.

The posterior mean of ρ is given by

E[ρ|data] = α∗
aβ

∗
s

(α∗
s − 1)β∗

a

. (7.18)

In particular, given the Jeffreys prior, the posterior mean of ρ is different from the
maximum likelihood estimator, as

E[ρ|data] = tsna

ta(ns − 1)
= ns

ns − 1
ρ̂.

The posterior probability that the system is stable is

P(ρ < 1|data) =
(
β∗

a /β∗
s

)α∗
a

α∗
a B(α∗

a , α
∗
s )

2 F1

(
α∗

a + α∗
s , α

∗
a ; α∗

a + 1; −β∗
a

β∗
s

)
, (7.19)

where 2 F1(a, b; c; d) is the Gauss hypergeometric (GH) function (see Appendix A).

Testing for stability

Given the posterior distribution of ρ, it is natural to assess whether or not the queueing
system is stable. To formally test for stationarity, the hypotheses H0 : ρ < 1 and H1 :
ρ ≥ 1 must be compared. As outlined in Section 2.2.2, given posterior probabilities,
p0 and p1 = 1 − p0 for H0 and H1, respectively, then it is possible to commit two
types of error, assume H0 is true when H1 is true or assume H1 is true when H0 is
true, these errors can be associated with losses l01 and l10, respectively. These losses
can be defined by operational concerns based on how serious it is to commit each
type of error. Then, minimizing the expected loss, H0 is the optimal decision if

l01 p1 < l10 p0 or
p0

p1
>

l01

l10
.

For more details, see Armero and Bayarri (1994a).

Predictive distributions given equilibrium

Assuming that the system is stable, then first, from (7.17) and (7.19), the density of
the traffic intensity conditional on the stability condition is, for 0 < ρ < 1,

f (ρ|data, ρ < 1) = α∗
a

2 F1

(
α∗

a + α∗
s , α

∗
a ; α∗

a + 1; − β∗
a

β∗
s

)ρα∗
a −1

(
1 + β∗

a

β∗
s

ρ

)−(α∗
a +α∗

s )

.
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The predictive distribution of the number of clients in a system in equilibrium can
easily be derived. From (7.3),

P(N = n|data, ρ < 1) =
∫ 1

0
(1 − ρ)ρn f (ρ|data, ρ < 1) dρ (7.20)

= α∗
a�(α∗

a + n)

�(α∗
a + n + 2)

2 F1

(
α∗

a + α∗
s , α

∗
a + n; α∗

a + n + 2; − β∗
a

β∗
s

)

2 F1

(
α∗

a + α∗
s , α

∗
a ; α∗

a + 1; − β∗
a

β∗
s

) .

The predictive distribution of the number of clients queueing in equilibrium, Nq, can
be derived immediately from (7.20) and (7.4).

A curious feature of the predictive distribution of N is that it has no mean:
from (7.3),

E[N |data, ρ < 1] = E

[
ρ

1 − ρ

∣∣
∣∣ data, ρ < 1

]

= 1

P(ρ < 1|data)

∫ 1

0

ρ

1 − ρ
f (ρ|data) dρ,

which is a divergent integral as f (ρ|data) does not approach zero when ρ tends to one.
Applying Little’s laws, (7.1,7.2), the predictive means of the equilibrium waiting and
queueing time distributions do not exist either. Note, though, that the nonexistence
of these moments is not unique to the Bayesian approach. A similar result can be
observed when classical maximum likelihood estimation is used, see, e.g., Schruben
and Kulkarni (1982).

One approach to dealing with this problem in the Bayesian context was proposed
by Lehoczky (1990), who examined the effects of assuming that ρ < 1 − ε, when
these moments are indeed finite although they are sensitive to the choice of ε; see, for
example, Ruggeri et al. (1996) or Rı́os Insua et al. (1998). An alternative approach
is to assume equilibrium directly and develop prior distributions, which go to zero as
ρ approaches unity, as we do in the next subsection.

Explicit forms for the limiting waiting time and queueing time densities and
distribution functions are also derived in Armero and Bayarri (1994a) in terms of
complex functions, but these are not available for the busy period or transient queue
size distributions. A simple alternative is to estimate these distributions via Monte
Carlo sampling: a random sample of size R, ((λ1, μ1), . . . , (λR, μR)) is drawn from
the posterior parameter distributions and the relevant predictive distributions are
estimated using sample averages. For variables such as the duration of a busy period
or the size of the queue at a fixed time in the future, for which it is not necessary to
assume equilibrium, the full Monte Carlo sample can be used. Then, for example,
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from (7.6) the predictive busy period density function can be estimated through

fB(t |data) ≈ 1

R

R∑

r=1

√
μr/λr e−(μr +λr )t I1

(
2
√

λrμr t
)

t
for t ≥ 0.

The equilibrium condition is taken into account by just considering pairs λr , μr such
that λr < μr . Using this method, all predictive density and distribution functions can
be estimated.

Note, finally, that Monte Carlo sampling is unnecessary for predicting the idle
time distribution. Given the posterior distribution of λ, the predictive distribution of
the length of a server’s idle period, I, is easily evaluated from (7.7) as

f I (t |data) =
∫ ∞

0
λe−λt β∗

a
α∗

a

�
(
α∗

a

)λα∗
a −1e−β∗

a λ dλ = α∗
aβ

∗
a

α∗
a

(
β∗

a + t
)α∗

a +1 ,

for t > 0, which is a shifted Pareto distribution, I + β∗
a |data ∼ Pa

(
α∗

a , β
∗
a

)
.

Example 7.1: Hall (1991) provides collected interarrival and service time data for
98 users of an automatic teller machine in Berkeley, California. Hall suggests that
it is reasonable to model the arrival process as a Poisson process and we shall
initially assume that service times are also exponential, implying that we have an
M/M/1 system. The sufficient statistics were na = ns = 98, ta = 119.71, and ts =
81.35 minutes.

If we assume Jeffreys’ prior, then, from (7.19), the posterior probability that the
system is stable is 0.9965. From (7.18), the expected value of ρ is 0.668. Thus, there
is a very high probability that the system is stable and it is relevant to estimate the
equilibrium properties of the system assuming stability.

Assuming that the system is stable, the predictive distribution of the number of
clients queueing for service in equilibrium, Nq, and the cdf of the time spent queueing
for service by an arriving customer, Wq, are given in Figure 7.1.

In order to estimate the busy period and transient distributions, a Monte Carlo
sample of 1000 data was generated from the posterior distribution of λ and μ. Given
this sample, the estimated busy period density function is as in Figure 7.2. Assuming
that, initially, the system is empty, the predictive queue size density after 1, 10, and
50 minutes, conditional on ρ < 1, is given in Figure 7.3. It can be seen that the
transient probability function appears to converge to a limit over time. In fact, the
probabilities after 50 minutes are very close to the predictive equilibrium probabilities
for this system (see Figure 7.5). �

7.5.3 Alternative prior formulations

It is often reasonable to assume a priori that the queueing system is stable. In this
case, a prior distribution incorporating the restriction that the traffic intensity is below
1 might be used.
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Figure 7.1 Predictive probability function of Nq (left-hand side) and cumulative distribution
function of Wq (right-hand side).

This problem was considered by Armero and Bayarri (1994b) who propose a
reparameterization using ρ and μ, instead of λ and μ, and then used the following
prior

μ|ρ ∼ Ga(α, β + γρ)

ρ ∼ GH(δ, ε, α, ν),
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Figure 7.2 Predictive density function of the duration of a busy period.
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Figure 7.3 Predictive density function of numbers of clients in the system after 1 minute
(solid line), 10 minutes (dashed line), and 50 minutes (dot dash line) minutes.

that is a GH distribution (see Appendix A). Reparameterizing the likelihood function
(7.13) in terms of μ, ρ gives

l(μ, ρ|data) ∝ ρna μna+ns e−(ts+taρ)μ.

Therefore, the posterior distribution has the same form, that is,

μ|ρ, data ∼ Ga(α∗, β∗ + γ ∗ρ)

ρ|data ∼ GH(δ∗, ε∗, α∗, ν∗),

where α∗ = α + na + ns , β∗ = β + ts , γ ∗ = γ + ta , δ∗ = δ + na , ε∗ = ε and ν∗ =
γ ∗
β∗ . Now, the predictive probability function of the number of clients in the system
can easily be derived as

P(N = n|data) = E
[
(1 − ρ)ρn | data

]

= B (δ∗ + n, ε∗ + 1)

B (δ∗, ε∗)
2 F1 (α∗, δ∗ + n; δ∗ + ε∗ + n + 1; −ν∗)

2 F1 (α∗, δ∗; δ∗ + ε∗; −ν∗)
.

In this case, the predictive mean number of clients in the system in equilibrium does
exist for ε > 1, being,

E[N |data] = δ∗

ε∗ − 1
2 F1 (α∗, δ∗ + 1; δ∗ + ε∗; −ν∗)

2 F1 (α∗, δ∗; δ∗ + ε∗; −ν∗)
.
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It is easy to see that the kth moment of N exists, if and only if, ε > k. In a similar
way, expressions for the waiting time and queueing time distributions can also be
derived. The kth moments of these distributions also exist if and only if ε > k; see
Armero and Bayarri (1994b) for details.

An important aspect in the selection of the GH prior for ρ is the election of ε,
because, as has been seen, this parameter is not updated given the experimental data.
As a default ‘noninformative’ prior, Armero and Bayarri (1994b) recommend

f (μ, ρ) ∝ 1

μ

(1 − ρ)2

ρ
, (7.21)

which corresponds to setting α = β = γ = δ = ν = 0 and ε = 3 in the conjugate
prior formulation and guarantees that, a posteriori, the predictive means and variances
of the system size, waiting times, and so on all exist.

Example 7.2: Given the prior of Equation (7.21) and the data of Example 7.1, we plot
the posterior density of ρ in Figure 7.4, along with the posterior, truncated F density
of ρ conditional on equilibrium based on using the Jeffreys prior (7.15) for λ and
μ. The GH posterior is concentrated on slightly lower values of ρ than the truncated
F posterior. Figure 7.5 illustrates the posterior predictive probability functions for N

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

ρ

f(
ρ

|d
at

a)

Figure 7.4 Posterior densities of ρ given the Gauss hypergeometric (solid line) and Jeffreys
(dashed line) priors.
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Figure 7.5 Posterior density of N given the Gauss hypergeometric (solid line) and conjugate
(dashed line) priors.

given both the Jeffreys and GH priors. It can be seen that the distribution of N is
shorter tailed when the GH prior is applied.

In order to check prior sensitivity, we show the values of the expected posterior
values of N for priors of the form

f (μ, ρ) ∝ 1

μ

(1 − ρ)ε−1

ρ

for different values of ε.

ε 1.0 1.7 1.8 1.9 2.0 3.0 4.0
E[N |data] ∞ 168.6 7.3 2.3 2.1 1.9 1.7

Therefore, there is high sensitivity to changes in ε. �

As illustrated here, the main problem of using the GH, or similar prior distribu-
tions, is in the sensitivity to the power of (1 − ρ) used. A detailed study of this aspect
is contained in Ruggeri et al. (1996).

7.5.4 Alternative experiments

Although observing the arrival and service processes separately leads to straightfor-
ward inference, in practice it is often easier to observe characteristics of the queueing
process such as the number of clients in the system at given times, or the waiting times
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of clients or the durations of the busy periods. The disadvantage of such experiments
is that the corresponding likelihood function usually has a complicated form.

For example, assume that at m time periods, (t1, . . . , tm), the numbers of clients in
the system, (n(t1), . . . , n(tm)) are observed. Given that it is known that at time t0 = 0,
the system is empty, then from Equation (7.5), the likelihood function is

l(λ,μ|data) =
m∏

i=1

e−(λ+μ)(ti −ti−1)
[
ρ

n(ti )−n(ti−1)
2 In(ti )−n(ti−1)

(
2
√

λμ(ti − ti−1)
)

+

ρ
n(ti )−n(ti−1)−1

2 In(ti )−n(ti−1)−1

(
2
√

λμ(ti − ti−1)
)

+

(1 − ρ) ρn(ti )−n(ti−1)
∞∑

j=n(ti )+n(ti−1)+2

ρ− j/2 I j

(
2
√

λμ(ti − ti−1)
)]

,

where I j (c) is the modified Bessel function. Given the usual prior distributions,
approximate methods such as numerical integration or MCMC are necessary to
evaluate the posterior distribution.

If it is assumed that the system is stable and if the observed data are suffi-
ciently spaced in time, so that they can be assumed to be generated approximately
independently from the equilibrium distribution (7.3), then the likelihood can be
approximated through

l(λ,μ|data) ≈
m∏

i=1

(
1 − λ

μ

)(
λ

μ

)n(ti )

=
(

1 − λ

μ

)m (
λ

μ

)∑m
i=1 n(ti )

= (1 − ρ)mρ
∑m

i=1 n(ti ).

Given a conjugate beta prior distribution for ρ, say ρ ∼ Be(a, b), then, a posteriori,
ρ|data ∼ Be

(
a + ∑m

i=1 n(ti ), b + m
)

and the predictive distribution of N is easy
to evaluate. Bayesian inference based on this approximation is examined by, for
example, Rodrigues and Leite (1998), Choudhury and Borthakur (2008), and Dey
(2008).

However, there are problems with this approach. In Newell (1982), it is seen that
the time taken for an M/M/1 system to ‘forget’ its initial state is approximately
(1 + ρ)/(μ(1 − ρ)), which grows very large as ρ approaches unity, and therefore,
the likelihood approximation will be poor for values of ρ close to 1. Also, as the
approximate likelihood is a function only of ρ, it does not provide information about
the arrival and service rates individually and so strong prior knowledge of at least
one of these parameters will be necessary in order to carry out inference concerning
either waiting times or transient distributions which depend on both parameters.
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7.6 Inference for non-Markovian systems

In this section, we consider Bayesian inference for systems where either the arrival
or service process is not Markovian.

7.6.1 GI/M/1 and GI/M/c systems

Here, we examine systems with general interarrival times and Markovian services.
Throughout, we assume the initial basic experiment of observing na interarrival times
and ns service times with sums ta and ts, respectively. Given this experiment, and using
a gamma prior distribution for the service rate, μ, then the posterior distribution of
μ is as in (7.16). Given a parametric model for the interarrival times, then inference
for the queuing system is relatively straightforward. First, the posterior parameter
distributions are generated, and then Monte Carlo samples are taken from these
distributions. For each set of sampled parameters, the distributions of queue size,
waiting time, and so on can be calculated using the formulae in Section 7.3.2, and
then the predictive distributions can be estimated by averaging.

One of the first studies of G/M/1 systems was Wiper (1998), where the Er/M/1
queueing system, that is, with Erlang interarrival times was analyzed. For this system,
it is supposed that arrivals occur in ν identically distributed, exponential stages
with rate λ/ν. Thus, for an interarrival time, X, we have X |ν, λ ∼ Er(ν, λ) with
E[X |ν, λ] = 1/λ. For this system, given a single exponential server with rate μ, the
traffic intensity is ρ = λ/μ and the system is stable if ρ < 1.

Assuming stability, from (7.8) and (7.9), the limiting distribution of the number
of clients in the system, N, is geometric with parameter η, where

η

(
1 − (η − 1)

ρν

)ν

= 1,

and the distribution of the time spent in the system by an arriving customer is
exponential, that is,

W |μ, η ∼ Ex(μ(1 − η)).

A conjugate prior distribution for (ν, λ) is

f (ν, λ) ∝ θν−1
a ν(λν)αaν−1e−βaνλ

((ν − 1)!)αa
(7.22)

for λ > 0, ν = 1, 2, . . .. Under this structure, the conditional distribution of λ given
ν is

λ|ν ∼ Ga(ναa, βaν)
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and the marginal distribution of ν is

P(ν) ∝ �(αaν)

((ν − 1)!)αa

(
θa

β
αa
a

)ν−1

.

A default prior, which corresponds numerically to setting θa = 1 and αa = βa = 0
in the above, is given by

f (λ, ν) ∝ 1

λ
.

Given the prior (7.22), the joint posterior distribution is

λ|ν, data ∼ Ga
(
να∗

a , β
∗
a ν

)
, (7.23)

P(ν|data) ∝ �(α∗
aν)

((ν − 1)!)α
∗
a

(
θ∗

a

β∗
a

α∗
a

)ν−1

, (7.24)

where α∗
a = αa + na , β∗

a = βa + ta and θ∗
a = θaTa , with Ta the product of the ob-

served interarrival times.
Given the posterior distribution of μ from (7.16), the expected traffic intensity is

E[ρ|data] = α∗
aβ

∗
s

β∗
a (α∗

s − 1)

and the predictive probability that the system is stable is given by

P(ρ < 1|data) =
∑

ν

P(ν|data)

(
β∗

a ν/β∗
s

)α∗
a ν

α∗
aνB(α∗

aν, α∗
s )

2 F1

(
α∗

aν + α∗
s , α

∗
aν; α∗

aν + 1; −β∗
a ν

β∗
s

)
.

Assuming stability, it is not possible to derive exact expressions for the predictive
distributions of the numbers of clients in the system or a clients waiting time. An
alternative approach is to use Monte Carlo for each value of ν to sample the joint
posterior distribution of λ,μ given ν. Thus, for each value of ν (up to some fixed
maximum) a sample λ

(ν)
i , μ

(ν)
i satisfying λ

(ν)
i < μ

(ν)
i for i = 1, . . . , M is drawn for

some sufficiently large number M. Then, the distribution of N can be estimated
through

P(N |data) ≈ 1

M

∑

ν=1

P(ν|data)

[
M∑

i=1

P(N |λ(ν)
i , μ

(ν)
i )

]

,

and, similarly, for the other variables of interest.
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Figure 7.6 Predictive (solid line) and true (dashed line) distributions of N and W.

Example 7.3: One hundred interarrival times were simulated from Er(5, 0.5) with
sufficient statistics na = 100, ta = 191.93, log Ta = 55.34, and 100 service data were
simulated from Ex(1), with sufficient statistics ns = 100, ts = 101.70. Given nonin-
formative priors f (ν, λ) ∝ 1

λ
and f (μ) ∝ 1

μ
, then the posterior distribution of μ is

μ|data ∼ Ga(100, 101.70) and the posterior distribution of λ, ν is straightforward to
derive from (7.23) and (7.24). Then, the expected value of ρ is 0.535 (the true value
is 0.5) and P(ρ < 1|data) = 0.9999. Figure 7.6 plots the predictive and true distri-
butions of N and W. In both cases, the true and predictive distributions are similar
but, as would be expected, the predictive distribution has a longer tail. �

Nonexistence of predictive moments

For the Er/M/1 system and the experiment and prior structure used in Section 7.6.1,
it is clear that the predictive moments of W and the other equilibrium variables will
not exist for the same arguments as in Section 7.5.2. As noted in Wiper (1998), a
more general result is available.

Theorem 7.1: For a G/M/1 queue with arrival rate λ and service rate μ, then if a
prior density f (λ,μ) such that f (λ,μ = λ) > 0 is used, then the expected queueing
time in equilibrium does not exist.

Proof: It is known that the D/M/1 system has the shortest expected queueing time
of any G/M/1 system with arrival and service rates λ and μ. For this system,

E[Wq |λ,μ] = η

μ(1 − η)
, where

η = exp

(
μ(η − 1)

λ

)
.

For a G/M/1 system with arrival rate λ, service rate μ and prior density f (λ,μ),
then, writing η = η(μ) to make the dependence of η on μ obvious,

E[Wq |ρ < 1] ≥ 1

P(ρ < 1)

∫
f (λ)

∫ ∞

λ

η(μ)

μ(1 − η(μ))
f (μ|λ)dμ dλ.
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However, as μ gets close to λ, say μ = λ + ε, then

η(μ)

μ(1 − η(μ))
→ λ

2ε
+ O(1).

Thus, the inner integrand approaches Cλ
ε

+ O(1) for some constant C. For any c > 0,∫ c
0

1
ε
dε is a divergent interval and, therefore,

∫ ∞
λ

η(μ)
μ(1−η(μ)) f (μ|λ)dμ must also

diverge.

Using Little’s theorems (7.1,7.2), this result can be generalized to N, W, and so on.

7.6.2 M/G/1 systems

In this section, we study systems with Markovian arrivals with parameter λ and
general service time distributions, with the same experiment as described earlier.

Assume that the service time distribution is parameterized by θ . Then, given
(conjugate) prior distributions, inference can usually be carried out via Monte Carlo
sampling. Given samples (λ(1), θ (1)), . . . , (λ(R), θ (R)) drawn from the joint posterior
distribution f (λ, θ |data), restricted to satisfy the equilibrium condition, then the
posterior distribution of N can be estimated through

P(N = n|data) = 1

R

R∑

r=1

P
(
N = n|λ(r ), θ (r )) ,

where P(N = n|λ, θ ) is derived from (7.10).
The distributions of the remaining equilibrium quantities, for example W, must

be estimated, in general, using Laplace–Stieltjes transform inversion. In general, two
approaches are possible. First, the Laplace–Stieltjes transform could be estimated
through

f ∗
W (s|data) = 1

R

R∑

r=1

f ∗
W

(
s|λ(r ), θ (r )) ,

where fW (s|λ, θ ) is calculated from (7.11), and then Laplace–Stieltjes trans-
form inversion could be used to estimate the posterior distribution. Alternatively,
f ∗
W

(
s|λ(r ), θ (r )) could be inverted to estimate fW

(
t |λ(r ), θ (r )) for r = 1, . . . , R, and

then the predictive distribution can be estimated by averaging. In general, the first
approach is much less costly numerically, but is somewhat more imprecise than the
second method.

In many cases, the form of the service time is not known a priori. Then, a natural
possibility is to use a semiparametric model for the service time distribution which
allows for flexible modeling and relatively straightforward inference for the queueing
variables of interest. One approach, which was explored in Ausı́n et al. (2003) is to
use a hyper-Erlang distribution. A random variable, X, has a hyper-Erlang distribution
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with parameters k, μ = (μ1, . . . , μk), ν = (ν1, . . . , νk) and w = (w1, . . . , wk) if

f (x |k,μ, ν, w) =
k∑

j=1

w j Er(x |ν j , μ j ),

where 0 < w j < 1,
∑k

j=1 w j = 1 and Er(x |·) is an Erlang density function. As
with other mixture distributions, the hyper-Erlang model can also be expressed by
conditioning on an indicator variable Z such that

P(Z = z|k, w) = wz, for z = 1, . . . , k and

X |k,μ, ν, w, z ∼ Er(νz, μz).

This model obviously includes the exponential, Erlang and hyperexponential distribu-
tions commonly used in the queueing literature as special cases. It has the advantage
that for a mixture with enough components, any distribution with support on the
positive reals can be well approximated. In order to make this model identifiable, it is
necessary to place some order restriction on the parameters. In this case, we assume
that μ1 > μ2 > . . . > μk .

For the M/H Er/1 queueing system, the traffic intensity is given by

ρ = λ

k∑

i=1

wi

μi

and it is straightforward to estimate the expected value of ρ or the probability that
the system is stable given the MCMC data. The Laplace–Stieltjes transform of the
service time density for this system is

f ∗
S (s|k, w, ν,μ) =

k∑

i=1

(
νiμi

νiμi + s

)νi

and the Laplace–Stieltjes transform of Wq can thus be derived by substituting this
formula for f ∗

S (s) into (7.11).
Ausı́n and Lopes (2007) introduce an improper prior for the mixture parameters

k, w, ν,μ as follows:

k ∼ Po(k0)

w|k ∼ D(1)

f (μ1|k) ∝ 1

μ1
and for i > 1

μi = μ1

∏

j=2

ε j , where

ε j |k ∼ U(0, 1) and

νi |k ∼ Ge(p) for i = 1, . . . , k
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Given a sample t = (t1, . . . , tns ) of service time data, inference can be carried out as
for other mixture distributions, using a variable dimension MCMC scheme such as
reversible jump (Green, 1995; Richardson and Green, 1997) or birth–death MCMC
(Stephens, 2000).

Conditional on the mixture size k, and setting ε1 = 1, for simplicity, we have

P(Zi = z|k, w, μ1, ν, ε, t) ∝ wz

(νzμ1
∏z

j=1 εz)νz

�(νz)
tνz−1
i e−νzμ1

∏z
j=1 εz ti

for i = 1, . . . , ns and

w|k, z, ν, μ, ε, t ∼ D(1 + ns1, . . . , 1 + nsk), where nsj = ∑ns
i=1 IZi = j ,

μ1|k, ν, ε, t ∼ Ga
(∑k

j=1 nsjν j ,
∑k

j=1 ν j Tj
∏ j

l=1 εl

)
, where Tj = ∑ns

i=1 IZi = j ti

ε j |k, ε−k, ν, μ1, x ∼ Ga
(

1 + ∑k
l= j nslνl , μ1

∑k
l= j νl Tl ti

∏l
s=2,s �=l εs

)

truncated onto 0 < ε j < 1 and

P(ν j |k, ν− j ...) ∝ ν
nsj ν j

j (1 − p)ν j

�(ν j )nsj
exp

(

−ν j

(

Tjμ1

j∏

l=1

εl − nsj log μ1

j∏

l=1

εl − log v j

))

,

where v j = ∏ns
i=1,IZi = j

ti for j = 1, . . . , k. Thus, inference conditional on k can be
carried out, via simple Gibbs sampling. Inference for k, can be carried out using a
reversible jump approach; for details, see Ausı́n and Lopes (2007).

Given samples from the posterior distributions of the arrival rate λ and the service
parameters, inference for the queueing system can now be carried out as described
earlier.

Example 7.4: We now reanalyze the data from Hall (1991) assuming that the ser-
vice times follow a hyper-Erlang distribution. Figure 7.7 shows histograms of the
interarrival time and service time data and the predictive interarrival and service time
distributions, assuming the M/G/1 model described earlier. The fitted histograms in
Figure 7.7 clearly show that although the Markovian interarrival time model appears
reasonable, the exponential service time model is not appropriate. In fact, the pos-
terior probability of the hyper-Erlang distribution consisting of a single exponential
term was approximately zero.

The predictive probability that the system is stable is estimated as 0.996 and
the posterior mean of ρ was approximately the same as for the M/M/1 model.
Figure 7.8 shows the predictive distribution of the waiting time given this model and
compares this with the predictive distribution assuming the M/M/1 model. The two
distribution functions are somewhat different. In particular, the predictive waiting
time distribution is somewhat longer tailed when the M/M/1 system is assumed. �
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Figure 7.7 Fitted interarrival (left) and service (right) time distributions.

Nonexistence of moments

In a similar way to the G/M/1 queueing system, the nonexistence of predictive
moments is a general feature for M/G/1 queueing systems where priors on the
arrival and service parameters with positive density on ρ = 1 are used, as proved in
the following theorem.

Theorem 7.2: Consider an M/G/1 system with traffic intensity ρ and a continuous
prior distribution f (λ,μ) such that f (λ,μ = λ) > 0. Then given the experiment of
observing na arrival times and ns service times independently, the expected system
size assuming equilibrium does not exist.
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Figure 7.8 Predictive distribution of W assuming the M/G/1 (solid line) and M/M/1
(dashed line) models.
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Proof: Combining Little’s (7.1) and Pollaczek–Khintchine (7.12) formulae, we have

E[N |λ,μ] = ρ + ρ2 + λ2σ 2
S

2(1 − ρ)
,

where σ 2
S is the variance of the service time distribution. Therefore,

E[N |λ,μ] ≥ ρ2

2(1 − ρ)
.

The Bayesian predictive mean is

E[N |data] = c
∫ ∞

0

∫ μ

0
E[N |λ,μ] f (λ,μ)l(λ|data)l(μ|data) dλdμ

> c
∫ ∞

0

{∫ μ

0

λ2

2μ2 (1 − λ/μ)
f (λ|μ)l(λ|data) dλ

}
f (μ)l(μ|data)dμ

for some finite constant c. Letting λ → μ it is clear that the inner integral is
divergent.

7.6.3 G/G/1 systems

There has been little work on systems with both general service and inter-arrival time
distributions. As so few general formulae for estimating the quantities of interest for
these systems exist, a reasonable general approach to their analysis is, given the usual
experiment of observing the arrival and service distributions separately, to generate
a sample from the posterior distributions of the interarrival and service parameters
via, for example, MCMC or some other standard Bayesian technique and then given
these sample parameters to simulate arrivals and services as commented in Section
7.3.4. Then, estimate the relevant quantities of interest via Monte Carlo. An example
of this approach is given in Chapter 9.

One interesting general point to note is that it is clear that the previous results on
the nonexistence of posterior moments for the equilibrium quantities in the G/M/1
and M/G/1 systems do not generalize to all G/G/1 queueing systems. An immediate
counterexample is the D/D/1 system, for which, when a single arrival and single
service time are observed, the system parameters are completely determined as are
the moments of N, W, and so on.

7.7 Decision problems in queueing systems

There are many important decision problems associated with queueing processes. In
supermarkets, for example the management must decide whether or not to bring in
more servers if the number of waiting customers grows large. Hospitals must decide
whether to install more beds, telephone exchanges whether to include new lines, and
industries whether to install a single, fast server or several slower servers. Prospective
clients must also decide whether to join a queue or return at a later time.
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Most decision problems addressed in the context of queueing systems have
concerned the design of the system; how many servers should be installed, or what
capacity should the system have, from the servers point of view. In particular, from
the point of view of system design, it is interesting to consider finite capacity,
G/G/c/K/∞/FIFO systems. For such systems, the values of both the number c
of servers and the system capacity K may be optimized.

Formally, in order to choose c and K it is necessary to define a utility function or,
as is common in the queueing literature, a cost or loss function, L(c, K |θ ), for each
state of nature θ . In practical situations, at any given time point, losses are likely to
be accrued due to various sources, in particular, the total number of servers occupied
and unoccupied, any spare capacity and loss of clients due to the system being full
and profits gained for clients served. This could suggest the use of a loss function of
the form:

L(c, K |θ ) = L1(Nb|c, K , θ ) + L2(c − Nb|c, K , θ )L3(K − N |c, θ ) +
+L4(δN ,K |c, K , θ ) + L5(Nb/μ|c, K , θ ),

where N is the number of clients in the system, Nb is the number of busy servers at
a given time point, μ is the service rate, and δN ,K = 1 if N = K and 0 otherwise. In
finite capacity systems, Nb and N are bounded by c and K, respectively, and therefore,
it is usually possible to use linear loss functions, when the Bayes decision is that which
minimizes the expected cost. This approach has been used in, for example, Morales
et al. (2007) and Ausı́n et al. (2003) and is considered in Section 7.8.

In infinite capacity, G/G/c queueing systems, the main problem of interest is
usually the election of the number of servers. In this case, it is natural to assume that
losses depend on Nq, where Nq is the number of clients queueing, Nb and c − Nb.
However, as we have seen in Theorems 7.1 and 7.2 given prior distributions that do not
assume equilibrium, then the predictive mean, E[Nq |·] does not exist and so it is clear
that a linear, cost function, for example, L(Nq |c, θ ) = a + bNq , cannot be used as
this would lead to infinite expected losses whatever the number of servers considered.
Thus, if the queue is not assumed to be stable a priori, alternative techniques have to
be used. In particular, Armero and Bayarri (1996) and Wiper (1998), in the context
of M/M/c and Er/M/c systems, respectively, suggested choosing the number of
servers so that the probability that the system is stable reaches some upper limit or
that the probability that a client has to queue more than a given time is below some
maximum level. Ausı́n et al. (2007), in the context of G/M/c systems, proposed the
use of 0 − 1 loss functions so that losses are accrued if the number of clients reaches
some upper limit.

7.8 Case study: Optimal number of beds in a hospital

Here, we examine a case study concerning the determination of the optimal number
of beds in a hospital. The distribution of the time spent by geriatric patients in a
hospital does not appear to have a simple form. Some patients are discharged after
a relatively short period of treatment, whereas other patients can remain in hospital
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Figure 7.9 Box and whisker plot of times spent in hospital.

for long periods of time in need of constant attention. This suggests that patient stay
times might be modeled by a long-tailed distribution. Figure 7.9 shows a box and
whisker plot of the lengths of stay of 1092 geriatric patients in St. George’s hospital
in London between 1965 and 1984.

7.8.1 Modeling the stay times

The double Pareto lognormal distribution has been recently introduced as a model
for heavy-tailed data by Reid and Jorgesen (2004). Here, we shall assume that
the stay times T follow this distribution, that is T |μ, σ, α, β ∼ DPLN(μ, σ, α, β).
This implies that the distribution of log T is the normal Laplace distribution,
Y = log T |μ, σ, α, β ∼ NL(μ, σ, α, β). Reid and Jorgesen (2004) note that a nor-
mal Laplace random variable can be expressed as Y = Z + W1 − W2, where
Z ∼ N(μ, σ 2)), W1 ∼ Ex(α), and W2 ∼ Ex(β). The conditional distributions of
Z |Y = y and W1|Y = y, Z = z are,

fZ (z|y) = p

1
σ
φ

(
z−(μ−σ 2β)

σ

)

�c
(

y−(μ−σ 2β)
σ

) Iz≥y + (1 − p)

1
σ
φ

(
z−(μ+σ 2α)

σ

)

�c
(

y−(μ+σ 2α)
σ

) Iz<y, (7.25)

where p = R(βσ+(y−μ)/σ )
R(ασ−(y−μ)/σ )+R(βσ+(y−μ)/σ ) and

fW1 (w1|w) = (α + β)e−(α+β)e1

Iw<0 + e−(α+β)w Iw≥0
, for e1 > max{w, 0}, (7.26)

where φ(·) and �(·) are the standard normal density and distribution functions,
respectively, and R(x) = 1−�(x)

φ(x) is Mill’s ratio.
Given a sample of n double Pareto lognormal distributed stay times, t1, . . . , tn , or,

equivalently, log stay times y1 = log t1, . . . , yn = log tn , we wish to undertake infer-
ence about the unknown model parameters. With little prior information, it would be
natural to use an improper prior, for example, f (μ, σ, α, β) ∝ 1

σαβ
. However, in this

case, it is easy to show that the posterior distribution is improper and, therefore, proper
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priors should be preferred (see, e.g., Ramı́rez-Cobo et al., 2010). Semiconjugate prior
distributions are

μ|σ ∼ N

(
m,

σ 2

k

)
,

1

σ 2
∼ Ga

(
a
2 , b

2

)
,

α ∼ Ga(cα, dα),

β ∼ Ga
(
cβ, dβ

)
,

where a, b, c, d, m, and k are fixed hyperparameters. Suppose that the sample data
are decomposed as y1 = zi + w1i − w2i for i = 1, . . . , n, where zi is generated from
the mixture of truncated normal distributions in (7.25) and w1i is generated from the
shifted exponential distribution in (7.26). Now,

μ|σ, z ∼ N

(
km + nz̄

k + n
,

σ 2

k + n

)

1

σ 2
| z ∼ Ga

(
a+n

2 ,
b+(n−1)s2

z + kn
k+n (m−z̄)2

2

)

α|w1 ∼ Ga(cα + n, dα + nw̄1)

β|w2 ∼ Ga
(
cβ + n, dβ + nw̄2

)

and a simple Gibbs sampling algorithm can be defined as follows:

1. t = 0. Set initial values μ(0), σ (0), α0, β(0).
2. For i = 1, . . . , n

(a) Generate z(t)
i from fZ (z|yi , μ

(t−1), σ (t−1), αt−1, β(t−1)).
(b) Set w (t)

i = yi − z(t)
i

(c) Generate w (t)
i1 from fW1 (w1|w (t)

i , α, β)
(d) Set w (t)

2i = w (t)
i + w (t)

1i

3. Generate μ(t)|σ (t−1), z(t) from f (μ|σ (t−1), z(t)).
4. Generate σ (t) from f (σ |z(t)).
5. Generate α(t) from f (α|w(t)

1 ).
6. Generate β(t) from f (β|w(t)

2 ).
7. t = t + 1. Go to 2.

One difficulty with this Gibbs algorithm is that, as many latent variables are intro-
duced, the sampled values are highly autocorrelated and, thus, it is necessary to thin
the sampled data. Figure 7.10 shows a histogram of the logged stay times and the
Bayesian predictive density generated from a (thinned) Gibbs sample of size 10 000.

The mean of the double Pareto lognormal (DPLN) distribution only exists if α > 1
(see Appendix A). Figure 7.11 shows the posterior distribution of α. The posterior
expected value of α is estimated to be 2.3 and the probability that α < 1 is less than
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Figure 7.10 Histogram of log occupation times and fitted density.

0.0001. Therefore, it is natural to assume that the distribution of the patient service
times does have a mean.

7.8.2 Characteristics of the hospital queueing system

Assume that patients arrive at the hospital independently, according to a Poisson
process with rate λ. They are given a bed if available. Otherwise, they are lost to
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the system, for example, by being sent to another hospital. Then, the number of
patients in the hospital system can be modeled as a M/G/c, Erlang loss system, that
is an M/G/c/c system with no queueing (see, e.g., Tijms ,1990). For an Erlang loss
system, the offered load, θ , is the expected number of arrivals over a service time,

θ = λE[S|μ, σ, α, β],

where λ is the arrival rate, and E[S|·] is the expected service time. The equilibrium
distribution of the number of occupied beds is given by

P(N = n|θ ) = θn/n!
∑c

j=0 θ j/j!
.

Therefore, the blocking probability, or probability that an arriving patient is turned
away is

B(c, θ ) = P(N = c|θ ) = θ c/c!
∑c

j=0 θ j/j!
.

The expected number of occupied beds is

E[N |θ ] = θ (1 − B(c, θ )) .

Assuming that the arrival rate λ and the number c of beds are known, and
given a Monte Carlo sample from the posterior distribution of the service time
parameters, it is straightforward to estimate the aforementioned quantities through
Rao Blackwellization. In our example, following Ausı́n et al. (2004), we shall suppose
that λ = 1.5. Figure 7.12 shows the predictive probabilities that a patient is turned
away for different numbers of beds, c. This probability decreases almost linearly until
about c = 50 beds is reached.

7.8.3 Optimizing the number of beds

In order to optimize the number of beds, we shall assume that the hospital accrues
different costs or losses from the total numbers of occupied and unoccupied beds,
and the number of patients that are turned away and profits for those patients treated.

Suppose that the cost per occupied bed per time unit is rb, so that the expected
cost per time unit due to occupation of beds is rb E[Nb|θ ]. Suppose also that there is
a cost re per time unit for every empty bed. Then, the expected cost per time unit due
to empty beds is re(c − E[Nb|θ ]). Finally, suppose that the cost per patient turned
away per time unit is rl. Then, the expected cost per time unit is rl B(c, θ ). This leads
to an expected loss per time unit

L(c|λ, θ ) = rb E[Nb|θ ] + re(c − E[Nb|θ ]) + rl B(c, θ )

= (rb − re)θ + rec + {(re − rb)θ + rlλB(c, θ )}.
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Figure 7.12 Predictive blocking probability for numbers of beds.

Following Ausı́n et al. (2003), we shall assume that re = 1, rl = 200 and here we
suppose that rb = 3. Then, Figure 7.13 shows the expected loss for different numbers
of beds. The optimal number of beds would be 47. The results can be compared with
those in Ausı́n et al. (2003) who found an optimal number of c = 58 with a similar
loss function and an alternative, light-tailed service model.
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7.9 Discussion

The vast majority of Bayesian work on queues has considered the M/M/1 system, see,
for example, Muddapur (1972), Bagchi and Cunningham (1972), Reynolds (1973),
Armero (1985, 1994), Armero and Bayarri (1994a, 1994b, 1996), Ruggeri et al.
(1996), Rodrigues and Leite (1998), and Choudhury and Borthakur (2008) for fully
Bayesian approaches and Lehoczky (1990) and Sohn (1996, 2000) for empirical
Bayes techniques.

A number of other Markovian systems have also been analyzed. For general
reviews, see Armero and Bayarri (1999, 2001). In particular, the infinite server,
M/M/∞, queueing system is considered in Armero and Bayarri (1997) and multiple
server M/M/c systems are examined in Armero and Bayarri (1996). Finite capacity,
M/M/1/k systems are examined in McGrath and Singpurwalla (1987), McGrath
et al. (1987) and Kudryavtzev and Shorgin (2010). Finite source, M/M/c/∞/M
queues are studied by Castellanos et al. (2006) and Morales et al. (2007) and the
M/M/∞/∞/M system is analyzed in Dauxois (2004). Bulk service Markovian
systems are examined by Armero and Conesa (1998, 2000, 2004, 2006) and applied
to kidney transplant waiting lists in Abellán et al. (2004, 2006).

G/M/1 and G/M/c systems have been relatively little studied. In particular,
Wiper (1998) analyzes the Er/M/1 and Er/M/c systems, Ausı́n et al. (2007) intro-
duce a semiparametric approach to estimating the interarrival time using a mixture
of Erlang distributions distribution by using a mixture of Erlang distributions and,
finally, Ramı́rez-Cobo et al. (2008) consider a mixture of Pareto distributions as a
model for a heavy-tailed interarrival distribution.

There have been more articles considering systems with non-Markovian service.
Bhattacharya and Singh (1994) examined the estimation of the traffic intensity for
the M/Er/1 system. The M/Er/1 system was also further analyzed in Armero and
Conesa (1998). Rı́os Insua et al. (1998) examined inference for the M/Er/1 system
and the M/Hk/1 systems with hyperexponential service times. Ruggeri et al. (1998)
further studied the problem of selecting a service model between exponential, Erlang
and hyperexponential candidates. Wiper et al. (1998) considered modeling the service
times via a mixture of gamma distributions, which is a more flexible model than the
mixture of Erlang distributions used in Ausı́n et al. (2003). Ramı́rez-Cobo et al. (2010)
consider a queueing system with a double Pareto lognormal service time distribution.
Butler and Huzurbazar (2000) analyzed the predictive distribution of the waiting
times in an M/G/1 system supposing an inverse Gaussian service time distribution.

Queues with general interarrival and service times have been little analyzed.
First, Conti (1999, 2004) explored a specific discrete time system, the Ge/G/1
system where arrivals are geometric and service times have a general distribution.
This system is the discrete time equivalent of the M/G/1 system. It was shown by
Conti that various queueing characteristics could be estimated via bootstrap and large
sample approximations to estimate. Second, Jain (2001) examined the problem of
estimating the change point of an Erlang interarrival time distribution in the context
of an Er/G/c queueing system. Finally, Ausı́n et al. (2008) have explored Bayesian
inference for the G I/G/1 system approximating the general interarrival and service
distributions via Coxian distribution models. They illustrate that their approach can
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be used to estimate transient queue size and waiting time distributions as well as the
duration of a busy period. This approach is considered in more detail in Section 10.4.

Problems of design for queueing systems based on operational concerns have
been considered in a few articles; see, for example, Bagchi and Cunningham (1972)
and Castellanos et al. (2006).

One area we have not considered in this chapter is queueing networks, that
is systems where a client passes through various queues before leaving. Jordan
networks, that is networks of Markovian queues, are examined in Thiruvayairu and
Basawa (1992) using an empirical Bayes approach and by Armero and Bayarri (1999)
using fully Bayesian techniques and bulk arrival. Other network systems are analyzed
in, for example, Casale (2010) and Sutton and Jordan (2011).

There are a number of open problems in Bayesian analysis of queueing systems. It
has been noted that most current approaches have relied on assuming that both service
and arrival processes are observed separately due to the difficulty in constructing
the likelihood function based on observation of the queueing system alone. One
interesting exception is Fearnhead (2004), who has derived an exact approach to
reconstructing the likelihood function when inter departure time data are observed
in M/G/1 and Er/G/1 queueing systems and utilized this approach to calculate
maximum likelihood estimates for the queueing parameters. The use of filtering
methods in this context would appear to be a useful tool for the Bayesian approach
as well. A second example is Sutton and Jordan (2011), who use reconstructive
techniques within an MCMC algorithm to generate arrival and service data in the
context of queueing networks.

Second, there is currently a great deal of interest in internet and teletraffic analysis.
Internet arrival data are well known to possess characteristics not normally studied
in the queueing literature such as burstiness, long memory and self similarity. This
suggests the modeling of the queue arrival process via dependent processes such as
the Markov modulated Poisson process (MMPP) or as fractal processes. Bayesian
inference for these processes has been considered by, for example, Scott (1999) and
Fearnhead and Sherlock (2006) in the case of the MMPP and, for example, Ruggeri
and Sansó (2006) in the case of a fractal process. However, the main interest in the
internet context is not in the arrival process alone, but in the derived queueing process
originating from the transmission of data. It would thus be of interest to combine
Bayesian studies of these processes with queueing theory techniques in order to study
these systems in detail.

Third, there has been much recent interest in the modeling of telephone call
centers, see, for example, Gans et al. (2003) for a full review up to that time, but
very little statistical work on such systems; see, for example, Weinberg et al. (2007),
Soyer and Tarimcilar (2008), and Aktekin and Soyer (2011).
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Reliability

8.1 Introduction

Reliability is a growing concern in a society in the quest for services and machines
that operate correctly and on time. For example, we all would like to cross bridges
that are not very likely to collapse, buy cars that last a long time, ride trains or buses
that get us to our destination on time, or use a washing machine that does not spoil our
clothes. Mathematically, reliability is the probability that a system operates correctly,
under specified conditions, over a given time period. The failures of many systems
can be modeled using stochastic processes such as the continuous time Markov
chains presented in Chapter 4, the Poisson processes described in Chapter 5 and the
stochastic differential equations introduced in Chapter 6. In the reliability context,
Bayesian techniques are particularly important, as many systems such as nuclear
plants, are designed to be highly reliable, and therefore, failure data are scarce. On
the other hand, expert information is often available and this can be easily incorporated
in Bayesian analyses as pointed out in Hamada et al. (2008). This chapter not only
presents Bayesian inference and prediction based on widely used reliability models
but also points out the importance of searching for optimal maintenance policies that
strongly depend on the use of decision analysis. Other key aspects in reliability are
also briefly discussed.

After the introduction of the basic concepts and definitions in Section 8.2, the most
important models for repairable systems, that is, renewal and Poisson processes, are
discussed in Sections 8.3 and 8.4, respectively. Some other processes are described
in Section 8.5. Maintenance problems are then presented in Section 8.6. A practical
application to the analysis of gas escapes using various Poisson processes is carried out
in Section 8.7, and other related topics, such as accelerated failure testing, warranties,
and degradation, are discussed in the concluding Section 8.8.
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8.2 Basic reliability concepts

Reliability is concerned with whether components or systems are functioning or not.
They are considered ‘reliable’ if they correctly perform their duties for a reasonable
amount of time. Although the mathematical definition of reliability emphasizes the
time passed before a failure occurs, the quality of the service provided by the compo-
nent is also relevant. A typical example is provided by a light bulb which fails only
when the filament inside breaks but which also can show deterioration in performance
over time as the emitted light reduces due to wear, dirt, and so on. Features of this
type lead Condra (1993) to define reliability as ‘quality over time’. When interested
in the reliability of a light bulb, it is possible to consider at least two different notions:
the bulb is ‘reliable’ if it does not fail during its useful life or if the generated light
does not fall below a given threshold over the same period.

8.2.1 Reliability data

Many reliability models have been proposed, according to the features of the item
under consideration. A first distinction could be between component and system
reliability. The former applies to the study of a single item, for example, the lifetime of
a light bulb or the number of cycles of a washing machine before failure, or the success
in the launch of a satellite. Their behavior can be described by random variables whose
distributions could be, for example, exponential, Poisson, or Bernoulli. Our interest
will be mainly in the reliability of a class of complex system, the repairable ones.
Systems may have complex structure and operation modes. They might have many
components, operating in parallel or series, and the system would fail when one or
more of them fails. A review of statistical methods for repairable systems is provided
by Rigdon and Basu (2000). One important model for system reliability is the k-out-
of-n model, which denotes a system with n components that functions if and only if,
at least, k of these components function.

When a water pump in a car fails, it is replaced with a new one: the system ‘pump’
is not repairable, unlike the system ‘car’. Upon substitution of the pump, the car has
been repaired and will run again, assuming there are no other failed components. The
amount of repair is another important issue in classifying different reliability models.
First, the repair could be perfect, which returns the reliability of the system to its
initial level (same as new or good as new). Second, the repair could be minimal, with
reliability restored to its level just before failure (same as old or bad as old property)
or finally, the repair could be imperfect. Two types of stochastic processes, renewal
and Poisson, are typically considered for the first two repair strategies, respectively.
We will discuss reliability in these contexts in Sections 8.3 and 8.4.

Reliability data are, in general, times between failures. However, exact failure
times are not always observed. Experiments might end before all components under
testing fail or because failure detection procedures are only carried out at specific
times. In the first case (right censoring), the failure has not yet occurred, whereas in the
second case (left censoring) it occurred at an unknown time between two inspections.
When testing for reliability of a new item, sometimes it is worth testing it under very
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extreme, unnatural conditions, for example, at higher speed or temperature. These
accelerated lifetime tests permit the observation of a greater number of failures in a
shorter time, so reducing cost and time. Extrapolation is then needed to infer about
reliability under normal operating conditions. For a thorough illustration of these,
and other, aspects and a broader illustration of reliability concepts (see Meeker and
Escobar, 1998).

Other aspects strongly related to reliability refer to availability, warranties, degra-
dation, and maintenance. Most of these have a financial impact, since it is important
to know, for example, whether it is worth purchasing a warranty extension for a new
car, or, when performing maintenance, having in mind the related costs for failure
and unavailability. Maintenance strategies differ greatly. For example, they could be
deterministic rules, (12 months or 10 000 km, the one which comes first) or condition
based, looking at the degradation of some components (e.g., thickness of the tyres).
Reliability notions, models, and related topics are broadly presented in Ruggeri et al.
(2007), along with approaches that are more typical of the engineering and computer
science communities, such as failure mode effect analysis, Bayesian belief networks,
fault tree analysis, and Monte Carlo simulation.

8.2.2 Basic definitions

Here, we present the basic definitions related with the behavior of items, for example,
a light bulb, whose lifetime is described by a random variable T . For simplicity, we
assume that T is absolutely continuous with density function f (·) and distribution
function F(·). Extensions to the discrete case are straightforward.

Definition 8.1: The reliability function is defined as R(t) = P(T > t), for t ≥ 0.

As a consequence, it follows that R(t) = ∫ ∞
t f (u)du = 1 − F(t).

Definition 8.2: The hazard function is defined as

h(t) = lim
�t→0

P(t < T ≤ t + �t |T > t)

�t
= lim

�t→0

P(t < T ≤ t + �t)

�t P(T > t)
.

The hazard function represents the instantaneous failure rate at time t conditional on
the item functioning until that time. From Definition 8.2, it follows that

h(t) = f (t)

R(t)
,

and it can easily be proved that

f (t) = h(t)e− ∫ t
0 h(u)du . (8.1)
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As a consequence, there is a one-to-one correspondence between hazard and density
functions. In many practical situations, modeling starts from the specification of the
hazard function and the density function is, therefore, uniquely determined.

Example 8.1: Given the hazard functions h1(t) = βtβ−1 and h2(t) = λ, then (8.1)
implies that they correspond, respectively, to a Weibull We(1, β) and an exponential
Ex(λ) distributions. �

As we will see later, Definitions 8.1 and 8.2 will apply to renewal processes,
whereas slightly different concepts will be introduced when considering the Poisson
processes illustrated in Chapter 5. In particular, we will consider the reliability func-
tion R(y, s) = P(N (y, s] = 0), denoting the probability of no failures in the interval
(y, s] in a system that has been operating up to time y. The intensity function λ(t) (see
Definition 5.2) plays a role similar to the hazard function, denoting the propensity to
fail at a given instant t.

In the next two sections, we present two of the most relevant models used to
describe repairable systems: renewal and Poisson processes.

8.3 Renewal processes

Consider a system such as a battery-operated razor, which has a long useful life and
can fail only when its battery is exhausted. We suppose that batteries are replaced
upon failure, all of them have similar characteristics and that the razor is always used
under similar conditions. The interfailure times, that is, the number of cycles (beard
cuts) between two subsequent battery replacements, can be considered as independent
random variables with the same distribution.

Definition 8.3: Consider a sequence of failure times X0 = 0 ≤ X1 ≤ X2 ≤ · · ·, with
interfailure times Ti = Xi − Xi−1 for i = 1, 2, . . .. If T1, T2, . . . is a sequence of IID
random variables, then it determines a stochastic process, called a renewal process.

It is well known that the homogeneous Poisson Process (HPP) described in Section 5.3
is a renewal process, since the interfailure times are independent and identically
distributed (IID) exponential random variables.

We illustrate the Bayesian analysis of a renewal process in two simple cases, where
conjugate priors are available. Other choices of models could lead to inferences and
predictions based mainly on Markov chain Monte Carlo (MCMC) methods.

Example 8.2: Consider the number of cycles (daily beard cuts of the same individual)
run by a razor before battery exhaustion. This determines a sequence of integer-
valued random variables N1, . . . , Nn . Assume Ni, i = 1, . . . , n, are IID Poisson
Po(λ) random variables.
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The likelihood function is given by

l(λ|data) = λ
∑n

i=1 Ni

∏n
i=1 Ni !

e−nλ.

Given a conjugate gamma Ga(α, β) prior for λ (see Section 5.3 for a discus-
sion on how to choose the hyperparameters α and β), the posterior distribution
is Ga

(
α + ∑n

i=1 Ni , β + n
)

with mean given by

α + ∑n
i=1 Ni

β + n
.

It is possible to compute the (posterior) predictive distribution of the (n + k)th failure
time Xn+k , for any integer k > 0. Since the sum of k IID Po(λ) random variables is
Po(kλ), we have, for m ≥ ∑n

i=1 Ni ,

P(Xt+k = m|N1, . . . , Nn) =
∫

P(Xt+k = m|λ) f (λ|N1, . . . , Nn)dλ

=
∫

(kλ)m−∑n
i=1 Ni

(m − ∑n
i=1 Ni )!

e−kλ · (β + n)α+∑n
i=1 Ni

�(α + ∑n
i=1 Ni )

λα+∑n
i=1 Ni −1e−(β+n)λdλ

= km−∑n
i=1 Ni

(m − ∑n
i=1 Ni )!

(β + n)α+∑n
i=1 Ni

(β + n + k)α+m

�(α + m)

�(α + ∑n
i=1 Ni )

.

As a consequence, it follows that, for r = 0, 1, . . . ,

P(Nn+1 = r |N1, . . . , Nn) = 1

r !

(β + n)α+∑n
i=1 Ni

(β + n + 1)α+r+∑n
i=1 Ni

�(α + r + ∑n
i=1 Ni )

�(α + ∑n
i=1 Ni )

.

�

Example 8.3: Consider a red traffic light, whose bulbs are substituted upon failure.
Suppose that the replacement time is negligible with respect to the lifetime of a
bulb and that all the bulbs have the same characteristics and operate under identical
conditions. Therefore, we might assume that the interfailure times, T1, . . . , Tn , are a
sequence of IID exponential Ex(λ) random variables.

The likelihood function is given by

l(λ|data) = λne−λ
∑n

i=1 Ti .

If a conjugate, gamma Ga(α, β) prior is chosen for λ, the posterior distribution is
gamma Ga

(
α + n, β + ∑n

i=1 Ti
)

and the posterior mean is given by

α + n

β + ∑n
i=1 Ti

.
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It is possible to compute the (posterior) predictive density fn+k(x) of the (n + k)th
failure time Xn+k = ∑n+k

i=1 Ti , for any integer k > 0, knowing that the sum of k IID
Ex(λ) random variables is Ga(k, λ). Then, for x > 0,

fn+k(x |T1, . . . , Tn) =
∫

fn+k(x |λ) f (λ|T1, . . . , Tn)dλ

=
∫

λk

�(k)
xk−1e−λx · (β + ∑n

i=1 Ti )α+n

�(α + n)
λα+n−1e−(β+∑n

i=1 Ti )λdλ

= xk−1 �(α + n + k)

�(k)�(α + n)

(β + ∑n
i=1 Ti )α+n

(β + x + ∑n
i=1 Ti )α+n+k

.

In particular, the one-step-ahead predictive distribution is given by

fn+1(x |T1, . . . , Tn) = (α + n)
(β + ∑n

i=1 Ti )α+n

(β + x + ∑n
i=1 Ti )α+n+1

. (8.2)

�

8.4 Poisson processes

As mentioned earlier, Poisson processes are typically used to describe the reliabil-
ity of systems that are subject to minimal, instantaneous repairs. Different forms
for the intensity function λ(t) (see Definition 5.6) lead to processes with different
characteristics.

8.4.1 Selection of the intensity function

The selection of an intensity function should be driven by considerations on the reli-
ability problem at hand and validated a posteriori, for example, in terms of goodness-
of-fit, predictive power, and model selection tools such as the Bayes factor (see
Section 2.2.2).

At different times, many systems can be subject to reliability decay or growth
or constant reliability. Therefore, prior information and, in practice, exploratory data
analysis can be very useful in choosing an intensity function λ(t) and, consequently,
a mean value function m(t). In the case of the mean value function, it is useful to
assess whether the expected number of failures over an infinite horizon is finite or
infinite. If it is finite, for example, a Cox–Lewis nonhomogeneous Poisson process
(NHPP), with m(t) = M(1 − e−βt )/β, could be suitable, whereas in the latter case,
a Musa–Okumoto NHPP with m(t) = M log(t + β) might be applied.

It is important also to check whether the propensity to fail over time, captured by
the intensity function λ(t), is constant or not. In the gas escape case study, discussed
in Section 8.7, physical properties of the pipeline material suggest the use of an HPP
for cast iron pipes and a NHPP for the steel ones. Unlike steel pipes, cast iron pipes
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are not subject to corrosion over time and preserve the same physical properties over
their useful life, which is translated into a constant propensity to fail and λ(t) = λ.

Pievatolo et al. (2003) considered failures in subway train doors, observing that,
in the period under consideration, a phase of increasing failure rate was followed by
one with decreasing rate and failures were getting more and more rare. Therefore,
they proposed the intensity function,

λ(t) = β0
log(1 + β1t)

(1 + β1t)
,

with time given by the kilometers run by the trains. This function starts at λ(0) = 0,
has a maximum at (e − 1)/β1, and decays to 0 as t goes to infinity. Moreover,
periodicity was detected when considering failures with respect to calendar time and
the authors used the intensity function

λ(t) = exp{α + ρ sin(ωt + θ )},

used earlier, for example, by Vere-Jones and Ozaki (1982) in modeling earthquake
occurrences.

A very flexible model, justifying its popularity in reliability, is the power law
process (PLP) whose intensity function is λ(t) = Mβtβ−1, as introduced in (5.7).
Different values of β allow for the representation of constant reliability or reliability
growth or decay. Figure 8.1 shows that there is reliability growth when 0 < β < 1,
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Figure 8.1 Intensity function of a Power law process.
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constant reliability (and an HPP) for β = 1 and reliability decay, with different
behaviors, when β > 1.

A PLP with 0 < β < 1 may be useful in describing the sequential detection and
correction of bugs in software, assuming that new bugs are never introduced, since
there is reliability growth throughout the testing phase. Conversely, many systems are
subject to early failures, then a long period with few failures and a final period with an
increasing number of failures. After the initial phase of ‘burn in’ (or ‘infant mortality’)
characterized by reliability growth, those systems experience a constant reliability
(‘useful life’) followed by a final phase of reliability decay (‘obsolescence’). The term
bathtub is used to describe this behavior, because of the shape of the intensity function
of the corresponding NHPPs. The bathtub intensity can be modeled by considering
different intensity functions for the infant mortality, useful life, and obsolescence
phases. In particular, the approach of Ruggeri and Sivaganesan (2005) can be applied
when considering different PLPs in different intervals, possibly determined by failure
times, and the parameters are evolving dynamically from one interval to another or
modeled hierarchically. This article also extended to the case of NHPPs an approach
of Green (1995) to modeling piecewise HPPs with unknown location and number of
change points using reversible jump MCMC methods.

Here, we present a simpler model in which we assume that the change points are
known (y1 and y2), and different PLPs are considered in the intervals I1 = (0, y1],
I2 = (y1, y2], and I3 = (y2, y], with the same M but different β1, β2, and β3. We
consider failures in the interval (0, y] at times T = (T1, . . . , Tn), and suppose n1 of
them are in I1, n2 in I2 and n − n1 − n2 in I3.

The likelihood function l(M, β1, β2, β3|T) is given by

[

Mnβ
n1
1

n1∏

i=1

T β1−1
i e−My

β1
1

]

·
[

β
n2
2

n1+n2∏

i=n1+1

T β2−1
i e−M(y

β2
2 −y

β2
1 )

]

·

·
[

β
n−n1−n2
3

n∏

i=n1+n2+1

T β3−1
i e−M(yβ3 −y

β3
2 )

]

.

Consider independent gamma priors M ∼ Ga(aM , bM ) and βi ∼ Ga(ai , bi ), for i =
1, 2, 3. The posterior conditional distributions are

M |β1, β2, β3, T ∼ Ga
(

aM + n, bM + yβ1
1 + yβ2

2 − yβ2
1 + yβ3 − yβ3

2

)
,

f (β1|M, β2, β3, T) ∝ β
a1+n1−1
1 e−b1β1−My

β1
1 +β1

∑n1
i=1 log Ti ,

f (β2|M, β1, β3, T) ∝ β
a2+n2−1
2 e−b2β2−M(y

β2
2 −y

β2
1 )+β2

∑n1+n2
i=n1+1 log Ti ,

f (β3|M, β1, β2, T) ∝ β
a2+n−n1−n2−1
3 e−b3β3−M(yβ3 −y

β3
2 )+β3

∑n
i=n1+n2+1 log Ti .

The marginal posterior distributions can be sampled by running a Metropolis–
Hastings within Gibbs sampling algorithm to generate the βs from adequate
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proposal distributions and accepting the new draws with an appropriate probability,
as described in Section 2.4.1.

8.4.2 Reliability measures

In Section 5.4.2, we have illustrated parameter estimation of a NHPP, namely, the
PLP. We refer the reader to this for a detailed illustration. Here, we would like just
to point out the relevance of those estimates when the parameters have a practical
reliability interpretation. For example, the parameter M of a PLP with intensity
λ(t) = Mβtβ−1 and mean value function m(t) = Mtβ denotes the expected number
of failures in the interval (0, 1], whereas β is strictly related to reliability growth or
decay, as shown in Figure 8.1. Statements about, for example, P(β < 1|T), given a
sample T = (T1, . . . , Tn), are relevant because they tell us about the probability of
the system being in a stage of reliability growth.

There are also some other quantities of interest that are typically considered
in reliability studies. Consider a system that has been operating up to time y. We
are interested in its performance in the future. Letting N (y, s] represent the num-
ber of failures in a future interval, (y, s], the system reliability may be defined
through

R((y, s]) = P(N (y, s] = 0), (8.3)

and the expected number of failures in the interval is given by

E[N (y, s]]. (8.4)

For the PLP, (8.3) and (8.4) become R((y, s]|M, β) = e−M(sβ−yβ ) and
E[N (y, s]|M, β] = M(sβ − yβ), respectively. We have shown the dependence of
(8.3) and (8.4) on M and β because, once we get the posterior distribution on (M, β)
given the data T, we can estimate (8.3) and (8.4) by taking

̂R((y, s]) = E[R((y, s]|M, β)] =
∫

e−M(sβ−yβ ) f (M, β|T)d Mdβ ,

̂E[N (y, s]] = E[E[N (y, s]|M, β]] =
∫

M(sβ − yβ ) f (M, β|T)d Mdβ.

Estimation of the intensity function at a given instant T ∗ may be relevant in some
instances. Consider the case of prerelease software testing where NHPPs have been
used to describe the bug discovery process. Testing could continue for a potentially
very long time period until almost all bugs are detected and removed, when the
software would be very reliable. However testing incurs in actual and opportunity
costs, as competitors might produce similar products and the software may become
obsolete before it is released. Therefore, there is a trade-off between costs and the
release time T ∗. Once the software has been released, the number of undiscovered
bugs is constant and reliability becomes steady.
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The same quantities could be computed when considering a new system equiv-
alent to the one(s) at hand, that is, described by the same model with the same
parameters. Therefore, (8.3) and (8.4) become R(s) = P(N (0, s] = 0 and
E[N (0, s]], respectively, since 0 is the starting point.

8.4.3 Failure count data

Here, we consider an alternative experiment to that analyzed in Section 5.4.2. There,
it was assumed that interfailure time data were available. We shall suppose now that
only failure count data are available from k similar, repairable systems.

We shall illustrate the main ideas by following an example taken from Calabria
et al. (1994), who generated data for 10 identical systems from a PLP, with intensity
function λ(t) = β

α

(
t
α

)β−1
, and parameters α = 100 (in hours) and β = 1.5. They also

considered a time truncated experiment, with censoring times Ti (in hours) drawn
from the uniform distribution U(0, 1200). The data (censoring times Ti and number
of failures ni) are shown in Table 8.1.

Table 8.1 Truncation times and count data for 10 systems.

System 1 2 3 4 5 6 7 8 9 10

Ti 1042 932 997 1087 900 849 764 202 141 479
ni 36 26 29 28 32 29 22 6 2 7

We prefer to perform Bayesian inference considering the parametrization λ(t) =
Mβtβ−1, obtained for M = (1/α)β , since M has an easier interpretation than α, as
discussed earlier, easing prior elicitation. As a consequence, data are generated with
M = 0.001.

The likelihood function is now given by

l(β, M | d) ∝ pβ Ms exp

[

−M
k∑

i=1

T β

i

]

,

where s = ∑k
i=1 ni , p = ∏k

i=1 T ni
i , T = (T1, . . . , Tk), n = (n1, . . . , nk), and

d = (T, n). Note that the likelihood is obtained as the product of the den-
sities f (ni , Ti |β, M) = f (ni |Ti , β, M) f (Ti |β, M), for i = 1, . . . , k, but only
f (ni |Ti , β, M) is considered, as the censoring times are independent of the failure
process.

We follow Mazzali and Ruggeri (1998) to undertake a Bayesian analysis of the
data in Table 8.1. We consider the joint prior

f (β, M) = f (M |β) f (β),

where M |β is a Ga
(
ρ, σβ

)
random variable and β is a Ga(ν, μ) random variable.

Combining prior and likelihood, we obtain the joint posterior

f (M, β | d) ∝ (pσρ)β Ms+ρ−1βν−1 exp(−μβ) exp[−M(σβ +
k∑

i=1

T β

i )]. (8.5)
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Therefore, we get the posterior conditional distributions

M | β, d ∼ Ga
(

s + ρ, σβ + ∑k
i=1 T β

i

)
,

β | M, d ∝ (pσρ)ββν−1e−μβ−Mσβ

.

The marginal posterior distributions are easily sampled via, for example, a Metropolis
within Gibbs algorithm.

Here, we shall assume that ρ = 15, σ = 0.55, μ = 1, and ν = 2. Then, the
posterior mean of β is β̃ = 1.274, which is very close to 1.275, the maximum
likelihood estimate. Unlike the frequentist approach, the Bayesian one allows for
a direct, straightforward assessment on β and the system reliability. Values of the
posterior distribution of β are given in Table 8.2. We can observe that β has large
probability of being greater than 1, which implies a system under reliability decay.
This finding is also backed up by the 90% highest posterior density interval, which
is given by (0.940, 1.564).

Table 8.2 Posterior cdf of β for selected δs.

δ 0.8 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.8

P(β ≤ δ | d) 0.005 0.09 0.21 0.40 0.60 0.78 0.89 0.95 0.99

We estimate the mean value function m(t), observing that m(t |M, β) = Mtβ and
that

E[m(t) | d] = E[tβ E[M |β, d]] = E[tβ(s + ρ)/(σβ +
∑

T β

i )],

where the latter expected value is taken with respect to the posterior distribution of
β. Integrating with respect to M in the joint posterior (8.5), we find

f (β | d) ∝ (pσρ)β
�(s + ρ)

(σβ + ∑k
i=1 T β

i )s+ρ
βν−1e−μβ.

Therefore, it follows that

E[m(t) | d] =
∫ +∞

0 (tpσρ)ββν−1 exp (−μβ)(s + ρ)(σβ + ∑
T β

i )−s−ρ−1 dβ
∫ +∞

0 (pσρ)ββν−1 exp (−μβ)(σβ + ∑
T β

i )−s−ρ dβ
.

In many practical situations, data on k identical systems are used to predict
the behavior of another, identical system. In particular, we might be interested in
estimating the expected number of failures, N (0, t], the intensity function, λ(t), and
the system reliability R(t) = P(N (0, t]), for a given t or 0 < t ≤ T . In our example,
we are interested in the estimate of the expected number of failures up to time
t = 1200, that is, in m̂(1200), which turns out to be 38.81, not far from 38.70, the
classical estimate found by Calabria et al. (1994). A posterior estimate of M can
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Figure 8.2 Estimates of m(t) (left-hand side) and λ(t) (right-hand side).

be obtained by observing that m(1) = M . Therefore, we get M̂ = 0.009. The plot
of E[m(t) | d] for t ∈ [0, 1.2] (we use thousands of hours here) is depicted in the
left-hand side of Figure 8.2. Its shape denotes a quick increase at early stages, getting
steadier later.

It is also possible to estimate the intensity function λ(t) in a similar fashion, by
observing that

E[λ(t)|d] = 1

t

∫ +∞
0 (tpσρ)ββν exp (−μβ)(s + ρ)(σβ + ∑

T β

i )−s−ρ−1 dβ
∫ +∞

0 (pσρ)ββν−1 exp (−μβ)(σβ + ∑
T β

i )−s−ρ dβ
.

The plot of E[λ(t) | d] for t ∈ [0, 1.2] is depicted in the right-hand side of Figure
8.2. Its shape denotes that the system is subject to reliability decay, as we observed
from the estimation of β, with a very steep increase in the failure rate right after the
initial time.

As a performance measure, we could be interested in the distribution of N (0, t],
that is, the number of failures in the interval (0, t]. Its distribution conditional on M
and β is given by

P(N (0, t] = r |β, M) = 1

r !

(
Mtβ

)r
exp

(−Mtβ
)
.

The posterior (unconditional) predictive distribution is given by

P(N (0, t] = r |d) =
∫ +∞

0

∫ +∞

0
P(N (0, t] = r |β, M) f (β, M | d) dβ dM

= 1

r !

∫ +∞
0 (tr pσρ)ββν−1 exp (−μβ) �(s+ρ+r )(

tβ+σβ+∑
T β

i

)s+ρ+r dβ

∫ +∞
0 (pσρ)ββν−1 exp (−μβ) �(s+ρ)(

σβ
∑

T β

i

)s+ρ dβ
.
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Figure 8.3 P(N (0, 1200] = r ) (left hand side) and P(N (0, t] = 0) (right-hand side).

The predictive distribution of N (0, 1200], given d, is presented in the left-hand side
of Figure 8.3, whereas the right-hand side presents P(N (0, t] = 0) as a function of t,
which is another measure of system reliability.

8.5 Other processes

Renewal processes, as described in Section 8.3, are defined through a sequence of
IID random variables. This assumption can be relaxed by considering the process
describing the reliability of a system to be a sequence of independent, but not identi-
cally distributed variables. A typical situation arises in the context of software testing:
running a new developed software, before its release, leads to a sequence of failures,
for example, loops, overflows, incorrect results. Software debugging is aimed at the
detection of bugs, so that program developers will try to remove them. Looking
at interfailure times, it is possible to consider them independent but with different
distributions, since detection and fixing of a bug should lead to a longer waiting
time for the next failure. This assumption was made in the first relevant model in
software reliability, due to Jelinski and Moranda (1972), and in many of the models
that stemmed from this.

Example 8.4: Jelinski and Moranda (1972) considered a model for bug detection in
software testing in which times between failures were exponential random variables.
In particular, they considered the sequence of interfailure times T1, . . . , Tn with
Ti ∼ Ex(λi ), λi = φ(N − i + 1), i = 1, . . . , n, N ≥ n.

The rationale behind the model is that there are initially N (possibly unknown)
bugs in the software and the mean interfailure time, that is, 1/λi , i = 1, . . . , n in-
creases when a new bug is detected. In particular, any bug gives a contribution φ to
the parameter of the exponential random variables, starting from λ1 = Nφ and then
decreasing. The model by Jelinski and Moranda assumes a perfect repair situation, in
which a bug is removed instantaneously upon detection and no new bug is introduced.
An imperfect repair situation was considered later by Goel and Okumoto (1978) who
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took λi = φ(N − p(i − 1)), with 0 ≤ p ≤ 1. In this case, each bug detection reduces
the parameter by pφ.

Suppose that interfailure times T = {T1, . . . , Tn} are observed. Then, the likeli-
hood function is given by

l(N , φ|T) =
n∏

i=1

λi e
−λi Ti = φn

n∏

i=1

(N − i + 1)e−φ
∑n

i=1(N−i+1)Ti .

Suppose that N is given. We take a gamma Ga(α, β) prior distribution on φ. The
posterior distribution of φ is

Ga
(
α + n, β + ∑n

i=1(N − i + 1)Ti
)

The choice of the hyperparameters α and β should follow from considerations on
the detection process. In particular, the mean time for the detection of the first bug
is 1/(Nφ) and the hyperparameters could be assessed based on an estimate of such
mean time, α/β, and the degree of belief in such opinion, quantified through the
variance α/β2.

The assumption of a known number N of bugs is unrealistic in practice. Therefore,
a Po(ν) prior is assumed. A natural choice of ν is given by a prior guess on the number
of bugs, as E[N ] = ν. The joint posterior distribution is given by

f (N , φ) ∝ φn
n∏

i=1

(N − i + 1)e−φ
∑n

i=1(N−i+1)Ti · νN

N !
e−ν · βα

�(α)
φα−1e−βφ

Explicit calculation of the integrating constant of this distribution is possible. How-
ever, simple forms for the full posterior conditional distributions are available as

φ|N , T ∼ Ga
(
α + n, β + ∑n

i=1(N − i + 1)Ti
)

and

N − n|φ, T ∼ Po
(
νe−φ

∑n
i=1 Ti

)
,

which implies that the joint posterior can be sampled using a Gibbs sampler.
For the Goel and Okumoto (1978) model, suppose we choose a Be(γ, δ) prior for

p. The choice of the hyperparameters γ and δ could follow either from considerations
on a guess on p and the degree of belief in this opinion (i.e., prior mean and variance
of the beta distribution) or from two quantiles of the beta distribution. The likelihood
is given by

l(N , φ|T) =
n∏

i=1

λi e
−λi Ti = φn

n∏

i=1

(N − p(i − 1))e−φ
∑n

i=1(N−p(i−1))Ti .
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The conditional posterior distributions are

φ|N , p, T ∼ Ga
(
α + n, β + ∑n

i=1(N − p(i − 1))Ti
)

N |φ, p, T ∝
n∏

i=1

(N − p(i − 1))
νN

N !
e−Nφ

∑n
i=1 Ti I{N≥n}

p|φ, N , T ∝
n∏

i=1

(N − p(i − 1))pγ−1(1 − p)δ−1epφ
∑n

i=1(i−1)Ti .

Then, a Metropolis–Hastings within Gibbs algorithm can be used to sample the joint
posterior. �

A similar generalization of the exponential renewal process (or HPP) is pro-
vided by Sen and Bhattacharyya (1993), who introduced the piecewise exponential
model (PEXP), given by a sequence of independent exponentially distributed in-
terfailure times with parameter λi = μ

δ
i1−δ , i = 1, 2, . . .. When δ = 1, the PEXP

becomes an HPP. Reliability decay and growth are obtained when 0 < δ < 1 and
δ > 1, respectively, since the mean interfailure times decrease or increase over
time, correspondingly. Given a sample T = {T1, . . . , Tn}, the likelihood function is
given by

l(μ, δ|T) =
n∏

i=1

λi e
−λi Ti = μn

δn
(n!)1−δ e− μ

δ

∑n
i=1 Ti i1−δ

.

Gamma priors could be chosen for both μ and δ, and the posterior distributions could
then be obtained through a Gibbs sampling algorithm with a Metropolis–Hastings
step within, since the conditional distribution of μ given δ and the data is gamma,
whereas the distribution of δ given μ and the data is known up to a constant. The
posterior distribution of δ is very meaningful because it determines whether the
system is subject to reliability decay, growth, or steadiness.

8.6 Maintenance

Maintenance is strongly related to reliability. Highly reliable systems need limited
maintenance and highly maintained systems will usually be very reliable. Both main-
tenance and reliability are key aspects in the process of life cycle costs and reliability
engineering, which is concerned with the costs of design, building, maintenance, and
final destruction of a product. The search for a reliable product is affecting costs in
planning, using and maintaining it; the optimization of a maintenance policy is rele-
vant in ensuring a satisfactory reliability level, adequate availability of the product,
and reasonable costs. Focusing on maintenance, intervention could be classified into
two main categories: preventive maintenance (before failure) and corrective mainte-
nance (after failure). The latter is strongly related with the reliability models discussed
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earlier: perfect repair leads to renewal processes (Section 8.3), whereas minimal
repairs are modeled by Poisson processes (Section 8.4). Preventive maintenance can
be performed at regular time intervals, after a given amount of usage (e.g., number
of cycles, kilometers run) or based on some condition (e.g., wear of the product). All
these maintenance policies can be translated into costs and their minimization leads
to the choice of an optimal one.

Example 8.5: Following Example 8.3, suppose that CP and CC are the costs related
to preventive or upon failure replacement of the red light bulb. In general, we will
have CP < CC . On the basis of the observation of past interfailure times, T1, . . . , Tn ,
we are interested in finding the optimal replacement time t*, that is, the smallest t
such that

CP P(Tn+1 > t |T1, . . . , Tn) ≤ CC P(Tn+1 ≤ t |T1, . . . , Tn),

where Tn+1 is the next, (n + 1)th, interfailure time. Using expression (8.2) for the
posterior predictive densities, it follows that t* is the solution of

P(Tn+1 > t |T1, . . . , Tn) = CC

CC + CP
,

that is,

(
β + ∑n

i=1 Ti
)α+n

(
β + t + ∑n

i=1 Ti
)α+n = CC

CC + CP

and

t* = {
(1 + CP/CC )1/(α+n) − 1

}
(

β +
n∑

i=1

Ti

)

.

�

8.7 Case study: Gas escapes

In a series of papers, Cagno et al. (1998, 2000a, 2000b) and Pievatolo and Ruggeri
(2004) considered escapes in a low-pressure gas distribution network (20 mbar above
the atmospheric pressure), in a large urban area during the last century. These articles
were aimed at suggesting replacement policies and identifying materials and envi-
ronmental features more prone to produce gas escapes. These were treated as failures
in a reliability context, where the gas network was considered as a repairable system
subject to minimal repair. In fact, the considered network is hundreds of kilometers
long, and each gas escape is affecting only a very small part of a pipe, which can
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be repaired in a very short, negligible period (hours or days) with respect to the
considered time (years), keeping unchanged the reliability of the whole network.
Therefore, the basic assumptions, for example, minimal and instantaneous repair,
justifying the choice of a NHPP are satisfied. The papers by Cagno et al. analyzed
gas escapes in traditional cast iron (old cast), which is not subject to corrosion but
just to accidental breaks, due to digging activity in the soil for example. Therefore,
they considered an HPP. In turn, Pievatolo and Ruggeri (2004) proposed a NHPP to
model escapes in steel pipes that are, indeed, subject to aging because of corrosion.

8.7.1 Cast iron pipe models

Preliminary exploratory data analysis led to identify old cast as the less reliable
material, with a failure rate even 10 times greater than that of other types of pipes.
These authors considered 150 escapes observed in 6 years in the 320-km-long network
(roughly, one-fourth of the total network) of old cast pipes in an Italian city. Further,
data analysis was performed to identify which pipe (e.g., thickness, diameter, or age)
and environmental features (e.g., ground properties, traffic, external temperature, or
moisture) were more likely to induce gas escapes. Diameter, lay depth, and location
were identified as the most significant features and two levels were chosen for all
of them, as shown in Table 8.3, where the notations ‘high’ and ‘low’ are qualitative
rather than quantitative.

The three factors, with two levels each, led to consider eight subnetworks, with
gas escapes modeled using an HPP. Therefore, eight HPPs were considered and ex-
pert opinion was collected concerning the failure rates of each subnetwork using
the Analytic Hierarchy Process (AHP) approach (see Saaty, 1980) and performed
a detailed Bayesian analysis, considering mainly Gamma and lognormal priors on
the failure rates. The analysis performed follows the lines of that presented in Sec-
tion 5.3.1, where both conjugate and nonconjugate cases were illustrated for an HPP
with, respectively, gamma and lognormal prior distributions on the parameter of the
process. Cagno et al. assumed independence among the eight classes (through inde-
pendence of the Poisson processes parameters), as a practical but very simplifying
assumption which did not take into account that some classes shared similar features
(e.g., small-diameter pipes). Masini et al. (2006) introduced covariates (diameter,
location, and depth) and considered the models illustrated in Section 5.3.1, where
covariates appeared either in the process parameter or in its prior distribution.

In both approaches, posterior means of failure rates were considered to compare
the eight HPPs and the largest ones lead to identify conditions under which gas

Table 8.3 Relevant factor levels related with gas escapes.

Factors Low level High level

Lay location Under traffic (T) Under walkway (W)
Diameter Small (S): ≤ 125 mm Large (L): > 125 mm
Lay depth Not deep (N): < 0.9 m Deep (D): ≥ 0.9 m
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Table 8.4 Estimates of failure rates for cast iron pipes.

Class MLE Lognormal prior Gamma prior Hierarchical

TSN 0.177 0.217 0.231 0.170
TSD 0.115 0.102 0.104 0.160
TLN 0.131 0.158 0.143 0.136
TLD 0.178 0.092 0.094 0.142
WSN 0.072 0.074 0.075 0.074
WSD 0.094 0.082 0.081 0.085
WLN 0.066 0.069 0.066 0.066
WLD 0.060 0.049 0.051 0.064

escapes were most likely. The findings are summarized in Table 8.4, along with
maximum likelihood estimates for each of the eight classes. We use the same symbols
in Table 8.3 to denote the combinations of the three factors.

Values in boldface denote the maximum, whereas italics denotes the second to
fourth largest values. The different models show a clear influence of the lay location:
pipes laid under a trafficked street are more prone to escapes. Bayesian and frequentist
methods lead to different results about the worst configuration: TSN is the highest
value in the former case, whereas TLD is the largest maximum likelihood estimate
(MLE) (although very close to TSN). An explanation for this discrepancy is given
by looking at both data and experts’ opinions. The network expands for more than
300 km, but the configuration TLD applies only to 2.8 km and only three failures
occurred in this subnetwork. It is evident that such small figures affect the estimate
dramatically: having two or four failures could have been very likely but the estimates
would have been very different (e.g., an MLE of 1.32 for two failures). In the Bayesian
approach, this effect disappears because the experts are confident that the subnetwork
TSN is more prone to gas escapes than the TLD one. We can see robustness with
respect to ranking when considering q gamma or a lognormal prior. This finding is
confirmed when relaxing (according to the robust Bayesian approach described in
Rı́os Insua and Ruggeri, 2000) the assumption of a unique prior distribution. Cagno et
al. (2000b) showed that ranking is only minimally affected when considering classes
of gamma priors with either mean or variance in an interval or a class of all priors
sharing the same mean and the same variance of the gamma distributions considered
in Cagno et al. (1998, 2000a).

8.7.2 Steel pipes

Pievatolo and Ruggeri (2004) were interested in making forecasts about future gas
escapes from the steel pipelines of the same distribution network described in the pre-
vious text. Unlike cast iron pipes, steel ones have very strong mechanical properties,
but they are subject to corrosion unless they are correctly protected. Available data
refer to 33 failures in the period 1978–1997 over an expanding network of 275 km
in an Italian city. Steel pipelines have been laid in the ground of that city since
1930 and, of course, older pipes are more keen to gas escapes because of the joint
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effects of protection aging and corrosion. Therefore, old and new pipes cannot be
treated equally. Thus, it is natural to split the networks into suitable intervals (namely,
calendar years) according to the installation dates of the pipes. For each year since
1930, a subnetwork of installed pipes has been considered and its gas escapes have
been modeled with a NHPP. Since escapes in a pipe installed in 1 year have no
influence on the behavior of pipes from another year, the NHPPs used for different
subnetworks have been considered as independent and the Superposition Theorem
has been applied, so that the process of all gas escapes over the entire network is still
a NHPP with intensity function given by the sum of those of each NHPP used for the
subnetworks.

Changes of physical characteristics of the installed pipes over time is an important
aspect affecting model choice. NHPPs with the same parameter could be considered
if these do not change, whereas completely different parameters, each with its own
prior distribution, should be taken if pipes change along years. Assuming similarity
among the pipes installed in different years, then their NHPPs should have different
parameters, with a common distribution. A similar situation, related with concomitant
HPPs, has been thoroughly illustrated in Section 5.3.1.

Therefore, the subnetworks are modeled by independent NHPPs with intensity
λs(t ; θs), where s ∈ S denotes the installation year. Pievatolo and Ruggeri (2004)
considered PLPs with intensity

λs(t ; θs) = ls Msβs(t − s)βs−1I[s,+∞)(t),

with Ms, βs, ls > 0, ls is the known length of the pipes installed at s. The superposition
of these independent NHPPs is again a NHPP with intensity λ(t ; θ) = ∑

s∈S λs(t ; θs),
as a consequence of the Superposition Theorem.

We suppose that each PLP has its own parameters Ms and βs , s = 1, . . . , r ,
but they come from the same exponential prior distributions Ex(θM ) and Ex

(
θβ

)
,

respectively. Suppose we observe the system up to time y and data are given by both
n failure times Tk and installation dates δk of failed parts, with r being the number of
different installation dates si. Setting M = (M1, . . . , Mr ) and β = (β1, . . . , βr ), the
likelihood becomes

l(M,β|T, δ) =
n∏

k=1

lδk Mδk βδk (Tk − δk)βδk −1e−∑r
i=1 lsi Msi (y−si )βsi

.

Taking exponential priors θM ∼ Ex(0.2) and θβ ∼ Ex(0.7), it is possible to compute
95% credible intervals for some of the reliability measures introduced in Sec-
tion 8.4.2. It follows that [0.0000964, 0.01] is the interval for P(N (1998, 2002) = 0),
that is, the system reliability over 5 years, whereas [4.59, 9.25] is the interval for
E N [1998, 2002], the expected number of failures in 5 years. It is evident that fail-
ures are expected over the following 5 years, but their number should be relatively
small. Figure 8.4 presents a useful tool to assess the goodness of the estimated model,
comparing the observed cumulative number of gas escapes with the expected number
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Figure 8.4 Mean value function (solid) vs. cumulative # failures (points).

given by the estimated mean value function. Clearly, the estimated model does not fit
very well the data, especially because of the six failures occurred within 24 hours in
1991. According to the available information, events occurred in different parts of the
city and with no common cause (e.g., earthquake). As a nonverified conjecture, data
could refer to events occurred in different dates but recorded the same day. Discussion
about reliability of data and their possible removal is beyond the scope of this book.
A better, Bayesian nonparametric model, taking care of those suspect data, has been
proposed by Cavallo and Ruggeri (2001) who considered a gamma process.

8.7.3 Different causes of corrosion

Although very robust with respect to random shocks (unlike cast iron), steel pipes
have the drawback of being subject to corrosion, which leads to reduction of wall
thickness. It can be reduced using either a bitumen cover or a cathodic protection, via
electric current. Most of the low-pressure gas network is without cathodic protection
to avoid electrical interference with other metal structures, so that pipes are exposed
to events (e.g., digging) that destroy the bitumen cover and start the corrosion process.
We can identify three types of corrosion:

� Natural corrosion: It occurs because of ground properties such as very wet ground
that is a good conductor facilitating the development of the electrolytic phe-
nomenon.

� Galvanic corrosion: It occurs because of the potential difference between two
different materials that get in contact due to imperfect insulation.
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� Corrosion by interference (or stray currents): It occurs beacuse of the presence of
stray currents in the ground coming from electrical plants badly insulated (e.g.,
streetcar substations or train stations), which increase the corrosion rate by various
orders of magnitude when discharging on the steel pipe.

Gas escapes from Section 8.7.2 are now subdivided according to the type of corrosion
that caused the event (just one is discarded since it is not possible to identify the cause).
For each class, the times (in years) between the first escape and the next ones are
presented in Table 8.5.

Table 8.5 Failure times for different corrosion types.

Galvanic 2.123 3.521 4.395 8.904

Natural 2.844 4.154 7.238 9.523 9.808 9.819 9.822
12.493 13.890 14.414 15.789 16.101

Stray 0.003 0.104 0.351 1.175 3.973 5.033 5.293
Currents 5.762 7.022 11.743 11.762 15.392 16.164

It would be possible to look for NHPPs that are better fit to describe escapes
for the three classes, and then compare their predictive probabilities over a finite
horizon to assess which type of corrosion is the most likely to induce future escapes.
Since estimation and forecast have already been illustrated in the previous sections,
we prefer to present two further issues: model selection and Bayesian robustness.
We now illustrate the importance of such notions, performing model selection under
uncertainty in the choice of the prior distribution.

Suppose that two alternative models are entertained for each class: an HPP with
parameter λ and a NHPP with intensity function λ(t) = λt/(M + t). We use Bayes
factors to compare both models. We assume that it is possible to specify a gamma
distribution Ga(a, b) on λ, whereas, regarding M, it is just known that its prior
median is 1. With the latter information, it is not possible to specify a unique prior
distribution but only the class of all the distributions with median 1. Such class,
� = { f : f has median θM = 1}, is known as a quantile class and has been studied
in, for example, Ruggeri (1990).

Given n failures at time Ti , i = 1, . . . , n, observed in an interval [0, y], the like-
lihood functions under the HPP and the NHPP models are, respectively,

l(λ, 0) = λne−λy

and

l(λ, M) = λn
n∏

i=1

Ti

M + Ti

(
1 + y

M

)λM
e−λy .
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The Bayes factor of the HPP versus the NHPP is given by

B F =
∫

l(λ, 0) f (λ) dλ
∫ ∫

l(λ, M) f (λ) f (M)dλdM

=
{∫ n∏

i=1

1

1 + M/Ti

1
[
1 − M log (1 + y/M) /(b + y)

]a+n f (M)dM

}−1

after integrating with respect to the distribution on λ.
As the prior on M varies in the class �, the Bayes factor assumes different values.

Upper and lower bounds on the Bayes factor are relevant. The difference or range,
between the upper and lower bounds on the posterior quantity of interest, is the most
relevant quantity in checking robustness. If the range is small, then the results are
robust to the prior choice. Upper and lower bounds on the Bayes factor are achieved
(see Ruggeri, 1990) when considering two-point distributions (1/2)δθ1 + (1/2)δθ2 ,
with θ1 ≤ θM ≤ θ2 and θM = 1. Robustness could be studied also when considering
the posterior means of the parameters in the NHPP. It holds that

E[λ|d] =
(a + n)

∫ ∏n
i=1 {1 + M/Ti }−1 {b + y − M log (1 + y/M)}−a−n−1 f (M)dM

∫ ∏n
i=1 {1 + M/Ti }−1 {b + y − M log (1 + y/M)}−a−n f (M)dM

and

E[M |d] =
∫

M
∏n

i=1 {1 + M/Ti }−1 {b + y − M log (1 + y/M)}−a−n f (M)dM
∫ ∏n

i=1 {1 + M/Ti }−1 {b + y − M log (1 + y/M)}−a−n f (M)dM
.

Upper and lower bounds for the Bayes factors and posterior means are given in
Table 8.6.

Considering upper and lower bounds on the Bayes factor, it is evident that there
is a strong preference for the HPP for the stray currents class, whereas a slight, but
clear, preference for the NHPP holds for the other two classes. The stray current class
is also characterized by a relative robustness when considering the posterior means,
with quite small ranges, whereas the influence of the prior is very relevant when
considering the other two classes. To improve robustness, further elicitation would
be needed to get further information on the prior of M, reduce the class of priors and,
hopefully, get a small range.

Table 8.6 Lower and upper bounds for a = 1 and b = 1.

Corrosion Bayes factor E[λ|d] E[M |d]

Galvanic (0.679, 0.817) (0.595, 1.096) (0.591, 8.084)
Natural (0.250, 0.543) (0.870, 2.403) (0.710, 22.640)
Stray currents (2.000, 13968.023) (0.816, 0.997) (0.000003, 0.161)
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8.8 Discussion

In this chapter, we have presented several applications of stochastic processes in
reliability and their inference using Bayesian methods. The books by Rigdon and
Basu (2000) and Hamada et al. (2008) provide many further examples.

The models presented in the chapter are mainly parametric. Cavallo and Ruggeri
(2001) used a Bayesian nonparametric approach based on gamma processes. The
mean value function was considered a random realization of a gamma process which
is, as proved in Lo (1982), conjugate with respect to the Poisson process model. The
nonparametric model is very flexible because it is not bound by any parametric form
but, at the same time, it can be built as close as possible to a parametric model by
a proper use of a tuning parameter. Cavallo and Ruggeri (2001) used also the Bayes
factor to compare parametric and nonparametric models. There is a wide and growing
literature on the use of Bayesian nonparametric methods in reliability; see Ghosh and
Tiwari (2007) and Kottas (2007) for reviews and an extensive bibliography. Many
works have been published since Dykstra and Laud (1981) defined the extended
gamma process, as an extension of the Dirichlet process introduced in the seminal
paper by Ferguson (1973), to study the hazard function. Recently, mixtures based on
nonparametric processes have become quite popular because of the relative ease of
simulation and the flexibility induced, when considering a nonparametric process as
a mixing distribution with respect to a kernel. Accelerated failure tests (AFT) are a
typical example of application of such methods; see, for example, Kuo and Mallick
(1997) or Argiento et al. (2009). AFTs are performed to induce early failures in
systems and reduce cost and time of testing by operating them under more severe
conditions than under normal operation.

Degradation is related also with reliability, since this could be assessed not only
by observing failures but also by looking at its deterioration over time. As an example,
to assess bad reliability of a car, it is not necessary to wait for it to fall apart: increas-
ing noise and development of cracks would be sufficient warnings. Degradation is
strictly related to maintenance, described in Section 8.6, through the notion of con-
dition based maintenance. As an example, Giorgio et al. (2010) considered the same
wear process of cylinder liners in a marine diesel engine presented in Example 6.3,
where a jump-diffusion process, proposed by D’Ippoliti and Ruggeri (2009), was
illustrated. They considered a discrete time Markov chain, presented in Chapter 3, to
model increase in wear by multiples of 0.05 mm at discretized time intervals. By as-
sessing the probability of exceeding the 4-mm wear threshold in future time intervals,
they were able to suggest to the ship owner a maintenance policy that could reduce
both stopping of the ship and risk of paying for cylinder failures. A thorough illus-
tration of degradation in reliability can be found in Singpurwalla and Wilson (1999,
Chapter 8).

Instantaneous repair is one of the most important assumptions justifying the use
of NHPPs to describe the reliability of repairable systems. Such assumption is not
always realistic, not even as an approximation. The interruption of service due to a
serious failure in a nuclear plant is just an example. Availability and downtime are
important concepts in reliability, since it is important to know when and how long
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a system is operating and the length of the time in which it is not functioning. An
illustration of the related aspects could be found in, for example, Singpurwalla and
Wilson (1999), which is also a relevant reference in software reliability.

Designing a system maintenance policy and guaranteeing its operation is a del-
icate task. The improvement in analytical techniques and the availability of faster
computers have allowed the analysis of more complex and realistic systems, hence
the increasing interest in developing models for multi-component maintenance op-
timization. Cho and Parlar (1991) and Dekker et al. (1997) provide a review of
such maintenance models and problems. In addition to the conventional preventive
and corrective maintenance policies, opportunistic maintenance arises as a category
that combines them. Such policies refer basically to situations in which preventive
maintenance (or replacement) is carried out at opportunities. It also happens that
the action to be taken on a given unit or part at these opportunities depends on the
state of the rest of the system. For an illustration, see Moreno-Diaz et al. (2003) that
use a semi-Markov decision process, summarized in Chapter 4. An overview relating
reliability and maintainability may be seen in Shaked and Shantikumar (1990).

Warranty is another aspect strictly related to reliability, discussed, for exam-
ple, in Singpurwalla and Wilson (1992). Warranties and their extensions offered by
car makers are a typical example. Short period warranties or expensive extensions
are clear signs of a poorly reliable product. On both sides, buyer and seller, there
are utility-related considerations, although probably not formalized within a proper
Bayesian decision theoretic approach, which lead the buyer to accept an extension
of the warranty for a fee or reject it because of being too expensive with respect to
the cost incurred to repair the product after the warranty expiration. Pievatolo et al.
(2003) considered a similar problem: they wanted to detect if the trains bought by
a company operating a subway line were reliable as stated in the contract between
the manufacturer and the transportation company. The analysis should be performed
before warranty expiration to charge the manufacturer the costs needed to guarantee
the stated reliability, if the actual one would be poorer. They considered a NHPP,
estimated the parameters with data observed in the first 2 years of operation of the
trains, and then performed a validation of the model making a forecast for the ex-
pected number of failures in the following 5 years and comparing (successfully) them
with the actual observed failures. Finally, this short review cannot avoid mentioning
Singpurwalla (2006), which discusses the links between reliability, risk, and utility
theory, with a wide room for stochastic processes, in a context permeated by de
Finetti’s ideas.
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Discrete event simulation

9.1 Introduction

Typically, once an organization has realized that a system is not operating as desired,
it will look for ways to improve its performance. Sometimes it will be possible to
experiment with the real system and, through observation and the aid of statistical
techniques, reach valid conclusions to better the system. However, experiments with
a real system may entail ethical and/or economical problems, which may be avoided
by dealing with a prototype, that is, a physical model of the system. Sometimes it
is not feasible to build such a prototype, and as an alternative, we may be able to
develop a mathematical model that captures the essential behavior of the system. This
analysis may sometimes be carried out through analytical or numerical methods.
However, in other cases, the model may be too complex to be dealt with in such
a way. In such extreme cases, we may use simulation. Large, complex, system
simulation has become common practice in many industrial and service areas such as
the performance prediction of integrated circuits, the behavior of controlled nuclear
fusion devices, or the performance evaluation of call centers.

In this chapter, we shall focus on discrete event simulation (DES), which refers
to computer based experimentation with a system which stochastically evolves in
time, but which cannot be easily analyzed via standard numerical methods, including
Markov chain Monte Carlo (MCMC) methods. This system might already exist,
and need improvement, or could be a planned system that we wish to build in an
optimal way. DES considers systems with state changes at discrete times. To study
such systems, we build a DES model, which evolves discretely in time. Hence, we
need to build a program which describes the stochastic evolution of the system over
time, proceed with experimenting with the program and analyze the experiment
output to reach useful conclusions for decision-making purposes. A good example is
provided by the queueing models from Chapter 7. There, we found that analyzing the
M/M/1 system was relatively simple, because, for fixed parameters, we had analytic
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expressions for the key performance indicators, such as the expected waiting time
or the expected number of customers in the queue. In contrast, there is much more
difficulty in analyzing G/G/1 systems as equivalent expressions are not generally
available. Thus, we often need to appeal to (discrete event) simulation, as we shall
illustrate in this Chapter.

DES is typically an experimentation methodology which is predated by classical
methods. The standard approach proceeds by building a simulation model, estimating
the model parameters, plugging the estimates into the model, running the model to
forecast performance evaluation, and analyzing the output, as we shall review in some
detail in Section 9.2. We then consider two Bayesian perspectives on DES: first, the
issue of uncertainty in inputs to a DES and, second, a Bayesian approach to output
analysis. We illustrate some of the ideas with an approach to estimating the duration
of the busy period of a G/G/1 queueing system. We next describe issues around
supporting decisions with the aid of DES models and finish with some discussion.

9.2 Discrete event simulation methods

The basic setup for a DES experiment, once the DES model has been built, is the
following four-step process which simplifies that in Schmeiser (1990):

1. Obtain a source of random numbers.
2. Transform the random numbers into inputs to the simulation model.
3. Obtain outputs from the simulation model.
4. Analyze the outputs to reach conclusions.

To study such systems, we build a discrete event model. Its evolution in time implies
changes in the attributes of one of its entities, or model components, which take place
at a given time instant. Such a change is called an event. There are several strategies to
describe this process, which depends on the mechanism that regulates time evolution
within the system.

The most important issue is to provide information about some performance
measure, θ , of our system, which we shall assume to be univariate for simplicity.
We shall suppose that the simulation experiment provides us with an output process
Y = {Yi }, so that θ is a property of the limit distribution FY = limi→∞ FYi . Most of
the time, we shall be able to redefine the output process so that θ is the expected value
of Y, or its pth quantile. A key distinction in DES, as it conditions how simulation
experiments are planned and how output data are analyzed, refers to transition and
stationary behavior simulation (see also Section 1.2).

Transition behavior refers to analyzing short-term performance of a simulation
model, typically until m events of a given type take place or a certain simulation
time T is elapsed. The simulation model may be described through the transforma-
tion Y |λ = g( f (U, λ)), where U are the required random numbers, f represents the
transformation of the random numbers into inputs to the simulation model, given the
input parameters λ, and g describes the simulation program transforming inputs into
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outputs. Typically, we shall replicate the experiment a certain number of times, say n.
Once we have an estimate λ̂ of the model parameters λ, we would proceed as follows:

For i = 1 to n
Generate the random numbers Ui.
Produce the output Yi |λ̂ = g( f (Ui , λ̂))

We then need to process the simulation output {Yi |λ̂}n
i=1, which, in this case, is

independent and identically distributed (IID). In the univariate case, we shall typically
be interested in performance measures based on the sample mean Ȳ |λ̂ = 1

n

∑
Yi |λ̂ or

on sample quantiles. We also require precision measures. Typically, we shall use the
mean square error that, when the bias is negligible, will coincide with the variance.

As basic measure, we shall use the standard deviation of θ̂ , E E
[
θ̂
] = V

[
θ̂
]1/2

. We
aim at estimating Ê E

[
θ̂
]

or, equivalently, V̂
[
θ̂
]
. In the IID case, we use the standard

variance estimation theory. For example, when θ̂ = Ȳ , it follows V
[
Ȳ

] = V [Yi ]
n and

an estimator is S2/n, where

S2 =
∑n

i=1 Y 2
i − nȲ 2

n − 1

is the sample variance. If we are estimating p = P(A), we use

θ̂ = p̂ =
∑n

i=1 I{Xi ∈A}
n

,

and

V̂ [ p̂] = p̂(1 − p̂)

n − 1
,

is an unbiased estimator. We could proceed similarly for other estimators. However, a
shortcoming of this approach is that it is ad hoc, in the sense that we need to develop
methods for each estimator. An alternative general, and popular, variance estima-
tion method in simulation is that of macro–micro replications. Given n replications,
we actually assume that it consists of k independent macro replications with m mi-
cro replications (Y1 j , . . . , Ymj ), j = 1, . . . , k, and km = n. Each micro replication
provides an observation of the output process. Each macro replication provides an
estimator θ̂ j , j = 1, . . . , k, based on m observations of such replication, with the
same expression as θ̂ . The mean of the k macro replications,

θ̄ = 1

k

k∑

j=1

θ̂ j ,
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is an alternative to the estimator θ̂ . As θ̄ is a sample mean, its variance will be
estimated through

V̂1 = 1

k

∑k
j=1 θ̂2

j − kθ̄2

k − 1
.

For a discussion on how to choose m and k, see Schmeiser (1990).
Stationary behavior refers to analyzing long-term performance of the simulation

model, assuming it converges. This entails running one long replication of the exper-
iment and, once convergence is detected, collecting the output observations Yi until a
sufficient sample size n is generated. Algorithmically, this method can be described
as follows. Given an estimate λ̂ of the model parameters λ, then

Generate the required random numbers U.
Once convergence is detected,

Collect the output (Y1, ..., Yn)|λ̂ = g( f (U, λ̂))

The estimation procedure is the same as above. However, we need to be careful when
estimating precision, as the simulation output is now correlated. To illustrate the
issues involved, assume that (Y1, . . . , Yn) are observations from a stationary process
and we estimate θ through Ȳ . If V [Y ] = σ 2

Y and ρ j = Corr
[
Yi , Yi+ j

]
, we have

V
[
Ȳ

] = d σ 2
Y

n

with

d = 1 + 2
n−1∑

j=1

(
1 − j

n

)
ρ j .

In the IID case, d = 1. When the process is positively correlated, V
[
Ȳ

]
> σ 2/n.

Moreover,

E

[
S2

n

]
= e σ 2

Y

n

with

e = 1 − 2

n − 1

n−1∑

j=1

(
1 − j

n

)
ρ j ,

so that we underestimate the variability of Ȳ . Similarly, if the process is negatively
correlated, we shall overestimate it. To mitigate the problem, several methods have
been devised. The most popular one is that of macro–micro replications, described in
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the preceding text, which is known as the batch method, when we deal with dependent
data. However, see Section 9.5 in which we describe a Bayesian approach to output
analysis.

9.3 A Bayesian view of DES

Summarizing Section 9.2, the standard approach to DES proceeds by building a
simulation model; estimating the model parameters by, say, maximum likelihood
estimate (MLE); plugging the estimates into the model; running the model to forecast
system performance; and analyzing the output with appropriate estimators and their
precision. However, by assuming parameters fixed at estimated values, this approach
typically greatly underestimates uncertainty in predictions, since the uncertainty in the
model parameters is not taken into account. This was already noted in Glynn (1986),
see also Berger and Rı́os Insua (1998), although it has not been widely acknowledged
in the DES literature. Bayesian analysis provides an alternative approach to DES that
avoids such problem, by taking the uncertainty in model inputs into account. Here, we
emphasize the case of transition behavior in which the relevant performance measure
is a mean.

Assume that we have available the posterior distribution f (λ|data) for the pa-
rameter λ, described through a posterior sample {λ j }m

j=1. Then, we could proceed as
follows:

For j = 1 to m
Generate λ j

For i = 1 to n
Generate the required random numbers Uij.
Produce the output Yi j |λ j = g( f (Ui j , λ j ))

Then, the estimate would be Ȳ2 = 1
m

∑
j

1
n

∑
i Yi j . For a precision estimate, we would

need to compute Ȳ 2
2 = 1

m

∑
j

1
n

∑
i Y 2

i j and we would use Ȳ 2
2 − (Ȳ2)2.

One problem with this approach could be that it is very costly computationally, if
the costs of running each simulation replication are high. Several alternatives could
be as follows:

� Use a ROM-based approach, as in Section 2.4.1. Once we have built the ROM
approximation, {λk, pk}M

k=1, to the posterior, f (λ|data), with M specified by our
computational budget, we would proceed as follows:

For j = 1 to M
For i = 1 to n

Generate the required random numbers Uij.
Produce the output Yi j |λ j = g( f (Ui j , λ j ))

Then, the approximate Bayesian estimate would be Ȳ3 = ∑
j

p j

n

∑
i Yi j . For a

precision estimate, we would need to compute Ȳ 2
3 = ∑

j
p j

n

∑
i Y 2

i j and we would
use Ȳ 2

3 − (Ȳ3)2.
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� Another possibility would be to use a regression metamodel. On the basis of M
design points λi , we use the simulation model to estimate Ŷ |λi and V [Y ]|λi .
On the basis of (λi , Ŷ |λi , V [Y ]|λi ), we fit a metamodel g(λ), through nonlinear
regression; see, for example, Müller and Rı́os Insua (1998) for a proposal based on
neural nets. Then, we use the MC approximations 1

m

∑
j g(λ j ) and 1

m

∑
j g(λ j )2 −

( 1
m

∑
j g(λ j ))2, based on a sample, λ1, . . . , λm , from the posterior f (λ|data).

� Note that both of the aforementioned approaches could be combined as follows.
First, we generate the ROM and run the simulation experiment at the ROM points.
We then fit the simulation metamodel to those values; if the fit is good enough,
then we use the metamodel approximation; otherwise, we finish with the ROM
approximation.

� The previous approaches entail a considerable computational effort at a few λ

points. Alternatively, we could attempt a cheaper approach at more points, by en-
tertaining fewer replications at a bigger number of points, using the metamodeling
idea. At an extreme, we could undertake just one replication at each λ point, as
suggested, for example, in Chick (2006).

� In some occasions, it is possible to use a cheap approximation to the expensive
simulation model, a so-called emulator. However, this tends to depend heavily on
the model used. A relevant example may be seen in Molina et al. (2005) (see also
Chapter 6).

The problem with stationary simulations gets somewhat more complicated as
just one replication gets typically too involved computationally and one can only
afford, at most, a few long replications with different input parameters λ. In this case,
we shall typically need to opt for our suggested cheaper ways, for example, ROMs,
regression metamodels and/or emulators. One possibility would be to undertake a
single run for several λs consecutively, the rationale being that a lot of computational
effort is wasted until convergence is achieved. The basic approach would be pick a
λ, run until convergence, collect a few output observations, change the λ, run until
convergence, collect a few output observations, and so on.

9.4 Case study: A G/G/1 queueing system

We illustrate the aforementioned ideas with a case study concerning a G/G/1 queue-
ing system. In Chapter 7, we were able to provide a Bayesian analysis of the M/M/1
system, based on its probabilistic analysis. However, we noted there that for G/G/1
systems, general formulae for the quantities of interest are usually unavailable and
that, therefore, simulation-based approaches are usually necessary.

Recall that G/G/1 represents a first in first out (FIFO) system with a general
arrival process, general service distribution and a single server. Then, given the
parameters of the interarrival and service time distributions, we could use DES to
simulate from, for example, the busy period and idle time distributions as follows,
where we assume that at time 0, the first arrival has just occurred:



P1: TIX/XYZ P2: ABC
JWST172-c09 JWST172-Ruggeri March 3, 2012 17:9

232 BAYESIAN ANALYSIS OF STOCHASTIC PROCESS MODELS

1. Set j = 0, s = 0, t = 0 and B > 0.
2. j = j + 1. Simulate a service time sj and an interarrival

time t j+1.
3. Set s = s + s j and t = t + t j+1.
4. If s < t, then b = s, i = t − s. Otherwise, if s ≥ B, then b = t.

Otherwise, go to 2.

The value b generated from this algorithm represents a sampled value from the
busy period distribution, or, in the case that b > B, a right censored observation.
i represents a sampled value from the server’s idle period distribution. Repeated
iterations from this algorithm will provide samples from the busy period and idle
time distributions.

When the parameters of the interarrival and service time distributions are un-
known, if we assume that we can generate a sample from the posterior parameter
distributions, then for each set of sampled parameters, we can run the aforementioned
algorithm and this generates a sample from the predictive busy period and idle time
distributions, as described in Section 9.3.

Example 9.1: Consider a queueing system with lognormal interarrival and service
times generated from LN

(
μa, σ

2
a

)
and LN

(
μs, σ

2
s

)
, respectively. For this model, the

traffic intensity is

ρ = exp

(
μs − μa + 1

2
(σ 2

s − σ 2
a )

)
. (9.1)

The distributions of the statistics of interest for this system are unknown and must be
estimated using simulation as we outlined in the preceding text.

Samples of 200 interarrival times and their corresponding service times were
generated from this system with μa = 5, σa = 1, μs = 2, σs = 2. Bayesian inference
was carried out using Jeffreys priors f (μa, τa, μs, τs) ∝ 1

τaτs
, where τa = 1

σ 2
a

and

τs = 1
σ 2

s
. Given the sampled data, we found

μa, τa ∼ NGa(5.02, 200, 199, 239.04) μs, τs ∼ NGa(1.99, 200, 199, 730.54)

which leads to E[ρ|data] ≈ 0.172, when from (9.1) the true value of ρ is 0.223.
Given the sampled data, we wish to estimate the predictive distributions of the

durations of a busy period and the idle period. To do this, a sample of size 10 000
was taken from the posterior parameter distribution, and, for each set of generated
parameters, a sample of arrival times and their corresponding service times were
generated and the duration of the lengths of the first busy period and the first idle
period were calculated. Figure 9.1 shows a comparison of the predictive distribution
function of the duration of a busy period and the ‘true’ distribution function, estimated
by simulating directly from the true arrival and service model and kernel density
estimates of the ‘true’ and predictive density functions of the length of a server’s idle
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Figure 9.1 True (solid line) and predictive (dashed line) busy period distribution functions
(left-hand side) and idle period densities (right-hand side).

period.There is a good fit between the ‘true’ and estimated busy period distributions,
although the predictive busy period distribution is somewhat heavier tailed than the
‘true’ distribution. This feature has already been observed in various examples in
Chapter 7. In contrast, the predictive idle time density is much shorter tailed than
the ‘true’ density function. Noting that longer busy periods are associated with less
server idle time, this result should be expected. 	

Various extensions of the approach outlined in the preceding text can also be
incorporated. First, the condition that the queueing system is stable can easily be
included in the analysis by simply rejecting those sets of simulated parameter values
that imply an unstable system. Second, if it is wished to estimate the equilibrium
distribution of, for example, the queue size, then one approach is simply to estimate
the queue size distribution via simulation at two different (large) time points, say
t1, t2 > 0. If the predictive queue size distributions are effectively the same at these
two points, then it may be assumed that t1 is a sufficient time period for the system
to be in equilibrium. If not, we can increase t1 and t2 until the estimated queue size
distributions at both points are sufficiently close.

9.5 Bayesian output analysis

Now that we have provided a way to take input uncertainty in a DES model into
account, we can describe a Bayesian way to analyze the outputs. For the case of
transition behavior, we are typically able to obtain large independent samples and
standard approaches based on posterior asymptotic normality can be applied under
appropriate conditions (see Section 2.4).

We shall concentrate on the case of stationary DES output, which, consequently,
is typically correlated. Thus, we are, essentially, involved with the analysis of a
nonlinear time series. Here, we shall describe how to deal with such series with feed
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forward neural networks (FFNNs). The network output will represent the simulation
output value, when previous output values of the series are given as net inputs.

Consider univariate simulation output data {y1, y2, . . . , yN }. We would like to
model the generating stochastic process, that is, the simulation process, in an autore-
gressive fashion,

f (y1, y2, . . . , yN ) = f (y1, . . . , yq )
N∏

t=q+1

f (yt |yt−1, yt−2, . . . , yt−q )

We propose the following model for yt:

yt = h(yt−1, yt−2, . . . , yt−q ) + εt , t = q + 1, . . . , N

εt ∼ N(0, σ 2)

so that yt |yt−1, yt−2, . . . , yt−q ∼ N(h(yt−1, yt−2, . . . , yt−q ), σ 2) t = q + 1, . . . , N .

We use a block-based strategy to describe h: a mixed model as a linear combination
of a linear autoregression term and an FFNN, that is,

h(yt−1, yt−2, . . . , yt−q ) = x ′
tλ +

M∑

j=1

β jϕ(x ′
tγ j ), t = q + 1, . . . , N , (9.2)

where xt = (1, yt−1, . . . , yt−q ) and ϕ(z) = exp(z)/(1 + exp(z)), although other sig-
moidal functions would serve. In the proposed model, the linear term would account
for linear features, whereas the FFNN term would take care of nonlinear ones. We
index the above family of models with a pair of indexes mhk, where h = 0(1) indicates
absence (presence) of the linear term; k = 0, 1, . . . indicates the number of hidden
nodes in the N N term. For example, m10 is the linear autoregression model and m0k

is the FFNN model with k hidden nodes. Note that models m0k, k ≥ 1 are nested,
as well as m1k, k ≥ 1. It would be possible to think of the linear model m10 as a
degenerate case of the mixed model m11, when β = 0, and of models m0k, k ≥ 1, as
degenerate m1k, k ≥ 1 when λ = 0 and consider all models above as nested models.
However, given our model exploration strategy in the following text, we prefer to
view them as nonnested.

Initially, the parameters in our model are the linear coefficients λ =
(λ0, λ1, . . . , λq ) ∈ R

q+1, the hidden to output weights β = (β1, β2, . . . , βM ), the
input to hidden weights γ = (γ1, γ2 . . . , γM ) and the error variance σ 2. Typically,
there will be uncertainty about the number M of hidden nodes, as well as about the
autoregressive order q, and we could model them as unknown parameters, but we
shall assume here to be known in advance. For a complete treatment, see Menchero
et al. (2005).

We assume a normal-inverse gamma prior

β j ∼ N
(
μβ, σ 2

β

)
, λ ∼ N

(
μλ, σ

2
λ I

)
,

γ j ∼ N(μγ ,�γ ), σ 2 ∼ IGa(aσ , bσ ).
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When there is nonnegligible uncertainty about prior hyperparameters, we may extend
the prior model with additional hyperpriors, for example, through the following
standard conjugate choices in hierarchical models:

μβ ∼ N(aμβ
, b2

μβ
), σ 2

β ∼ IGa
(
aσβ

, bσβ

)
(9.3)

μλ ∼ N
(
aμλ

, b2
μλ

)
, σ 2

λ ∼ IGa
(
aσλ

, bσλ

)

μγ ∼ N
(

aμγ
, b2

μγ

)
, �γ ∼ IW

(
a�λ

, b�λ

)
.

Hyperparameters are a priori independent. Given hyperparameters, parameters are
a priori independent. Since the likelihood is invariant with respect to relabelings,
we include an order constraint to avoid trivial posterior multimodality due to index
permutation, say γ1p ≤ γ2p . . . ≤ γMp.

Consider the mixed model (9.2), where M and q are fixed. The complete likelihood
for a given data set D = {y1, y2, . . . , yN } is

l(λ, β, γ, σ 2 | D) = l(λ, β, γ, σ 2 | y1, . . . , yq )l(y1, . . . , yq , λ, β, γ, σ 2 | D′),

where D′ = {yp+1, . . . , yN } and

l(y1, . . . , yq , λ, β, γ, σ 2 | D′) =
N∏

t=q+1

f (yt | yt−1, yt−2, . . . , yt−q , λ, β, γ, σ 2)

is the conditional likelihood for given first q values. From here on, we will make
inference conditioning on the first q values, that is, assuming they are known without
uncertainty (alternatively, we could include an informative prior over the first q values
in the model and perform inference with the complete likelihood). Together with the
prior assumptions, the joint posterior distribution is given by

f (λ, β, γ, σ 2, χ | D′) ∝ f (yq+1, . . . , yN | y1, . . . , yq , λ, β, γ, σ 2) (9.4)

f (λ, β, γ, σ 2, χ )M!,

where

f (λ, β, γ, σ 2, χ ) = f
(
μλ, σ

2
λ , μβ, σ 2

β , μγ ,�γ

)
f (σ 2)

f (λ | μλ, σ
2
λ I ) f (β | μβ, σ 2

β I )
M∏

i=1

f (γi | μγ ,�γ )

is the joint prior distribution, χ = (μλ, σ
2
λ , μβ, σ 2

β , μγ ,�γ ) is the set of hyperparam-
eters and M! appears because of the order constraint over the γ s.

We use a hybrid, partially marginalized, MCMC posterior sampling scheme to
implement inference in the fixed mixed model. We introduce a Metropolis step to
update the input to hidden weights γ j , using the marginal likelihood over (β, λ),
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l(y1, . . . , yq , γ, σ 2 | D′), to partly avoid the random walk nature of Metropolis
algorithm, as in Section 2.4.1:

1. Given the current values of χ and σ 2 (β and λ are marginalized), for each
γ j , j = 1, . . . , M, generate a proposal γ̃ j ∼ N(γ j , c�γ ), calculate the acceptance
probability

α = min

[
1,

f (γ̃ | μγ ,�γ ) f (D′ | y1, . . . , yq , γ̃ , σ 2)

f (γ | μγ ,�γ ) f (D′ | y1, . . . , yq , γ, σ 2)

]
,

where γ = (
γ1, . . . , γ j−1, γ j , γ j+1, . . . , γM

)
and

γ̃ = (
γ1, . . . , γ j−1, γ̃ j , γ j+1, . . . , γM

)
.

With probability α, replace γ by γ̃ , rearranging indices if necessary to satisfy the
order constraint. Otherwise, leave γ j unchanged.

2. Generate new values for parameters, drawing from their full conditional
posteriors:

β̃ ∼ f
(
β | D′, γ, λ, σ 2, χ

) ∼ N

λ̃ ∼ f
(
λ | D′, γ, β, σ 2, χ

) ∼ N

σ̃ 2 ∼ f
(
σ 2 | D′, γ, β, λ

) ∼ IGa.

3. Given current values of
(
γ, β, λ, σ 2

)
, generate a new value for each hyperparam-

eter by drawing from their complete conditional posterior distributions:

μ̃β ∼ f
(
μβ | D′, β, σ 2

β

) ∼ N

σ̃ 2
β ∼ f

(
σ 2

β | D′, β, μβ

) ∼ IGa

μ̃λ ∼ f
(
μλ | D′, λ, σ 2

λ

) ∼ N

σ̃ 2
λ ∼ f

(
σ 2

λ | D′, λ, μλ

) ∼ IGa

μ̃γ ∼ f
(
μγ | D′, γ,�γ

) ∼ N

�̃γ ∼ f
(
�γ | D′, γ, μγ

) ∼ IW.

A similar sampling scheme can be used when applying a neural net model without
linear term, but likelihood marginalization would be just over β. Posterior inference
with the normal linear autoregression model is straightforward (see, e.g., Gamerman
and Lopes, 2006).

The model may be extended to include inference about model uncertainty. In fact,
the posterior distribution (9.4) should be written to include a reference to the model
k considered:

f (λ, β, γ, σ 2, χ | D′, k) = f
(
θk | D′, k

)
,
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where θk = (
λ, β, γ, σ 2, χ

)
represents parameters and hyperparameters in model k.

The key is then to design moves between models to get a good coverage of the
model space. When dealing with nested models, it is common to add or delete model
components, using add/delete or split/combine move pairs (Green, 1995; Richardson
and Green, 1997). Similarly, we could define two reversible jump pairs: add/delete an
arbitrary node selected at random and add/delete the linear term. With such strategy,
described in Müller and Rı́os Insua (1998), it would be possible to reach a model
from any other model. However, our experience with time series data shows that the
acceptance rate of such algorithm is low: the model space is not adequately covered
and we have identified cases of nonconvergence. To avoid this, Menchero et al. (2005)
introduce a powerful scheme based on the so-called LID (linearized, irrelevant, and
duplicate) nodes.

Once with a scheme for inference with Bayesian simulation output analy-
sis, we would usually perform predictive inference based on the predictive mean
E[yN+1|y1, . . . , yN ] that would be evaluated through

1

n

n∑

i=1

E[yN+1|θi ],

where {θi }n
i=1 is a sample from the posterior parameters.

9.6 Simulation and optimization

As we have illustrated in other chapters in this book, a key role of statistics is to
support decision-making. Therefore, we describe here how DES models may be used
for decision support.

In most simulation-based applications, we shall be interested in improving the
functioning of an incumbent system. Therefore, we assume that we may make deci-
sions about certain variables (x1, x2, ..., xk) that influence the output through

Y (x1, x2, ..., xk)|λ = g( f (U, λ), (x1, x2, ..., xk)).

Assume that given our decisions (x1, x2, ..., xk) and the output y, we obtain a utility
u((x1, x2, ..., xk), y). The standard, classical approach, once we have estimated λ̂,
would aim at finding (x1, x2, ..., xk), providing maximum expected utility, that is,
solving

max
(x1,x2,...,xk )

∫
u((x1, x2, ..., xk), y)h(y)dy,

where h(y) represents the predictive model built over the output y. The Bayesian
approach would acknowledge the uncertainty about λ and would aim at maximizing
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expected utility through

max
(x1,x2,...,xk )

∫ ∫
u((x1, x2, ..., xk), y|λ)h(y|λ)dy f (λ|data )dλ, (9.5)

possibly, approximating it through

max
(x1,x2,...,xk )

1

n

n∑

i=1

∫
u((x1, x2, ..., xk), y|λi )h(y|λi )dy,

where {λi }n
i=1 is a sample from f (λ|data).

Assuming now that we are in the transition case and we are able to run m iterations
for each sampled λi , our objective function would be

max
1

n

n∑

i=1

1

m

m∑

j=1

u((x1, x2, ..., xk), yi j |λi ),

which would be a standard optimization problem, with a computationally expensive
objective function.

One possibility would be to use an optimization algorithm requiring only func-
tional evaluations, such as Nelder Mead’s (see Nemhauser et al., 1989). Should we
opt for an optimization algorithm requiring gradients, note that, under mild condi-
tions, the partial derivative of the expected utility with respect to the lth variable is
approximated by

1

n

n∑

i=1

1

m

m∑

j=1

δu((x1, x2, ..., xk), yi j |λi )

δxl
.

Obviously, the aforementioned approach might be very computationally intensive
and we could try to approximate the expected utility (9.5) through a meta-model
�(x1, x2, ..., xk). This would entail fitting a standard nonlinear regression problem,
possibly approached as in Müller and Rı́os Insua (1998), and we would then need to
solve the problem

max �(x1, x2, ..., xk).

Finally, note that yet another possibility would be to use an augmented simulation
method, as described in Section 2.4.2.

9.7 Discussion

There are many texts devoted to DES. Some of them include Fishman (2001, 2003),
Neelamkavil (1987), Law and Kelton (1991), Schmeiser (1990), Banks et al. (2005),
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and Rı́os Insua et al. (2008a, 2008b). Encyclopedic treatments may be seen in Banks
(1998) and Henderson and Nelson (2008).

Key issues in DES include random number generation (L’Ecuyer, 2006), random
variate generation (Devroye, 2006), and output analysis (Alexopoulos, 2006). Here,
we have described simulation as a (computer based) experimental methodology. As
such, all principles for good experimentation seem relevant. Details may be seen
in, for example, Box et al. (1978) and Chaloner and Verdinelli (1995). Excellent
reviews, focused on simulation applications, which consider the issue of how many
replications are needed can be seen in Kleijnen (2007, 2008). An important difference
with other types of experiments refers to the key point that we control the source
of randomness, and we may take advantage of this, for example, through common
random number techniques.

We have emphasized the need to have quality measures of simulation estimators
through precision estimates. In such respect, it seems natural to improve the quality
of estimators, typically looking for estimators with similar bias but smaller variance.
Procedures of this type are called variance reduction techniques, see Szechtman
(2006) or Fishman (2003), and include techniques such as antithetic variates, control
variates, conditioning, importance sampling, common random numbers, and stratified
sampling.

Most DES approaches are based on classical inference and prediction mecha-
nisms. The standard approach proceeds by building a simulation model, estimating
the model parameters, plugging the estimates into the model, running the model to
forecast performance evaluation, and analyzing the output. Special care has to be
taken when dealing with correlated output, say in stationary DES analysis. Meth-
ods such as correlation substitution, time series models, regenerative simulation, and
thinning have been proposed to deal with them. However, standard classical DES
approaches will typically greatly underestimate uncertainty in predictions, since the
uncertainty in the model parameters is not taken into account, by assuming parameters
fixed at estimated values. In other fields, this issue of input uncertainty influencing
model uncertainty has generated a relevant literature; see, for example, Draper (1995),
Berger and Rı́os Insua (1998), Chick (2001), or Cano et al. (2010). The first refer-
ence in Bayesian DES is Glynn (1986). Chick (2006) provides an excellent review
of the comparatively little work undertaken in Bayesian DES. Merrick (2009) and
Andradottir and Bier (2000) provide also interesting views.

Our treatment of Bayesian output analysis uses FFNN and is based on Müller
and Rı́os Insua (1998) and Menchero et al. (2005). Several papers have found FFNN
superior to linear methods such as ARIMA models for several time series problems
and comparable to other nonlinear methods like generalized additive models or
projection pursuit regression. Again most work in this area is classical. Other Bayesian
approaches to FFNN modeling are in Mackay (1992), Neal (1996), and Lee (2004).
Gaussian processes, described in Section 6.2, may be used as well for Bayesian
output analysis, see, for example, Rasmussen and Williams (2006) and the references
in Chapter 6.

We finish this chapter by mentioning that a number of specific simulation-
optimization methods have been developed. In the case of finite sets of alternatives,
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we should mention, on one hand, methods based on ranking and selection and, on
the other, based on multiple comparisons. Among methods for continuous problems,
we should mention response surface methods and stochastic approximation meth-
ods such as the classic Robbins-Monro (1951) and Kiefer-Wolfowitz (1952). Other
methods include algorithms based on perturbation analysis (Glasserman, 1991) and
on likelihood ratios (Kleijnen and Rubinstein, 1996). Various chapters in Henderson
and Nelson (2008) describe them. Again note that they would require some modi-
fications if we want to optimize expected utility by taking into account uncertainty
about input model parameters.

We have not practically mentioned continuous time simulations, typically based
on stochastic differential equations, described in Chapter 6. Normally, a synchronous
approach will be adopted; see Neelamkavil (1987) for further information.
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10

Risk analysis

10.1 Introduction

This book was written in times of economic recession and high market volatility
with various countries having had to undertake drastic action to reduce spending.
Lack of faith by investors in the Euro zone has led to large daily variations in the
standard stock market indices such as S&P and Dow Jones. Furthermore, we have
recently seen a large number of both natural and man-made disasters. The Icelandic
volcano Eyjafjallajökull erupted in 2010 causing air transport chaos and a tsunami in
Japan in early 2011 caused damage to a nuclear installation and massive costs to the
Japanese economy. Clearly, disasters of this type lead to great financial losses for the
individuals or companies affected and for their insurers.

Given the scale of the possible losses that can occur from risky investments and the
possibility of insurers being ruined by having to make massive payouts, it is important
to study problems of risk and ruin from a statistical viewpoint. How can investors or
financial institutions such as banks evaluate the risk in the market at a given moment
and how can companies or their insurers calculate their probability of being ruined?
Clearly, profits from investments or insurance losses over time follow stochastic
processes. This motivates their study in this chapter, which is organized as follows.

In Section 10.2, we first consider how to measure market risk and then how to use
Bayesian modeling of financial time series to estimate market risk over time. Then, in
Section 10.3, we consider the estimation of the ruin probability. Section 10.4 provides
a case study on the estimation of finite-time ruin probabilities. We end up with a brief
discussion on miscellaneous topics in risk analysis in Section 10.5.

10.2 Risk measures

Financial institutions must deal with a range of different types of risk. In particular,
market risk describes the exposure to loss due to price changes in their asset portfolios.

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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Risk management is an important tool for controlling this risk and is necessary for
both maximizing profits and, in the case of the banking sector, for fulfilling legal
requirements that are enforced to ensure financial liquidity. In order to manage risk,
it is necessary to measure it.

One of the most popular risk measures in finance is the value at risk (VaR),
see, for example, Jorion (2006), which is essentially a quantile of the distribution
of the predictive loss at a given future time. Various related definitions have been
provided. In what follows, we shall use the approach typically applied in the financial
investment sector.

Formally, suppose that Xt is the price of an asset or value of a portfolio at time t.
Then, at a future time, t + s, the percentage relative change in value of the portfolio
over the period [t, t + s] with respect to the current value is given by

Xt+s − Xt

Xt
× 100% ≈ 100(log Xt+s − log Xt ).

The quantity Yt+s = log Xt+s − log Xt is called the return at time t + s. Then the
VaR at time t + s is a (negative) quantity, VaR, such that with high, fixed probability,
the return is smaller than this amount.

Definition 10.1: The 100 × α% VaR is the 100 × α% quantile of the conditional
distribution of Yt+s , given Xt, so that P(Yt+s ≤ V a R) = α.

Regulators usually adopt α = 0.01 and s = 10 days. In other cases, α = 0.05 and
s from one day up to a year may be considered. Throughout the examples of this
chapter, we shall assume the 5% VaR.

VaR is known to be an incoherent risk measure, and various other criticisms have
also been made. In particular, as noted by Hoogerheide and Van Dijk (2010), VaR
provides little information about expected loss sizes. An alternative measure, see, for
example, Embrechts et al. (1997), is the conditional value at risk (CVaR) or expected
shortfall.

Definition 10.2: The 100 × α% CVaR is the expected return, given that the return is
smaller than the VaR at this level

CVaR = E[Yt+s |Yt+s < VaR].

In order to determine the VaR or CVaR, it is necessary to have a model for the series
(Xt or) Yt. The most popular models are introduced in the following subsection.

10.2.1 Modeling financial time series

Financial time series typically exhibit a number of important characteristics such as
high volatility and kurtosis. Figure 10.1 illustrates the 2567 values of the Dow Jones
closing indices and log daily returns over 10 years from January 5, 2001, recorded as
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Figure 10.1 Dow Jones closing index values (left-hand side) and log daily returns (right-hand
side).

time t = 0, up to March 22, 2010. Note that there is very large variation in the closing
indices and that the series of log returns exhibits periods of relatively low volatility
interspersed with periods of high volatility.

Various discrete time models for the time series of log returns have been de-
veloped. The main parametric approaches are based on generalized autoregressive
conditional heteroskedasticity (GARCH) models (Bollerslev, 1986) and stochastic
volatility (SV) models (Taylor, 1982) outlined in the following text. For simplicity,
in defining the probability distributions for the different models, we do not explicitly
condition on their parameters until we consider inference in Section 10.2.2.

The GARCH(1,1) Model

The GARCH(1,1) model is defined as follows:

yt = μ + εt

√
ht (10.1)

ht = α0 + α1(yt−1 − μ)2 + βht−1, (10.2)

where the error terms, εt , are such that E[εt ] = 0 and V [εt ] = 1 and α0, α1, β > 0,
so that ht is nonnegative. Here, ht represents the variance or volatility of the returns
yt. When ht is high, there is high volatility and, therefore, higher variability and
increased probability of large losses. Black-Scholes theory, see, for example, Ross
(2007), based on the assumption of a perfect market, supposes that the drift μ in the
returns should be equal to 0. However, there is some empirical evidence against this
theory, and therefore, this parameter is included in the general model.

The simplest GARCH model assumes normally distributed errors, εt ∼ N(0, 1).
For this model, the one-step ahead VaR, conditional on the parameter values,
μ, α0, α1, β, is given by

VaR = μ + Zα

√
ht
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with Zα the α quantile of the standard normal distribution. The CVaR is just the mean
of the truncated (at VaR) normal, N(0, ht ) distribution, that is

CVaR = μ −
√

ht

φ
(

VaR−μ√
ht

)

�
(

VaR−μ√
ht

)

where φ(·) and �(·) are the standard normal density and distribution functions,
respectively.

Empirical evidence for many financial time series suggests that the normally
distributed error model is inappropriate and that instead, the errors possess various
features inconsistent with the normal assumption such as heavy tails, high kurtosis,
and asymmetry. Therefore, various alternative models have been considered.

A popular approach, which has been applied in a large number of papers, is to
use the t-GARCH model with scaled, Student’s t distributed errors,

εt =
√

ν − 2

2
Tt ,

where Tt represents a Student’s t distributed variable with ν degrees of freedom, and
ν > 2, which guarantees the existence of V [εt ]. The one step ahead VaR for this
model is straightforward to calculate as

μ +
√

ν − 2

ν
ht tν(α),

where tν(α) is the α × 100% quantile of the noncentral t distribution. Equally, the
one step ahead CVaR can be evaluated directly from the formulae for the moments
of a right truncated t distribution as

CVaR = μ −
√

ht

(

ν +
(

VaR − μ√
ht

)2
)

φν

(
VaR−μ√

ht

)

�ν

(
VaR−μ√

ht

) ,

where φν(·) and �ν(·) are the standard Student’s t density and distribution functions,
respectively, see, e.g., Wiper et al. (2008).

An alternative to the use of t distributed errors is to assume a normal mixture
model

εt ∼ w N(0, σ 2
1 ) + (1 − w) N(0, σ 2

2 ), (10.3)

where σ 2
1 < σ 2

2 and

wσ 2
1 + (1 − w)σ 2

2 = 1, (10.4)
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so that V [εt ] = 1. For this model, a simple formula for the one step ahead VaR
is not available, although this can be obtained numerically, via, for example, a
simple Newton Raphson algorithm. Conditional on the VaR, the CVaR can be cal-
culated explicitly, using the formulae for the moments of a right truncated normal
distribution as

CVaR = μ −
√

ht

⎛

⎝wσ1

φ
(

VaR−μ√
ht σ1

)

�
(

VaR−μ√
ht σ1

) + (1 − w)σ2

φ
(

VaR−μ√
ht σ2

)

�
(

VaR−μ√
ht σ2

)

⎞

⎠ .

For all these models, exact formulae for the VaR over longer time periods are
not available. However, conditional on the model parameters, the VaR could be
estimated using simulation. Thus, by construction of the returns, the s steps ahead
return is given by Yt+1 + · · · + Yt+s . Therefore, one possible approach, conditional
on the model parameters, is to simulate a large number N of sample paths from the
GARCH process, say y(i) = (y(i)

t+1, . . . , y(i)
t+s) for i = 1, . . . , N and then estimate the

VaR as the α × 100% quantile of the sampled data.
Many other error distributions that permit the modeling of features such as asym-

metry have also been considered; see, for example, Ardia (2008) for a good review.

Stochastic volatility

An alternative approach to the GARCH model is the stochastic volatility model. The
basic stochastic volatility model assumes that

Yt = εt

√
ht (10.5)

log ht = α + δ log ht−1 + σ ωt , (10.6)

where εt and ωt are standard normal errors. For this process, conditional on the
parameter values, α, δ, there is no closed formula for either the one step ahead VaR
or the CVaR. Therefore, simulation approaches must typically be used to estimate
these quantities. As with GARCH models, there are many extensions of this basic
model; for a good review, see, for example, Ghysels et al. (1996).

Continuous time modeling

Continuous time models are typically based on describing the evolution of the logged
asset price and the volatility via stochastic processes. For example, a simple model
for asset price movements (Rosenberg, 1972) is

d log Xt = μdt +
√

ht dB1
t (10.7)

dht = κ(γ − ht ) + τ dB2
t , (10.8)

where ht is the volatility and B1
t and B2

t are Brownian motions (see Chapter 6). Many
extensions of this basic model introducing realistic features such as jumps or leverage
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effects have been introduced (see, e.g., Chernov et al., 2003). One of the most popular
such models, presented in Barndorff-Nielsen and Shephard (2001) introduces jumps
in volatility by replacing (10.8) by

dht = −κht + d Z (κt), (10.9)

where Z (t) is a non-Gaussian Levy process with positive jumps.

10.2.2 Bayesian inference for financial time series models

Classical approaches to inference for financial time series models are studied in,
for example, Tsay (2005). However, Bayesian approaches have some advantages
when compared with the classical alternatives. First, for financial time series, prior
knowledge will often be available and useful. In particular, dealers and traders can
often have information that they can use to predict market patterns. Second, the main
interest in these models is in prediction of the returns and the volatility. Bayesian
predictive densities account automatically for parameter uncertainty in these predic-
tions, whereas the usual, classical predictive density based on using the maximum
likelihood estimate (MLE) as a plug in for the unknown parameters does not. Geweke
and Amisano (2010) illustrate that for the same models, Bayesian predictive densi-
ties outperform classical predictions for estimation of S&P returns data. Finally,
many different models for financial time series have been proposed, and therefore,
model selection is a relevant problem. The Bayesian approach allows for both model
averaging and model selection techniques to be implemented in a coherent way.

One slight disadvantage of the Bayesian approach is that when online inference
is required, for example, for very high frequency data, then Bayesian methods using
Markov chain Monte Carlo (MCMC) are often too slow computationally. However,
the use of approximate filtering techniques can often alleviate this problem, as we
see in Example 10.5.

Throughout this section, we will assume that a sample y = (y0, . . . , yn) of returns
data is observed, where y0 is assumed to be known. Also, from now on, for the rest
of this Section, we shall express the conditioning of any distributions on the model
parameters explicitly. In the following subsections, we describe how to implement
Bayesian inference for the different models discussed previously.

GARCH models

There are two basic problems in inference for GARCH models. First, and less impor-
tant, it is clear that inference for the GARCH model depends both on the initial value
y0 of the returns and on the initial volatility h0. Typically, as in classical inference,
it is assumed that these are both known, for example, y0 = 0, h0 = 1. An alternative
approach is to set a prior distribution for both parameters, which could be based on
expert information about previous returns. Second, due to the recursive definition
of the volatility ht, the likelihood function takes a complicated form as a function
of (α, β), which means that setting up reasonable algorithms for inference for these
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parameters is difficult. One approach is to use a full Metropolis Hastings sampler,
developing sensible proposal distributions for the generation of α, β.

Inference for the GARCH(1,1) model with normal errors is examined in, for
example, Ardia (2008). We can also note that this model is a limiting case of the
t-GARCH model when the degrees of freedom grow large. This model has also been
well analyzed in the literature.

Example 10.1: Ardia and Hoogerheide (2009) consider the GARCH(1,1) model
with t distributed errors, where the drift, μ in (10.1), is equal to zero. They first
redefine the model using data augmentation in order to simplify the likelihood as

yt = εt

√
ν − 2

ν
�t ht ,

where ht is as in (10.2), εt ∼ N (0, 1), and �t |ν ∼ IG
(

ν
2 , ν

2

)
.

In order to secure nonnegativity of ht, normal priors, α ∼ N(mα,�α) and
β ∼ N(mβ,�β ), truncated onto R

+ × R
+ are assumed. When there is little prior

information available, it is reasonable to impose improper, uniform priors in this
case. Finally, a shifted exponential prior is assumed for the degrees of freedom, that
is ν − 2|λ ∼ Ex(λ).

Given this prior structure, a Metropolis Hastings within Gibbs approach to sample
the posterior parameter distribution is proposed. In this case, the conditional posterior
distribution for �t is

�t |ȳ, ν,α, β ∼ IG

(
ν + 1

2
,

1

2

(
ν + (ν − 2)y2

t

htνt

))
.

However, sampling from the conditional posterior distributions of ν,α, β is more
complicated. First, following Ardia (2008), the conditional posterior of ν

f (ν|y, ε,α, β) ∝ f (ν) f (ε|ν) f (y|ν, ε,α, β)

is sampled using an optimized rejection sampler based on an exponential source
density. Second, the GARCH parameters α and β are updated in blocks. This is
done by using Gaussian approximations to the likelihood to form suitable proposal
distributions for generating candidate values of these parameters. �

An alternative approach, stemming from Bauwens and Lubrano (1998), is to use
griddy Gibbs sampling to approximate the densities of (α, β).

Example 10.2: Ausı́n and Galeano (2007) consider the GARCH(1,1) model with
a mixture of normal errors as in (10.3) where they assume that σ 2

2 = 1
λ
σ 2

1 and
σ 2

1 = 1

w+ 1−w
λ

, so that the restriction in (10.4) is satisfied and set w > 0.5, which im-

plies that fewer data are generated from the high-variance component of the mixture
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model. They also assume that α1, β1 < 1 and α1 + β < 1, which ensures covariance
stationarity, a desirable property for log return series.

They then introduce latent indicator variables Zt such that P(Zt = 1|Ht ) = w
and P(Zt = 2|Ht ) = 1 − w and yt |Zt = z, ht , Ht ∼ N(μ, htσ

2
z ) for z = 1, 2, so that

the likelihood function can be written as

l(θ |y) ∝
∏

t :Zt =1

[
w

1

σ1
√

ht
exp

(
− 1

2σ 2
1 ht

(yt − μ)2

)]

×
∏

t :Zt =2

[
(1 − w)

1

σ2
√

ht
exp

(
− 1

2σ 2
2 ht

(yt − μ)2

)]
.

Uniform prior distributions for the parameters w, λ, μ, α, β are then assumed. Then
a Gibbs sampling algorithm is proposed to sample the posterior distribution. They
show that the posterior conditional distribution, P(Zt = z|y, w, λ, μ,α, β) can be
sampled in a straightforward manner for t = 1, . . . , n. However, the distributions of
the remaining parameters have more complicated forms. For example the conditional
posterior distribution of w is

f (w |y, z, λ,α, β) ∝ wn1 (1 − w)n2

σ n
1

exp

⎛

⎝− 1

2σ 2
1

⎛

⎝
n∑

t=1:Zt =1

(yt − μ)2

+ λ

n∑

t=1:Zt =2

(yt − μ)2

⎞

⎠

⎞

⎠ for 0.5 < w < 1,

where z is the vector of values of the latent variables, ni = ∑n
t=1 IZt =i , where I is an

indicator variable and where we recall that σ 2
1 is a function of w. The kernels of the

conditional posterior distributions of the remaining parameters also have complex
forms.

The griddy approach to sampling from the posterior conditional distribution of w
proceeds by evaluating the kernel function over a finite set of points and using numer-
ical, for example, trapezoidal integration, to approximate the integral of the kernel
function. Then, a value is (approximately) sampled from the conditional distribution
function of w by generating a uniform random variable u ∼ U(0, 1) and setting w to
be the solution of u = F(w), where F is the (approximate) conditional distribution
function of w. Ausı́n and Galeano (2007) show that the griddy approach may be used
also to sample from the posterior distributions of the remaining parameters. �

The following example illustrates the results of applying the approaches of Ex-
amples 10.1 and 10.2, comparing them with the simple normal error GARCH model.

Example 10.3: Here, we analyze the Dow Jones data introduced in Section 10.2.1.
First, a zero mean, normal error GARCH model was run using the prior schemes
of Ardia (2008). Second, a GARCH-t model as in Example 10.1 was considered.
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Table 10.1 Posterior parameter estimates and standard deviations for the different GARCH
models.

Parameters

Model μ α0 α1 β

Normal – – 0.0063 (0.0001) 0.119 (0.013) 0.860 (0.013)
GARCH-t – – 0.0028 (0.0009) 0.096 (0.013) 0.899 (0.014)
Mixture normal 0.0210 (0.007) 0.0135 (0.0067) 0.181 (0.051) 0.775 (0.048)

Finally, a GARCH model with normal mixture errors was tried. Table 10.1 gives the
posterior mean (and standard deviation) of the parameter estimates of the volatility
function h for all three models.

Note that the posterior mean estimate of the degrees of freedom parameter, ν, in the
t-GARCH model is approximately 7.5, with a 95% credible interval being (6.0, 10.3),
which suggests that the normally distributed error model may not be appropriate here.
It is interesting to note that the mean drift estimate in the mixture GARCH model is
somewhat higher than zero, a 95% credible interval is (0.005, 0.036) and this gives
some evidence that the assumption of zero drift in the normal and t-GARCH models
may not be reasonable.

Figure 10.2 shows the in-sample estimated volatilities for all three models. The
three estimated volatility functions are very close to each other, although it can be
seen that the Gaussian mixture model gives somewhat higher volatility estimates

0 500 1000 1500 2000 2500
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t

h t

Figure 10.2 Estimated volatility functions—solid line, normal errors; dashed line, t errors;
dotted line, normal mixture errors.
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than either the normal or t-GARCH models. Figure 10.3 plots the returns and the
in-sample VaR and CVaR estimates for the normal and normal mixture models. The
t-GARCH model provides results in between. It can be seen that the normal model
predicts slightly lower losses than the normal mixture model does, although it is quite
hard to differentiate between the different models. �

Stochastic volatility

The SV model is a form of hidden Markov model, where the unobserved volatility
terms ht are updated according to a Markov chain so that

yt |ht ∼ N(0, ht )

ht |ht−1, θ ∼ LN(α + δ log ht−1, σ
2),

where θ = (α, δ, σ ). Thus, techniques for Bayesian inference for hidden Markov
models, based on filtering, as seen in Chapters 2 and 4, can be applied.

Example 10.4: Kim et al. (1998) propose an approach that produces an approximate
Gaussian-mixture-based dynamic linear model. Squaring the returns and taking logs,
we have

log y2
t |ht = log ht + γt ,

where exp(γt ) ∼ χ2
1 . If γt were normally distributed, then we would have a straightfor-

ward linear, state space model that could be analyzed using Kalman filter techniques,
as discussed in Chapter 2.

Although the log chi-squared distribution is not well approximated by a single
Gaussian distribution, it can be arbitrarily well approximated by a mixture of normals

γt ≈
K∑

i=1

wi N (mi , vi ),

where, for a given K, the weights wi, means mi , and variances vi are known. Kim et al.
(1998) suggest that K = 7 terms are sufficient to give an accurate approximation.

Given this normal mixture approximation, latent variables Zt are introduced so
that γt |Zt = z ∼ N(mz, vz) and P(Zt = z) = wz . Then, it is easy to see that, given a
bivariate normal prior for α, δ, then α, δ|σ, y, h, z is also bivariate normal distributed.
Similarly, if σ 2 has an inverse gamma prior, then the conditional posterior is also
inverse gamma. The latent variables, Zt have simple, discrete conditional posterior
distributions, and finally, the volatilities, ht , can be updated using a forward filtering
backward sampling algorithm as described in Chapter 4.

Figure 10.4 shows the in-sample estimated volatility, VaR and CVaR from apply-
ing this model to the Dow Jones data. Note that the estimated volatility is somewhat
lower in general than the estimated volatility from the GARCH models shown in
Figure 10.2. �
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Figure 10.3 Returns (solid line), VaR (dashed line), and CVaR (dotted line) for the normal
error model (above) and the normal mixture error model (below).
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Figure 10.4 Estimated volatility (above) and VaR (solid thick line) and CVaR (dashed line),
(below) for the Dow Jones data.

As noted in Section 10.2.2, one of the main problems of approaches based on
Markov chain Monte Carlo analyses is that they do not easily allow for online,
sequential parameter updating. In the case of market return predictions, this is an
important disadvantage as, in many cases, data are observed and decisions must
be taken over very short periods of time. Online approaches can be based on pure
filtering algorithms that provide approximate posterior samples.

Example 10.5: Consider the stochastic volatility model of (10.5). First, assume that
the parameters θ = (α, δ, σ ) are known and let It represent the information available
up to time t. Then, a particle filter is set up as follows.

Assume first that a sample of particles h(1)
t−1, . . . , h(M)

t−1 with weights w (1)
t−1, . . . ,

w (M)
t−1 is available at time t − 1. Now, the state equation, (10.6), of the stochastic

volatility model can be evolved through

f (log ht |It−1) =
M∑

j=1

w ( j)
t−1 f (log ht | log h( j)

t−1),

and this can be combined with f (yt |ht ) to approximate

f (log ht |It ) ≈ f (yt |ht )
M∑

j=1

w ( j)
t−1 f (log ht | log h( j)

t−1).

To finish the filtering procedure, a sampling scheme that provides a set of updated,
weighted particles is required. One possibility is to use the SIR algorithm or one of
its extensions as outlined in Section 2.4.1.

As θ is not fixed, a procedure to update the distribution of θ is also required.
One procedure (Liu and West, 2001) is to use a kernel smoothing method based on
using a mixture of normal distributions to approximate f (θ |It ), which can then be
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Figure 10.5 One step ahead predicted Var (thick solid line) and CVaR (thick dashed line) for
the Dow Jones returns.

incorporated into the filtering algorithm; for more details, see, for example, Carvalho
and Lopes (2007).

Figure 10.5 shows the out of sample, one step ahead, predicted VaR and CVaR
for the last 567 days of the Dow Jones return data series. �

Continuous time models

Most Bayesian approaches to inference for continuous time models are based on the
use of Euler discretization. Inference for these types of models is discussed in detail
in Chapter 6 where we refer the reader for further details. For example, it is easily
seen that an Euler discretization of the continuous time stochastic volatility model in
(10.7, 10.8) leads to a similar model to the discrete volatility model of (10.5, 10.6),
the analysis of which has been reviewed earlier. The main difficulty of applying Euler
discretization directly is that the time gaps between the observed data may be too
large so that the biases caused by the discretization may lead to inaccurate parameter
estimates. Therefore, a popular approach within the context of MCMC algorithms
is to augment the observed data, {yt }, t = 0, 1, 2, . . . with a sufficient number of
intermediate values yt+�t so that the bias of the Euler approximation is reduced (see,
e.g., Eraker, 2001). However, it has been pointed out that in this context, there are
often problems with implementing straightforward Gibbs sampling algorithms (see,
e.g., Roberts et al., 2004). These authors examine the Barndorff-Nielsen Shephard,
non-Gaussian stochastic volatility model of (10.9) and suppose that the jump process,
Z (t), is a compound Poisson process (see Chapter 5). They illustrate that standard,
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Gibbs sampling techniques based on introducing the latent variables representing the
jump times and sizes will usually lead to very inefficient sampling algorithms and,
instead, propose various model reparameterizations that lead to acceptable sampling
schemes.

10.3 Ruin problems

Ruin theory attempts to model the vulnerability of an insurer to insolvency by mod-
eling their surplus over time. A classical model assumes that the surplus or reserve
held by an insurer at time t, R(t), takes the form

R(t) = u + ct −
N (t)∑

i=1

Yi ,

where u represents the insurer’s initial capital, c is the (constant) premium rate, N (t)
is the number of claims made up to time t and Yi is the size of the ith claim, for
i = 1, . . . , N (t). Given this model, the insurers ultimate probability of ruin is

ψ(u) = P

(
inf
t>0

R(t) < 0|R(0) = u

)

and the probability that they are ruined by time τ is

ψ(u, τ ) = P

(
inf

0<t≤τ
R(t) < 0|R(0) = u

)
.

The classical Cramér–Lundberg or compound Poisson risk reserve process model
assumes that N (t) can be modeled as an homogeneous Poisson process with rate λ

(see Chapter 5) independent of the general claim size distribution, Yi ∼ Y . Therefore,
the total amount claimed up to time t, S(t) = ∑N (t)

i=1 Yi follows a compound Poisson
process. In this case, it can be shown that if ρ = λE[Y ]/c ≥ 1, eventual ruin is
certain, whatever the initial capital. Thus, in order to avoid certain eventual ruin, for
all u, it is necessary to charge a positive safety loading, η, on the expected payout per
unit time so that the premium rate, c, satisfies

c = (1 + η)λE[Y ].

When u = 0, the ultimate ruin probability can be derived exactly as ψ(0) = 1
1+η

,
whatever the claim size distribution is. More generally, exact results are available in
only a few cases. For example, when the claim size distribution is exponential with
rate μ, then

ψ(u) = 1

1 + η
exp

(
− ημu

1 + η

)
. (10.10)
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Otherwise, a number of approximations are available. In particular, the
Cramér–Lundberg approximation gives

ψ(u) ≈ Ce−Ru,

where R is the unique positive solution to

1 + (1 + η) R E[Y ] = MY (R),

MY (s) is the moment generating function of the claim size distribution and

C = θ E[Y ]/
{

M ′
Y (R) − E[Y ](1 + η)

}
.

This approximation reduces to the exact formula of (10.10) in the case of exponential
claims.

Another way of estimating the ruin probabilities is by using the relation between
the risk reserve process model and queueing theory. It is known that the calculation
of ruin probabilities for the compound Poisson model is equivalent to the calculation
of waiting time probabilities for the M/G/1 queueing system with arrival rate λ and
service time distribution Y and

ψ(u, τ ) = P(W (τ ) > u/c) ψ(u) = P(W > u/c),

where W (τ ) and W are the finite and stationary waiting time distributions for this
system, as outlined in Chapter 7. In particular, remembering that for an M/G/1
queueing system the limiting time spent in the system W satisfies W = Wq + Y ,
where Wq is the queueing time and Y is a service time, so that the Laplace–Stieltjes
transform of W, f ∗

W (s), can be derived from (7.11) as

f ∗
W (s) = f ∗

Y (s)
(1 − ρ)s

s − λ[1 − f ∗
Y (s)]

, (10.11)

where f ∗
Y (s) is the Laplace–Stieltjes transform of the claim size distribution and

ρ = λ
c E[Y ].

10.3.1 Modeling the claim size distribution

For small claim regimes, claims are often modeled using standard distributions such
as an exponential or an Erlang model, when it is usually straightforward to evaluate
the ruin probability by simply inverting the Laplace–Stieltjes transform in (10.11).
However, particularly in reinsurance problems, where an insurer buys further insur-
ance to cover against large claims, heavy tailed models such as the Pareto distribution
are often preferred, see, e.g., Embrechts et al. (1997). One problem with using heavy
tailed models is that such distributions do not possess all their moments and do not
have an analytic Laplace–Stieltjes transform or moment generating function. This
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implies that a simple calculation of the ruin probability from (10.11) cannot be easily
applied, and therefore, approximate methods must be used.

Example 10.6: Consider the Cramér–Lundberg model where the claim sizes are
double Pareto lognormal distributed, say Y ∼ DPLN(μ, σ 2, α, β). The double Pareto
lognormal (DPLN) distribution is heavy tailed and does not have a closed form
Laplace–Stieltjes transform. In order to estimate the Laplace–Stieltjes transform, one
approach is to use the transform approximation method (TAM) developed in Fischer
and Harris (1999). This approach proceeds as follows:

1. Choose a set of N probabilities 0 ≤ p1 < p2 < . . . < pN < 1.
2. For i = 1, . . . , N , calculate the quantile yi such that P(Y = yi ) = pi .
3. Calculate the weights:

w1 = p1 + p2

2

wi = pi+1 − pi

2
for i = 2, . . . , N − 1

w N = 1 − pN−1 + pN

2
.

4. Approximate the Laplace–Stieltjes transform using f ∗
Y (s) ≈ ∑N

i=1 wi e−syi .

This approximation is sensitive to the choice of probability values, pi, for i =
1, . . . , N . The simplest approach, known as uniform TAM or U-TAM, assumes
uniform probabilities, pi = (i − 1)/N , but this does not approximate well the tail of
the distribution. An alternative approach is the geometric TAM, or G-TAM, which
sets pi = 1 − qi for some 0 < q < 1 that captures the tail but not the body of the
distribution. Therefore, a reasonable general approach, used in Ramı́rez Cobo et al.
(2010), is to use U-TAM to obtain percentiles from the body of the distribution and
G-TAM to evaluate the tail percentiles. �

10.3.2 Bayesian inference

Typically, an insurer will observe full information over time on both the dates and
times of claims. Thus, it is reasonable to assume that they observe a set of n inter-
claim times, say x1, . . . , xn and their associated claim sizes, y1, . . . , yn . Assuming
the Cramér–Lundberg model, inference for the claim arrival rate λ is conjugate so
that given a standard noninformative prior, f (λ) ∝ 1/λ, then λ|x ∼ Ga(n, nx̄), as in
Chapter 7. For short tailed claim size distributions, then standard Bayesian inference
techniques can be combined with Laplace–Stieltjes transform inversion to estimate
the predictive probability of ruin.

For heavy tailed claim size distributions, given a sample from the posterior pa-
rameter distribution, the Laplace–Stieltjes transform of the claim size distribution can
be approximated as in Example 10.6, and then the ruin probability can be estimated
by standard Laplace–Stieltjes transform inversion techniques for each set of sampled
parameters, and then averaging.
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Example 10.7: Suppose we have a Cramér–Lundberg system with exponentially
distributed interclaim times with parameter λ. Then, given the usual noninformative
prior, f (λ) ∝ 1

λ
, as in Chapter 7, we have λ|x ∼ Ga(n, nx̄). Suppose that claim sizes

are modeled by a double Pareto lognormal distribution, as in Section 7.8. Then a
Gibbs algorithm can be used to sample from the posterior parameter distribution as
outlined in Section 7.8.

Given a sample, say λ(1), . . . , λ(S) from the posterior distribution of λ and a similar
sample μ(1), σ (1), α(1), β(1), . . . , μ(S), σ (S), α(S), β(S) from the posterior distribution
of the claim size distribution parameters, then, for i = 1, . . . , S, the eventual ruin
probability can be estimated, given u, c by first approximating the Laplace–Stieltjes
transform of the claim size distribution using the TAM method as in Example 10.6
and then inverting the Laplace–Stieltjes transform of (10.11). Averaging the ruin
probabilities over the sample data gives the predictive ruin probability. �

Example 10.8: McNeil (1997) presents data on the claim times and claim sizes
of 2167 fire insurance claims measured in millions of Danish kroner that occurred
over a 4015 day period in Denmark. Here, we shall assume, for simplicity, that
inter-claim times are exponentially distributed with rate λ = 2167/4015 = 0.5397.
Figure 10.6 gives a boxplot of the log claim size distribution and suggests that the
claim sizes might be modeled using a long tailed distribution. Thus, we assume a
Cramér–Lundberg model where we shall fit the claim sizes via a DPLN and estimate
the ruin probabilities for different premium rates and initial capital levels as in
Example 10.7. Figure 10.7 shows the logged claim sizes and the fitted, predictive
log claim size distribution. Finally, Figure 10.8 illustrates the predictive ultimate
ruin probability ψ(u) for different values of the initial capital u and the premium
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Figure 10.6 Boxplot of the logged claim sizes.
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Figure 10.7 Histogram of the Danish insurance claims data.
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rate c. For small levels of the initial capital and premium rates below c = 5, there is
a nonnegligible probability of ultimate ruin. �

10.4 Case study: Estimation of finite-time ruin
probabilities in the Sparre Andersen model

We study interclaim time and claim size data related to Danish building insurance
claims between 1980 and 1990 that form a reduced version of the data examined
in Example 10.8. The data consist of 1990 claims made in a total period of 4015
days. Only the day on which each claim was made is recorded so that the interclaim
times are here observed as truncated random variables. Figure 10.9 shows a plot of
the number of claims against time with an added regression fit through the origin.
Should the claim times follow a Poisson process, we would expect both lines to be
very close, but here we see some discrepancy, suggesting that this assumption might
not be appropriate. Figure 10.10 shows a boxplot of claim sizes, which shows that
there are many relatively small claims and a very few large claims, showing the long
tailed nature of the data.

This suggests that a simple Cramér–Lundberg model might not be appropriate for
this data and that we should instead consider a more complex, Sparre Andersen model
that allows for generally distributed interclaim time distributions. Furthermore, we
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Figure 10.9 Plot of number of claims against time with superimposed regression through the
origin.
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Figure 10.10 Boxplot of buildings claim size data.

need a flexible model for the claim size distribution that allows us to fit the long-tailed
nature of this data.

Finally, in most practical situations, insurers will be less interested in the prob-
ability of ruin over an infinite time period and will be much more concerned with
the chance of ruin over a finite horizon, at the end of which they may change premi-
ums, policies, and so on. Thus, we wish to estimate the finite-time ruin probabilities
ψ(u, τ ), given these data.

10.4.1 Data modeling: The Coxian distribution

A flexible model which we will use to model both interclaim time and claim size
distributions is the Coxian or mixed, generalized Erlang distribution (see Appendix).
It is well known that the family of Coxian distributions is dense over the set of
continuous distributions on the positive reals, which implies that it can be used for
semiparametric modeling of claim size and claim time data. Furthermore, given that
this distribution is phase type, that is, it is composed of various exponential phases,
then many of the properties associated with Markovian queueing systems can be
applied to systems with Coxian service or arrival times.

Thus, we assume that interclaim times X are distributed as X |L , P,λ ∼
MGE(L , P,λ) and that claim sizes Y |M, Q,μ ∼ MGE(M, Q,μ). For this system, it
is easy to show that the safety loading η is given by

η = c

∑L
r=1 Pr

∑r
j=1 1/λ j

∑M
s=1 Qs

∑s
k=1 1/μk

− 1, (10.12)

and if this is positive, then eventual ruin will not be certain.



P1: TIX/XYZ P2: ABC
JWST172-c10 JWST172-Ruggeri March 3, 2012 17:12

RISK ANALYSIS 263

Analogously to the Cramér–Lundberg system, calculation of ruin probabilities
for this system is known to be equivalent to the calculation of waiting times for
the MGE(L , P,λ)/MGE(M, Q, μ)/1 queueing system. In particular, the Laplace–
Stieltjes transform of the transient waiting time distribution for this queuing system
is derived by Bertsimas and Nakazato (1992) as

−
M∑

r=1

(−1)M eσr (s)u/c

s

M∏

j=1

cμ j + σr (s)

cμ j

M∏

k=1:k �=r

σk(s)

σr (s) − σk(s)
,

where σr (s), for r = 1, . . . , M , are the M roots with negative real part of the equation

⎡

⎣
L∑

r=1

Pr

r∏

j=1

(
λ j

λ j + s − σr (s)

)⎤

⎦ ×
⎡

⎣
M∑

r=1

Qr

r∏

j=1

(
cμ j

cμ j + s − σr (s)

)⎤

⎦ = 1

(10.13)

for any complex s with positive real part.

10.4.2 Bayesian inference for the interclaim time and claim
size distributions

Suppose now that we observe a sample of interclaim times and associated claim sizes
(x, y) = ((x1, y1), (x2, y2), . . . , (xn, yn)). We shall carry out inference for the Coxian
interclaim distribution parameters (L , P,λ) and claim size distribution parameters
(M, Q,μ).

First, we assume that the prior distributions for (L , P,λ) are independent of the
prior distributions for (M, Q,μ). This simplifies the inferential procedure as, given
independent priors, the associated posterior distributions are also independent. Given
that we are assuming the same parametric model for claim times and claim sizes, we
shall concentrate just on inference for the interclaim time parameters (L , P,λ).

We shall assume that the exponential rates of the Coxian distribution are ordered
so that

λ1 ≥ λ2 ≥ ... ≥ λL .

Given this ordering, we can reparameterize the rates λ as

λr = λ1

r∏

j=1

υ j ,

where υ1 = 1 and 0 < υ j ≤ 1 for r, j = 2, . . . , L . Let υ = (υ1, . . . , υL )T .
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Define now the (improper) prior distribution,

P|L ∼ Dir(φ1, . . . , φL ),

f (λ1) ∝ 1

λ1
,

υr ∼ Be(ar , br ), for r = 1, . . . , L ,

L ∼ DU [1, Lmax] ,

where, typically, we set φr = ar = br = 1 for r = 1, . . . , L and Lmax = 20. Given
these prior distributions and the interclaim times x, we can set up an MCMC scheme
to sample the joint posterior distribution as follows. For each datum xi, define the
latent variable Zi so that

f (xi | Zi = z) = fr (xi | λ1, υ2, . . . , υz) , for i = 1, . . . , n,

where fr (x | λ1, υ2, . . . , υz) represents the reparameterized Coxian density fr (x |
λ1, λ2, . . . , λz). Then, a posteriori, we have

P (Zi = r | xi , L , P, λ1,υ) ∝ Pr fr (xi | λ1, υ2, . . . , υr ) ,

for r = 1, . . . , L ,

P | x, z, L ∼ Dir(1 + n1, . . . , 1 + nL ),

f (λ1 | x, z, L ,υ) ∝ 1

λ1

n∏

i=1

fzi

(
xi | λ1, υ2, . . . , υzi

)
,

f (υr | x, z, L , λ1,υ−r ) ∝
n∏

i=1:zi ≥r

fzi

(
xi | λ1, υ2, . . . , υzi

)

×υa−1
r (1 − υr )b−1 for r = 2, . . . , L ,

where nr is the number of data assigned to the rth mixture component for r = 1, ..., L
and υ−r = (υ1, υ2, . . . , υr−1, υr+1, . . . , υL ).

Thus, conditional on L we can define a hybrid sampling algorithm to sample from
the distributions of Z, P, λ1, and υ, where Z and P are sampled by Gibbs steps and
λ1 and υ are sampled using Metropolis steps. In order to let the chain move over the
different possible values of L, we use reversible jump MCMC as in Richardson and
Green (1997). At each step, this algorithm attempts to either increase or decrease the
number L of components by 1 and change the dimensions of the remaining parameters
λ1, P, and υ; see Ausı́n et al. (2009) for more details.

Assume now that we have generated MCMC samples from the interclaim time
and claim size posterior parameter distributions. Then, for example, the predictive
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distribution of the interclaim time distribution can be approximated by

f (x | x) ≈ 1

J

J∑

j=1

L ( j)∑

r=1

P ( j)
r fr

(
x | λ

( j)
1 , υ

( j)
2 , . . . , υ( j)

r

)
,

where (L ( j), P( j), λ( j),υ( j)) for j = 1, . . . , J are the MCMC sampled interclaim
time parameters. We can estimate the probability that the safety loading η is positive
through

P(η > 0|x, y) ≈ 1

J

J∑

j=1

Iη( j)>0,

where η( j) is calculated by substituting the parameters generated in the jth MCMC
iteration in (10.12) and I is an indicator function. In a similar way, we can estimate
the probability that η is positive as the proportion of MCMC samples that lead to
positive values of η. Conditioning on this, the finite ruin probability can then be
estimated by inverting the Laplace–Stieltjes transform of Equation (10.13) for each
set of parameters generated by the MCMC algorithm and then averaging.

10.4.3 Results

Figure 10.11 shows the predictive fitted density for the log claim sizes and the
predictive distribution function for the interclaim times. In both cases, the fits are
very good.

The posterior mean interclaim time and claim size are, respectively, 1.99 days
and 2.01 millions of Danish kroner. We need to fix the premium rate c to study the
ruin probability. In order to illustrate the differences between finite- and infinite-time
ruin probability estimation, we shall set c = 1, which implies that the posterior mean
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Figure 10.11 Histogram and fitted density of log claim size data (left-hand side) and empir-
ical and fitted cdfs of the inter claim times data (right-hand side).
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Figure 10.12 Finite-time ruin probabilities for different values of the initial capital.

safety loading is E[η|data] = −0.009 and the predictive probability that ultimate
ruin is certain is 0.55. However, what happens in finite times? Figure 10.12 provides
the ruin probabilities for different initial capital levels u, over various time periods
conditional on ultimate ruin not being certain. It can be seen that as the length of
the time period increases, the probability of ruin is higher so that, even with high
initial levels of capital, ultimate ruin becomes very likely. Of course, this is highly
dependent on the premium rate and suggests that a rate somewhat higher than 1
is needed to reduce the probability of ruin. A fuller study should be carried out to
explore the optimization of the premium rate. For illustrations, of the work in this
area, see for example, Ausı́n et al. (2009, 2011).

10.5 Discussion

Good general review of approaches to modeling and inference for financial time series
data are given in Tsay (2005), Taylor (2008), and Mikosch et al. (2009). Important
early Bayesian works on inference for GARCH models are Geweke (1989, 1994),
Bauwens and Lubrano (1998), Müller and Pole (1998), and Vrontos et al. (2000). A
good review of Bayesian approaches to this model is Ardia (2008). t-GARCH models
are studied in, for example, Ardia (2009). Software for these models is available in
R via the bayesGARCH package of Ardia (2009). Asymmetry in GARCH models
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is studied in, for example, Bauwens and Lubrano (2002). Recent approaches to
semiparametric inference for GARCH models are Ausı́n et al. (2010) and Jensen and
Maheu (2010).

Inference for stochastic volatility models stems from Jacquier et al. (1994). Chib
et al. (2002) provide a review of the use of MCMC methods for these models.
Automatic programming of stochastic volatility models via WinBugs is developed in
Meyer and Yu (2000). The use of particle filtering techniques is discussed in Pitt and
Shephard (1999) and other references in Chapter 2. Heavy tailed stochastic volatility
models are analyzed in Jacquier et al. (2004) and Abanto-Valle et al. (2010) and a
semiparametric error model is analyzed in Jensen and Maheu (2010). Extensions and
a good recent review of Bayesian inference for stochastic volatility models is Lopes
and Polson (2010).

Early articles on Bayesian inference for continuous time stochastic volatility
models are Jones (1998), Eraker (2001), and Elerian et al. (2001). Other key works
are Roberts et al. (2004) and Griffin and Steel (2007). A good theoretical review of
continuous time GARCH and stochastic volatility models is given in Linder (2009)
and a Bayesian approach to a continuous time GARCH model is provided in, for
example, Müller (2010). An interesting comparison of both discrete and continuous
time models is Raggi and Bordignon (2006), and a very good review of the use of
MCMC models for continuous time financial econometrics is Johannes and Polson
(2010).

In this chapter, we have not considered multivariate financial time series. A
good review of multivariate GARCH models is Bauwens et al. (2006) and stochastic
volatility models are examined in detail by Lopes and Polson (2010).

A full review of the concept of VaR is given in Jorion (2006) and a good general
work on the use of Bayesian methods in financial applications is Rachev et al. (2008).
Although we have here considered just the one step ahead VaR, it is possible to
estimate the more general, k step ahead VaR. A recent, efficient procedure for doing
this is developed in Hoogerheide and Van Dijk (2010). Another good application
of VaR estimation for a particular continuous time volatility model is explored in
Szerszen (2009). Recent examples of Bayesian VaR estimation in the multivariate
setting are, for example, Ausı́n and Lopes (2010), Galeano and Ausı́n (2010), and
Hofmann and Czado (2010).

General probabilistic reviews of the theory of insurance risk and ruin are given
in, for example, Asmussen and Albrecher (2010) or Dickson (2005). The approach
given here to ruin probability estimation for the Cramér–Lundberg model with DPLN
claims follows Ramı́rez Cobo et al. (2010) and the case study follows Ausı́n et al.
(2009). For another example of modeling heavy tailed claim sizes, see Ramı́rez Cobo
et al. (2008).

Sometimes, it may be the case that the times between insurance claims, or the
claim sizes, are correlated. For example, accident claims may often occur in groups
when accidents involve various individuals. However, the simple models examined
thus far do not take such situations into account. In order to model dependence
between claim times, one approach, which generalizes the simple Poisson process
assumption, is to assume that claims arrive according to a Markov modulated Poisson
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process (MMPP), which is a Poisson process where the rate varies according to a
Markov process. Bayesian inference techniques for this process are developed in
Scott (1999), Scott and Smyth (2003), and Fearnhead and Sherlock (2006). Analytic
results that permit the estimation of the ruin probability for a system with MMPP
claim times and Coxian claim distributed claim sizes (see Section 10.4) are developed
in, for example, Asmussen and Rolski (1991). There has been little work on Bayesian
modeling of dependent claim sizes. One recent exception is Mena and Nieto-Barajas
(2010) who generalize the compound Poisson risk model, that is, a Cramér–Lundberg
model with exponential claim sizes to the case where claim sizes are exchangeable.

We have focused on risk analysis issues concerning finance and insurance but
the ideas have wider application. Risk analysis may be described as the systematic
analytical process for assessing, managing, and communicating the risk, which is
performed to understand the nature of unwanted, negative consequences to human
life, health, property, or the environment, so as to mitigate them. It should involve
four stages: (1) risk assessment, in which information on the extent and characteris-
tics of the risk attributed to identified hazards is collected. This includes the need to
understand the current scientific knowledge of the context area and interface generic
risk analytic models with specific consequence models embodying that knowledge;
(2) concern assessment, used to cover risk perception, with a framing stage to un-
derstand the problem and an evaluation stage to assign trade-offs between risks and
benefits; (3) risk management, which comprises all coordinated activities undertaken
to control and direct an organization with regard to risk, balancing different concerns,
for example, safety and costs; and (4) risk communication, in which there is an ex-
change of information and opinion concerning risk and risk-related factors among
risk assessors, risk managers, other interested parties, and often society at large.

As we have mentioned, risk analysis was initially predated by the field of insur-
ance. In the 1960s, it received additional impact from decision sciences and later on
through developments in systems safety from military, nuclear and aerospace engi-
neering. Kaplan and Garrick (1981) provided the important characterization of risk in
terms of outcome scenarios, their consequences, and their probability of occurrence,
paving the way to the emphasis in risk management: having identified and evaluated
the risks to which a system is exposed, we can plan to avoid the occurrence of certain
losses and minimize the impact of others. Broad reviews of risk analysis may be seen
in Bedford and Cooke (2001) and Aven (2003) among many others. A topic of recent
interest refers to treating risk analysis situations in which intelligent adversaries try
to increase our risks, termed adversarial risk analysis. Some pointers include Rı́os
Insua et al. (2009) and Bier and Azaiez (2009).
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Books, pp. 69–94.

Ausı́n, M.C. Vilar, J.M., Cao, R., and González-Fragueiro C. (2011) Bayesian analysis of
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Appendix A

Main distributions

This appendix provides the probability mass function or density function, mean and
variance, when appropriate, of the random variables used in this text. Further details
of some of the less well-known distributions are also given. For full information about
the properties of statistical distributions, see, e.g., Forbes et al. (2011).

Discrete distributions

Binomial

X ∼ Bi(n, p) if

P(X = x) =
(

n
x

)
px (1 − p)n−x x = 0, 1, . . . , n,

where n ∈ N and 0 ≤ p ≤ 1.

E[X ] = np and V [X ] = np(1 − p).

Discrete uniform

X ∼ DU[a, b] if

P(X = x) = 1

b − a + 1
x = a, a + 1, . . . , b − 1, b,

where a < b ∈ R and b = a + n for some n ∈ N.

E[X ] = a + b

2
V [X ] = (b − a + 1)2 − 1

12
.
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Geometric

X ∼ Ge(p) if

P(X = x) = p(1 − p)x x ∈ Z
+,

where 0 ≤ p ≤ 1.

E[X ] = 1 − p

p
and V [X ] = 1 − p

p2
.

Negative binomial

X ∼ NBi(r, p) if

P(X = x) =
(

x + r − 1
x

)
pr (1 − p)x x ∈ Z

+,

where r > 0 and 0 ≤ p ≤ 1.

E[X ] = r
1 − p

p
and V [X ] = r

(1 − p)

p2
.

If r ∈ {1, 2, . . .} and Yi ∼ Ge(p) are independent for i = 1, . . . , r , then
X = ∑r

i=1 Yi ∼ NBi(r, p).

Poisson

X ∼ Po(θ ) if

P(X = x) = θ x e−θ

x!
x ∈ Z

+,

where θ ≥ 0.

E[X ] = θ = V [X ].

Wrapped Poisson

X ∼ WP(k, λ) if

P(X = x) = 1

k
exp(−λ)

k−1∑

j=0

exp(ω j
k λ)ω−x j

k for x = 0, 1, . . . , k − 1,

where λ > 0 and k ∈ N and where θ = 2π
k and ωk = cos θ + i sin θ is a complex, kth

root of unity. Simple expressions for the mean and variance of this distribution are
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not available. In particular, if Y ∼ Po(λ), then X = mod(Y, k) ∼ WP(k, λ); see Ball
and Blackwell (1992).

Continuous distributions

Beta

X ∼ Be(α, β) if

f (x) = 1

B(α, β)
xα−1(1 − x)β−1 0 < x < 1,

for α, β > 0,

E[X ] = α

α + β
and V [X ] = αβ

(α + β)2(α + β + 1)
.

Chi-squared

X ∼ χ2
n if

f (x) = 1

2n/2	(n/2)
x

n
2 −1e− x

2 x > 0,

where n > 0.

E[X ] = n V [X ] = 2n.

Double Pareto Lognormal

X ∼ DPLN(μ, σ 2, α, β) if

f (x) = αβ

α + β

1

x
φ

(
log x − μ

σ

)
[
R(ασ − (log x − μ)/σ )

+R(βσ + (log x − μ)/σ )
] ∀ x,

where μ ∈ R and σ, α, β > 0 and where R(x) is Mill’s ratio, that is,

R(x) = 1 − �(x)

φ(x)
,

where φ(·) and �(·) are the standard normal density and cumulative distribution
functions.

E[X ] = αβ

(α − 1)(β + 1)
eμ+ σ2

2
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for α > 1. If Y has a normal Laplace distribution, Y ∼ NL(μ, σ 2, α, β), then X =
eY ∼ DPLN(μ, σ 2, α, β). For further properties, see Reed and Jorgensen (2004).

Erlang

X ∼ Er(ν, λ) if

fX (x) = (νλ)ν

(ν − 1)!
xν−1e−νλx , x > 0,

where λ > 0 and ν ∈ {1, 2, . . .}.

E[X ] = 1

λ
V [X ] = 1

νλ2
.

Exponential

X ∼ Ex(θ ) if

f (x) = θe−θx x > 0,

where θ > 0.

E[X ] = 1

θ
and V [X ] = 1

θ2
.

Fisher’s F

X ∼ Fα
β if

f (x) = 1

B(α/2, β/2)

(
α

β

)α/2

xα/2−1

(
1 + α

β
x

)− α+β

2

∀ x

where α, β > 0.

E[X ] = α

β − 2
for β > 2 and V [X ] = 2β2(α + β − 2)

α(β − 2)2(β − 4)
for β > 4.

Gamma

X ∼ Ga(α, β) if

f (x) = β

	(α)
(βx)α−1e−βx x > 0
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where α, β > 0.

E[X ] = α

β
and V [X ] = α

β2
.

Gauss hypergeometric

X ∼ GH(α, β, γ, ν) if

f (x) = 1

B(α, β)2 F1(γ, α; α + β; −ν)

xα−1(1 − x)β−1

(1 + νx)γ
x > 0

for α, β, γ, ν > 0, where 2 F1(a, b; c; d) is the Gauss hypergeometric function

2 F1(a, b; c; d) = 	(c)

	(b)	(c − b)

∫ 1

0
xb−1(1 − x)c−b−1(1 − dx)−1 dx

see, for example, Abramowitz and Stegun (1964).

E[X ] = α

α + β

2 F1(γ, α; α + β + 1; −ν)

2 F1(γ, α; α + β; −ν)

for β > 1.

Inverse Gamma

X ∼ IGa(α, β) if

f (x) = βα

	(α)
x−(α+1)e−β/x x > 0,

where α, β > 0.

E[X ] = β

α − 1
if α > 1 and V [X ] = β2

(α − 1)2(α − 2)
if α > 2.

If Y ∼ Ga(α, β), then X = 1/Y ∼ IGa(α, β).

Lognormal

X ∼ LN
(
μ, σ 2

)
if

f (x) = 1

xσ
√

2π
e− 1

2σ2 (log x−μ)2

x > 0,
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where μ ∈ R and σ > 0.

E[X ] = exp

(
μ + σ 2

2

)
and V [X ] =

(
eσ 2 − 1

)
e2μ+σ 2

.

If Y ∼ N
(
μ, σ 2

)
then X = eY ∼ LN

(
μ, σ 2

)
.

Normal

X ∼ N(μ, σ 2) if

f (x) = 1

σ
√

2π
e− 1

2σ2 (x−μ)2 ∀x,

where μ ∈ R and σ > 0.

E[X ] = μ and V [X ] = σ 2.

If μ = 0 and σ = 1, then X is said to have a standard normal density.

Normal Laplace

X ∼ NL(μ, σ 2, α, β) if

f (x) = αβ

α + β
φ

(
x − μ

σ

)
[R(ασ − (x − μ)/σ ) + R(βσ + (x − μ)/σ )] ∀ x,

where μ ∈ R, σ, α, β > 0 and R(·) is Mill’s ratio. If Z ∼ N(μ, σ 2), Y1 ∼ Ex(α) and
Y2 ∼ Ex(β), then X = Z + Y1 − Y2 ∼ NL(μ, σ 2, α, β). For further properties, see
Reed and Jorgensen (2004).

Pareto

X ∼ Pa(α, β) if

f (x) = αβαx−α−1 x > β,

where α, β > 0.

E[X ] = αβ

α − 1
if α > 1 and V [X ] = β2α

(α − 1)(α − 2)
if α > 2.
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Student’s t

X ∼ T
(
ν, μ, σ 2

)
if

f (x) = 	((ν + 1)/2)

	(ν/2)
√

νπσ

(

1 + 1

ν

(
x − μ

σ

)2
)−(ν+1)/2

∀ x,

where μ ∈ R and ν, σ > 0.

E[X ] = μ if ν > 1 and V [X ] = ν

ν − 2
σ 2 if ν > 2.

If X ∼ T(ν, 0, 1), then X is said to have a standard Student’s t distribution, and we
write X ∼ tν .

Uniform

X ∼ U(a, b) if

f (x) = 1

b − a
a < x < b,

where a, b ∈ R.

E[X ] = a + b

2
and V [X ] = (b − a)2

12
.

Weibull

X ∼ We(α, β) if

f (x) = β

α

( x

α

)β−1
e(−x/α)β x > 0,

where α, β > 0.

E[X ] = α	(1 + 1/β) and V [X ] = α2	(1 + 2/β) − (α	(1 + 1/β))2 .
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Multivariate distributions

Dirichlet

X = (X1, . . . , Xk)T ∼ Dir(θ) if

f (x) =
	

(∑k
i=1 θi

)

∏k
i=1 	(θi )

k∏

i=1

xθi −1
i 0 < xi < 1,

∑k
i=1 xi = 1,

where θi > 0 for i = 1, . . . , k.

E[X j ] = θ j
∑k

i=1 θi

and V [X j ] = θ j (1 − θ j )
(∑k

i=1 θi
)2( ∑k

i=1 θi + 1
) .

Matrix beta

Let X be a k × k random matrix for k ∈ N. Then X = (Xij) ∼ MB(θ) if

f (x) =
k∏

i=1

	
(∑k

j=1 θij

)

∏k
j=1 	(θij)

k∏

j=1

x
θij−1
ij 0 < xi < 1,

∑k
j=1 xij = 1.

Multinomial

X = (X1, . . . , X p)T ∼ Multi(n, θ ) if

P(X = x) = n!
∏p

i=1 xi !

p∏

i=1

θ
xi
i ,

∑p
i=1 xi = n and 0 < θi < 1 ∀i .

E[X] = nθ and V [X j ] = nθ j (1 − θ j ).

Multivariate normal

X = (X1, . . . , X p)T ∼ N(μ,�) if

f (x) = 1

(2π)p/2|�|1/2
exp

(
−1

2
(x − μ)T �−1(x − μ)

)

E[X] = μ and V [X] = �.
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Normal gamma

X = (X1, X2) ∼ NGa(μ, κ, α, β) if

f (x) = βα

	(α)

√
κ

2π
x

α− 1
2

2 exp

(
−x2

[
κ (x1 − μ)2

2
+ β

])
x1 ∈ R, x2 > 0,

where μ ∈ R, κ, α, β > 0.

E[X] =
(

μ,
α

β

)
V [X] =

(
β

κ(α−1) 0
0 α

β2

)

for α > 1.

If X2 ∼ Ga(α, β) and X1|X2 ∼ N
(
μ, 1

κx2

)
, then (X1, X2) ∼ NGa(μ, κ, α, β).

Normal-inverse gamma

X = (X1, X2) ∼ NIGa(μ, κ, α, β) if

f (x) = βα

	(α)

√
κ

2π
x

−α− 1
2

1 exp

(
− 1

x2

[
κ (x1 − μ)2

2
+ β

])
x1 ∈ R, x2 > 0,

where μ ∈ R, κ, α, β > 0.

E[X] =
(

μ,
β

α − 1

)
for α > 1 and V [X] =

(
β

κ(α−1) 0

0 β2

(α−1)(α−2)

)

for α > 2.

If X ∼ NIGa(μ, κ, α, β), then Y = (X1, 1/X2) ∼ NGa(μ, κ, α, β).

Wishart

V ∼ W(ν,�) if

f (V) =
(

2νk/2π k(k−1)/4
k∏

i=1

	

(
ν + 1 − i

2

))−1

|V |−ν/2|�|(ν−k−1)/2

× exp

(
−1

2
tr(�−1V)

)
,

where k = dimV.
E[V] = ν�.

Inverse Wishart

V ∼ IW
(
ν,�−1

)
if W = V−1 ∼ W(ν,�).

E[V] = (ν − k − 1)−1�.
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Appendix B

Generating functions and the
Laplace–Stieltjes transform

This appendix defines the probability and moment generating functions and the
Laplace–Stieltjes transform; for more properties of these functions, see, for example,
Grimmett and Stirzaker (2001).

Probability generating function

Let X be a discrete random variable with support on Z
+ and probability mass function

P(·). Then the probability generating function of X is

G X (s) = E
[
s X

] =
∞∑

x=0

sx P(X = x).

It can be observed that

E

[
n−1∏

i=0

(X − i)

]

= ∂nG X (s)

∂sn

∣∣
∣
∣
s=1

.

Moment generating function

The moment generating function of a random variable X is defined by MX (s) =
E

[
es X

]
for s ∈ R wherever this expectation exists. In particular, we have

E
[
Xn

] = ∂n MX (s)

∂sn

∣∣
∣∣
s=0

.
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Laplace–Stieltjes transform

The Laplace–Stieltjes transform of a continuous variable X with distribution function
FX (·) is defined as

f ∗
X (s) =

∫ ∞

−∞
e−sx dF(x)

for s ∈ C, wherever this integral exists. In particular, we have MX (s) = f ∗
X (−s) for

s ∈ R.
The Laplace–Stieltjes transform can be inverted by expressing the density func-

tion, f (·), of X as

fX (x) = 1

2π i

∫ ν+i∞

ν−i∞
esx f ∗

X (s) ds

for ν > δ, where δ is the abscissa of convergence in the definition of f ∗(s) and
approximations to this integral can be used to provide approximate, fast inversion
algorithms (see, e.g., Abate and Whitt, 1995).
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Oxford University Press.
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action, 25, 34–7, 74–7, 97–102, 237
consequence, 25, 35, 97
value, 75

action space, 25, 74, 97
alternative, see action
Analytic Hierarchy Process (AHP), 216
asset, 243–4, 247
autocorrelation function, 5
autocovariance function, 5, 136–40,

142
Matérn, 138–9

autoregressive process, 6, 47–8, 60–63,
78

backward induction, 37
Bayes factor, 21–2, 38, 54–5, 60–61,

73, 220–21
Bayes theorem, 17, 111
Bayesian nonparametrics, 39, 130–31,

138, 219, 222
Bayesian output analysis, 233–7
Bayesian robustness, see sensitivity

analysis
Bellman’s principle of optimality,

35–7, 75–6
birth–death MCMC, 185
birth–death process, 83, 105, 165
Black–Scholes–Merton model, 145–6
Black–Scholes theory, 245
branching process, 48, 63–6, 78
Brownian bridge, 140
Brownian motion, 11, 136, 139–42,

146, 148, 154–5, 247

Chapman–Kolmogorov equations, 8–9,
90

circular autocorrelation function
(CACF), 72–3

claim, 256–65, 267–8
coloring theorem, 109, 117, 127
compound Poisson process, see also

Cramér–Lundberg process, 122–4,
256

conditional transition distribution
function, 6

conditional value at risk (CVaR), 244,
246–7, 252–5

consistency conditions, 4
counting process, 106
Cox process, see doubly stochastic

Poisson process
Cox–Ingersoll–Ross model, 145
Cox–Lewis process, 119, 205
Cramér–Lundberg approximation,

257
Cramér–Lundberg process, 256–61,

263, 267–8
credible interval, 20, 112, 129–30,

251
curse of dimensionality, 37

de Finetti theorem, 50, 77
decision, see action
decision analysis, 12–13, 25–6, 34–7,

38–9, 74–7, 97–102, 143, 172,
187–93, 214–15, 237–8

decision maker (DM), 74–7, 97

Bayesian Analysis of Stochastic Process Models, First Edition. David Rios Insua, Fabrizio Ruggeri and Michael P. Wiper.
© 2012 John Wiley & Sons, Ltd. Published 2012 by John Wiley & Sons, Ltd.
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decision maker’s policy
deterministic stationary, 75–6
optimal, 75–7
stochastic, 75

degradation, 146–7, 222
deterministic simulator, 138
deviance information criterion (DIC),

22, 61–2
diffusion coefficient, 12, 145–6, 148
diffusion process, 12, 144–7

latent observations, 149–52
discrete event simulation, 226–42

batch method, see macro–micro
replications

macro–micro replications, 228–30
output process, 227–9
stationary behavior, 227, 229–30,

233
transition behavior, 227–9, 233

distribution
Bernoulli, 9, 18
beta, 275
binomial, 273
chi-squared, 252, 275
continuous uniform, 250, 279
Coxian, 262–6
Dirichlet, 280
discrete uniform, 273
double Pareto lognormal, 189–90,

258–9, 275
Erlang, 180, 276
exponential, 11, 108, 123, 127,

165–7, 180, 203, 212, 276
Fisher’s F, 276
gamma, 108, 276
Gauss hypergeometric, 277
geometric, 65, 127, 166–7, 180, 274
inverse gamma, 249, 277
inverse Wishart, 281
lognormal, 232, 252, 277
matrix beta, 280
multinomial, 70, 280
multivariate normal (or Gaussian),

11, 136, 280
negative binomial, 274

normal (or Gaussian), 6, 12–3, 17,
31, 139, 234–5, 247, 249–50, 252,
278

normal gamma, 281
normal Laplace, 278
normal-inverse gamma, 281
Pareto, 278
Poisson, 65, 106, 115, 117, 127, 203,

274
Student’s t, 246, 250–52, 279
truncated normal, 246–7
Weibull, 203, 279
Wishart, 281
wrapped Poisson, 70–71, 274

distribution as prior, see prior
distribution

doubly stochastic Poisson process, 126
drift coefficient, 12, 140, 145–6, 148,

245, 249, 251
dynamic linear model (DLM), 13,

31–2, 252

empirical Bayes, 38
estimation

parameter, 18
set, 20

Euler (–Maruyama) approximation,
145, 149, 155, 255

exchangeability, 50, 115
expected loss, 20, 25, 188, 192–3, 244
expected shortfall, see conditional

value at risk
expected utility, 75–6, 238

discounted, 75
posterior, 25, 34–5
predictive, 25

feed forward neural network (FFNN),
234

forward backward algorithm, 67, 71,
252

forward Kolmogorov system of
differential equations, 83, 95

fractional Brownian motion, 136,
141–4, 155
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gambler’s ruin problem, 9, 12, 18, 21,
23–5, 27, 39

gamma process, 153
Gaussian process, 11, 139–45, 154

emulator, 138–9, 231
prior, 154
white noise, 148

generalized autoregressive conditional
heteroskedasticity model
(GARCH), 245–7, 248–52,
266–7

Gibbs sampler, 28–9, 60–62, 67, 71–2,
116, 137, 190, 213, 249–50, 255,
259, 264

griddy Gibbs sampling, 249–50

hardware reliability, 88–93
hazard function, 202–3
hidden Markov model (HMM), 48–9,

66–7, 78, 252
multinomial, 72–4
wrapped Poisson, 70–74

hierarchical model, 38, 115, 117,
235

highest posterior density (HPD)
interval, 20, 210

holding time, 94–5
Hurst parameter, 142, 144
hypothesis testing, 20–22

increment
independent, 11, 106, 139–40, 147,

153
stationary, 11, 106, 139–40, 142,

153
infinitesimal generator of Markov

process, 83, 90
influence diagram, 49, 85, 97–8
initial capital, 256, 259–61, 266
intensity matrix, see infinitesimal

generator
intensity process, 125–6
interclaim time, 258–9, 261–5
interfailure times, 203, 212
interval availability, 90

jump diffusion process, 146–7
jumping intensity, 83

Kolmogorov extension theorem, 4

Laplace–Stieltjes transform, 95–7,
167–8, 183–4, 257–9, 263, 265,
284

Lévy process, 130, 153, 248
likelihood function, 17–18, 49–50,

56–7, 62, 65–6, 71, 110–11, 116,
119–21, 123, 125, 128, 137, 140,
143, 170–71, 204, 207, 209,
213–14, 218, 235, 250

Little’s laws, 165, 173, 183, 187
log-Gaussian process, 136
long-range dependence, 141–2
loss function, 26, 34, 110, 172, 188,

192–3
Lotka–Volterra model, 147–8

machine learning, 154
maintenance, 99, 146, 214–15, 223
marked Poisson process, 124–30
Markov chain 8, 145, 252

as a graph, 58
as a graph, conjugate prior, 58
continuous time (CTMC), 10,

82–105, 135, 200
discrete time (DTMC), 8–10, 45–81,

139
embedded, 83, 94–5
equilibrium distribution, 47, 49, 54,

56, 58, 84, 89, 92, 94–5
first order, 49–58, 70
Harris recurrence, 47
higher order, 46, 59–60
mixtures, 59–60
nonhomogeneous, 68
periodic, 52–3
recurrent, 50
reversible, 46, 58–9, 78
stationary distribution, 46, 54
time homogeneous, 8, 46, 49–58
transient, 52–3
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Markov chain Monte Carlo (MCMC),
28–31, 35, 38, 46, 60, 62, 67,
99–100, 117, 147, 149, 173–4,
179–81, 183–4, 187, 192, 235–6,
248, 255, 264–5, 267

data augmentation, 145, 150, 255
Markov decision process (MDP), 74–8
Markov process, 7, 12, 62, 139, 144–5
matrix exponentiation, 84, 86–7, 90,

102
maximum likelihood estimate (MLE),

19, 25, 49, 51, 62, 65, 111,
140–41, 151, 170, 210

mean ergodic process, 7
mean function, 4, 136–40
mean time average, 7
Metropolis within Gibbs sampling

algorithm, 57, 99, 119, 121, 144,
207, 210, 214, 249

Metropolis–Hastings (MH) algorithm,
29–31, 121, 150

missing data, 57
mixture transition distribution (MTD)

model, 47, 59–60
model selection, 21, 38, 54–5, 61
modulated Poisson process, 124, 195
moment generating function, 257, 283
Monte Carlo integration, 27, 33
Monte Carlo sample, 28, 33, 54, 56, 61,

86–7, 95, 173, 180
Musa–Okumoto process, 119, 205

objective Bayes, 24, 38
optimization algorithm, 238
Ornstein–Uhlenbeck process, 140, 145

particle filtering, 31–2, 254
percentile optimization, 77
piecewise exponential model, 214
Poisson process, 10–11, 83, 105–35,

165, 200, 205–12, 261
arrival time, 107–8
change points, 121–2, 207–8
concomitant, 114–17

homogeneous (HPP), 11, 106,
109–17, 127, 146, 165–7, 170–79,
191, 203, 216–17, 256

intensity function, 11, 106, 108–10,
114–15, 117–20, 122, 124, 131,
203, 205–8, 210–11, 218, 220

interarrival time, 107–8, 113
mean value function, 11, 106–7, 118,

205, 208, 210, 219
nonhomogeneous (NHPP), 11, 12,

30, 106, 117–22, 217–21
policy gradient, 77
Pollaczek–Khintchine formula, 168,

187
portfolio value, 243–4
posterior conditional distribution,

28–31, 61, 67–8, 71, 116–17,
119–21, 137, 144, 176, 181, 207,
210, 213–14, 236, 249–50, 252

posterior distribution, 17–18, 50–51,
57–8, 64, 88, 92, 110, 137, 140,
171, 204, 213

posterior mean, 19–20, 51, 58, 62, 66,
92, 95, 110, 112–13, 121, 128–30,
140–41, 151, 172, 179, 204, 210,
217, 221, 232, 251

posterior median, 19–20, 34, 112, 151
posterior mode, 19–20, 86, 90, 96,

112
power law process, 118–21, 206–8,

209–12, 218
predator–prey system, 147–53

functional response, 147–52
predictive density, 22–3, 128, 176
predictive distribution, 22–3, 33, 53,

113, 169, 172–4, 204–5, 211–12
predictive mean, 64–5, 176, 187, 237
predictive probability, 64–6, 72–3
premium rate, 256, 259–61
prior distribution, 17

beta, 18, 59, 64–5, 128, 179, 213
conjugate, 27, 37, 50, 110, 171, 180,

204
continuous uniform, 113, 143
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Dirichlet, 50, 52, 55–6, 60, 65
discrete uniform, 60
exponential, 65, 218, 249
gamma, 30, 71, 86, 110–12, 114–16,

119–20, 123, 128, 150, 171, 176,
180, 204, 207, 209, 213–14

Gauss hypergeometric, 176–7
improper, see noninformative
inverse gamma, 60–62, 139–40, 143,

252
inverse Wishart, 137
Jeffreys, 24–5, 50, 112, 171–2, 174,

232
lognormal, 112, 122
matrix beta, 50–51, 57, 60, 66, 72,

76, 86
multinomial, 55–6
noninformative, 17, 24, 65, 112, 115,

120, 177, 182, 184, 189, 249–50,
258–9

normal (or Gaussian), 17, 60–62,
137, 139, 143, 252

normal-inverse gamma, 139, 234
Poisson, 213

prior elicitation, 38, 111, 216
prior mean, 20, 65, 111, 117, 129,

140–41
prior variances, 129
probability generating function, 48,

283

queue
arrival rate, 83, 165, 170, 182
duration of busy period, 166, 174,

227, 231–3
equilibrium size, 165–8, 180–81,

183, 188, 233
equilibrium time spent in, 165–7,

180, 183, 257
length of server’s idle period, 165,

167, 174, 231–3
number of busy servers, 164, 188
number of clients in the system, 164,

166

number of clients waiting in, 164,
166, 188

service rate, 83, 165, 167, 170, 180,
182

time spent waiting, 164, 166, 257
queueing networks, 195
queueing system, 163–99

arrival process, 163–4, 167
equilibrium distribution, 165
Erlang loss system, 192
finite capacity, 164, 191–3
first in first out (FIFO), 164
G/G/1, 187, 227, 231–3
GI/G/1, 168–9, 194–5
GI/M/1, 167, 180–83, 194–5
GI/M/c, 167, 180–83, 194–5
interarrival times, 164–5, 167–8,

170, 174, 180–82, 185–7, 194
Kendall’s notation, 163–4
M/Er/1, 194
M/G/1, 168, 183–7, 194, 257
M/G/c, 105
M/H Er/1, 183–5
M/M/1, 165–7, 170–79, 185, 194,

226
Markovian, 83, 164, 194
service process, 163–4
stability, 164–5, 167, 169, 172, 174,

180–82, 184
traffic intensity, 164–5, 167, 169,

172, 179, 180–82, 184, 186, 232

random walk, 139
rate of occurrences of failures

(ROCOF), 107
reduced order model (ROM), 34, 87–9,

91, 95, 230–31
regression metamodel, 231
reinforcement learning, 76
rejection sampling algorithm, 56, 66
reliability decay, 206–8
reliability function, 202–3
reliability growth, 206–8
renewal process, 108, 203–5
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repair
imperfect, 201, 212
minimal, 201, 205
perfect, 201, 212

reserve, 256–7, 260
return, 244–5, 247–8, 250, 252–5
reversible jump MCMC, 60–61, 122,

185, 207, 264
reward, see utility
risk measure, 243–4
risk reserve process, 256
ruin, 256–66, 267–8

safety loading, 256–7, 262, 265–6
sample path optimization, 34
sampling importance resampling (SIR),

32–3, 67, 254
self-exciting process, 125–6
self-similarity, 141–2, 195
semi-Markovian decision process

(SMDP), 97–102, 103, 223
semi-Markovian process (SMP), 93–7,

103
sensitivity analysis, 24, 38–9, 66, 111,

115, 117, 178, 217, 220–21
software reliability, 212

Goel and Okumoto model, 212–14
Jelinski and Moranda model, 212–13

space of times, 4
Sparre Andersen model, 261–6
sparse sampling, 76–7
state

aperiodic, 9
ergodic, 10
positive recurrent, 10
reachable, 9
recurrent, 9–10
transitory, 9

state of the process, 4

state space, 4, 83
stationary process

strict, 5–7, 136
weak, 6

steady-state prediction, 89
stochastic differential equation (SDE),

12, 144–7, 155, 200
stochastic process, general definition

continuous time, 4
discrete time, 4

stochastic volatility (SV), 245, 247,
252, 254–5, 267

stress release model, 126
superposition theorem, 109, 111, 114,

117, 218
surplus, see reserve
system availability, 88–94, 222–3
system failure, 88–93, 99–101, 146,

201, 204, 217
system reliability, 201, 208–9, 210,

218

Thompson sampling, 76
transform approximation method

(TAM), 258–9
transition diagram, 91
transition probability, 8, 46, 74, 94, 97

functions, 6, 83–4
matrix, 9, 46–7, 58, 71–2, 76, 83, 86,

94

utility, 25, 74–7, 97–9, 237

value at risk (VaR), 244–7, 252–5, 267
Vasicek model, 145
volatility, 243–5, 247–8, 251–2, 254

warranty, 223
Wiener process, see Brownian motion
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